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Abstract

This thesis focuses on two long-studied high-dimensional statistical models, namely

(1) the high-dimensional linear regression (HDLR) model, where the goal is to recover a hidden
vector of coefficients from noisy linear observations, and

(2) the planted clique (PC) model, where the goal is to recover a hidden community structure
from a much larger observed network.

The following results are established.

First, under assumptions, we identify the exact statistical limit of the model, that is the
minimum signal strength allowing a statistically accurate inference of the hidden vector. We
couple this result with an all-or-nothing information theoretic (IT) phase transition. We prove
that above the statistical limit, it is I'T possible to almost-perfectly recover the hidden vector,
while below the statistical limit, it is I'T impossible to achieve non-trivial correlation with the
hidden vector.

Second, we study the computational-statistical gap of the sparse HDLR model; The statisti-
cal limit of the model is significantly smaller than its apparent computational limit, which is the
minimum signal strength required by known computationally-efficient methods to perform sta-
tistical inference. We propose an explanation of the gap by analyzing the Overlap Gap Property
(OGP) for HDLR. The OGP is known to be linked with algorithmic hardness in the theory of
average-case optimization. We prove that the OGP for HDLR appears, up-to-constants, simul-
taneously with the computational-statistical gap, suggesting the OGP is a fundamental source
of algorithmic hardness for HDLR.

Third, we focus on noiseless HDLR. Here we do not assume sparsity, but we make a certain
rationality assumption on the coefficients. In this case, we propose a polynomial-time recovery
method based on the Lenstra-Lenstra-Lovasz lattice basis reduction algorithm. We prove that
the method obtains notable guarantees, as it recovers the hidden vector with using only one
observation.

Finally, we study the computational-statistical gap of the PC model. Similar to HDLR, we
analyze the presence of OGP for the PC model. We provide strong (first-moment) evidence
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that again the OGP coincides with the model’s computational-statistical gap. For this reason,
we conjecture that the OGP provides a fundamental algorithmic barrier for PC as well, and
potentially in a generic sense for high-dimensional statistical tasks.

Thesis Supervisor: David Gamarnik
Title: Professor of Operations Research
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Chapter 1

Introduction

The problem of statistical inference is one of the most fundamental tasks in the field of statistics.
The question it studies is the following: assuming one has access to a dataset consisting of samples
drawn from an unknown data distribution, can they infer structural properties of the underlying
distribution? One of the earliest recorded examples of statistical inference methods can be traced
back at least to the early 1800’s. In 1801, Gauss introduced and used the least squares method,
a now popular statistical method, to infer the orbits of celestial bodies [Mar77| (as a remark, the
least squares method was introduced independently by Legendre in 1805 [Sti81]). In that way,
Gauss had major impact in astronomy, as he guided the astronomers of the time to successfully

infer the orbit of the newly-then discovered asteroid Ceres [Mar77].

During the 19th and 20th century, statistical inference established its existence as a mathe-
matical field of study with the fundamental work of the statisticians Galton, Neyman, Pearson,
Fisher and Yule among others (see e.g. some of their fundamental works [Gal85], [Yul97], [Fis22],
INP33]). Furthermore, the field shows an extensive study of classical statistical inference models
such as regression, classification and (more recently) network models (see the associated chapters
in the book [HTF09] and references therein). One common characteristic in most of this classic
work, is that the statistical models considered are assumed to have a relatively small number
of features and the focus is on creating statistical estimators which achieve asymptotically opti-
mal performance as the sample size becomes arbitrarily large ("grows to infinity"). A common
example of such an asymptotic property is statistical consistency, where an estimator is named

consistent if it converges to some "fixed" true value, as the sample size grows [HTFEFQ9).
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However, in recent years, mostly due to the emergence of the Big Data paradigm, there has
been an explosion on the available data which are actively used for various statistical infer-
ence tasks across disciplines of science [BBHLO09|, [CCLT08|, [LDSP0§|, [QMP™12|, [PZHS16],
[CWD16|. For example, this has proven a revolutionary fact for many scientific fields from biology
[BBHLO9|, [CCLT08§]| to electrical engineering [QMP*12|, [PZHS16] to social sciences [CWDI6].
Naturally, though, the "explosion" of the available data leads to the "explosion" of the feature
size which should be taken into account in the "high-dimensional" statistical inference models.
This implies that the feature size should grow together with the sample size to infinity. On top
of this, in many high dimensional statistical application, such as genomics [BBHL09|, [CCLT0S|
and radar imaging [LDSPO0S|, the feature size is not only comparable with the number of sam-
ples, but significantly larger than it. This is exactly the opposite regime to the one which is
classically analyzed in statistical inference. These reasons lead to the recent research field of high

dimensional statistical inference.

The study of high-dimensional inference is inherently connected with computational ques-
tions. The computational challenge is rather evident; the statistical algorithms are now defined
on input domains of a very large size and therefore, to produce meaningful outputs in reason-
able time, their termination time guarantees should be scalable with respect to the (potentially
massive) input’s size. Note that, with high dimensional input, this is a non-trivial consideration
as many "textbook" statistically optimal algorithms usually take the form of an, in principle
non-convex optimization problem. A standard example is the paradigm of maximum likelihood

estimation.

High-dimensionality also leads to multiple statistical and modeling challenges. An important
challenge is with respect to the techniques that can be used in that setting: both the classical
version of the Central Limit Theorem [Nag76] and the Student-t test [FHY07]| have been proven
to fail in high dimensional cases. A case in point, which is highly relevant to the results in
this thesis, is a modeling challenge in high dimensional linear regression. Specifically, consider
the linear regression setting where the statistician observes n noisy linear samples of a hidden
vector f* € RP of the form YV = Xg* + W for X € R" and W € R”. Note that here
p corresponds to the number of features. The goal is to infer the hidden vector §* from the

pair (Y, X). High-dimensionality translates simply to n < p and p — +oo. Note that the
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moment high-dimensionality is imposed, a non-identifiability issue arises: even in the extremely
optimistic case for the statistician where W = 0, g* is simply one out of the infinitely many
solutions of the underdetermined linear system Y = X *. This, in principle, makes inference in
high dimensional linear regression impossible. In particular, additional assumptions need to be
added to the regression model. For example, one of the standard assumptions in the literature
of high dimensional linear regression is that the vector £* is sparse, that is most of its entries are
equal to zero. Under the sparsity assumption, accurate inference indeed becomes possible for n
much smaller than p (see [HT'W15] and references therein).

It becomes rather clear from the above discussion that the study of high dimensional statis-
tical models require a novel study with respect to both its computational and statistical limits.
Towards this goal a large body of recent research has been devoted to identifying those limits for
various high dimensional statistical models. For example, the following high dimensional mod-
els have been analyzed in the literature: the sparse PCA problem, submatrix localization, RIP
certification, rank-1 submatrix detection, biclustering, high dimensional linear regression, the
tensor PCA problem, Gaussian mixture clustering and the stochastic block model (see [WX1§],
IBPW1S]| for two recent surveys and references therein for each model). We start by explicitly
stating how the statistical and computational limits are defined for a high dimensional statistical
inference problem.

For the statistical limit, the focus is on understanding the sampling complexity (or minimax

rates) of the high dimensional statistical models. That is the focus is on the following question,

The statistical question: What is the minimum necessary "signal strength” to perform an

accurate statistical inference?

We call the answer to the question above, the statistical limit of the model. Notice that to define
statistical limit we assume unbounded computational power for the statistical estimators. For
the computational limits, the focus is on computationally efficient estimators. For the results in
this thesis we interpet computationally-efficient algorithms as algorithms with termination time

being polynomial in the input dimensions. We focus on:

The computational question: What is the minimum necessary "signal strength” to perform

an accurate and computationally efficient statistical inference?
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We call the answer to the question above, the computational limit of the model. For many of
the mentioned models, the accurate identification of the statistical and computational limits are
far from being well-understood.

Despite being far from a complete theory, an interesting phenomenon has been repeatedly
observed in the study of high-dimensional statistical models; the statistical limit of the problem

appears usually significantly below the smallest known computational limit that is,

statistical limit < computational limit.

This phenomenon is called a computational-statistical gap [WXI18|, [BPWIS|. Examples of
models where computational-statistical gaps appears include, but are not limited to: the high-
dimensional linear regression problem, the planted independent set problem and the planted
dense subgraphs problems in sparse Erd&s-Rényi graphs, the planted clique problem in dense
Erdés-Rényi graphs, the Gaussian bi-clustering problem, the sparse rank-1 submatrix problem,
the tensor decomposition problem, the sparse PCA problem, the tensor PCA problem and the
stochastic block model (see [BBH18| and references therein).

Computational-statistical gaps provide a decomposition of the parameters space into three

(possibly empty) regimes;

e (the information-theoretic impossible regime) The regime where the "signal strength" is

less than the statistical limit, making inference impossible.

e (the algorithmically easy regime) The regime where the "signal strength" is larger than the
computational limit so that the inference task is possible and is achieved by computationally

efficient methods.

e (the apparent algorithmically hard regime) The regime where the "signal strength" is in
between the statistical limit and the computational limit, and therefore the inference task

is statistically possible but no computationally efficient method is known to succeed.

Note that the existence (or non-triviality) of the hard regime is equivalent with the presence of

a computational-statistical gap for the model.
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Towards understanding computational-statistical gaps, and specifically identifying the funda-
mentally hard region for various inference problems, a couple of approaches have been considered.
One of the approaches seeks to identify the algorithmic limit "from above", in the sense of iden-
tifying the fundamental limits in the statistical performance of various families of known com-
putationally efficient algorithms. Some of the families that have been analyzed are (1) the Sum
of Squares (SOS) hierarchy, which is a family of convex relaxation methods [Par00], [Las01] (2)
the family of local algorithms inspired by the Belief Propagation with the celebrated example of
Approximate Message Passing [DMMO09], [DJM13]), (3) the family of statistical query algorithms
[Kead8] and (4) several Markov Chain Monte Carlo algorithms such as Metropolis Hasting and
Glauber Dynamics [LPWO06|. Another approach offers an average-case complexity-theory point
of view [BR13|, [CLR17], [WBP16], [BBH1§|. In this line of work, the hard regimes of the var-
ious inference problems are linked by showing that solving certain high dimensional statistical
problems in their hard regime reduces in a polynomial time to solving other high dimensional

statistical problems in their own hard regime.

In this thesis, we build on a third approach to understand computational-statistical gaps. We
study the geometry of the parameter space (we also call it solution space geometry for reasons
that are to become apparent) and investigate whether a geometrical phase transition occurs

between the easy and the hard regime.

The geometric point of view we follow is motivated from the study of average-case optimiza-
tion problems, that is combinatorial optimization problems under random input. These problems
are known to exhibit computational-existential gaps; that is there exists a range of values of the
objective function which on the one hand are achievable by some feasible solution but on the
other hand no computationally efficient method is proven to succeed. The link with the geometry
comes out of the observation that for several average-case optimization problems (and their close
relatives, random constraint satisfaction problems) an inspiring connection have been drawn be-
tween the geometry of the space of feasible solutions and their algorithmic difficulty in the regime
where the computational-existential gap appears (the conjectured hard regime). Specifically it
has been repeatedly observed that the conjectured algorithmically hard regime for the problem
coincides with the appearance of a certain disconnectivity property in the solution space called

the Overlap Gap Property (OGP), originated in spin glass theory. Furthermore, it has also been
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seen that at the absence of this property very simple algorithms, such as greedy algorithms can
exploit the smooth geometry and succeed. The definition of OGP is motivated by the concen-
tration of the associated Gibbs measures [Tall0| for low enough temperature to the optimization
problem, and concerns the geometry of the near (optimal) feasible solutions. We postpone the
exact definition of OGP to later chapters of this thesis. The connection between the hard regime
for the optimization problem and the presence of OGP in the feasible space was initially made in
the study of the celebrated example of random k-SAT (independently by [MMZ05], [ACORT1I])
but then has been established for other models such as maximum independent set in random
graphs [GSal, [RV14].

Note that contrary to statistical inference models, in average-case optimization problems there
is no "planted" structured to be inferred and the goal is solely to maximize an objective value
among a set of feasible solutions. For this reason, one cannot immediately transfer the literature
on the Overlap Gap Property from computational-existential gaps to computational-statistical
gaps. Nevertheless, one goal of this thesis is to make this possible by appropriately defining and
using the Overlap Gap Property notion to study the computational-statistical gaps. In particular

we are interested in the following question,

Can the Overlap Gap Property phase transition explain the appearance of

computational-statistical gaps in statistical inference?

The goal of this thesis is to present results for the computational-statistical gaps of two well-
studied and fundamental statistical inference problems: the high dimensional linear regression

model and the planted clique model.

1.1 The Models: Definitions and Inference Tasks

In this subsection we describe the two high-dimensional statistical models this thesis is focusing

on. Our goal to study their computational-statistical gaps.

1.1.1 The High Dimensional Linear Regression Model

As explained in the introduction, fitting linear regression models to perform statistical inference

has been the focus of a lot of research work over the last two centuries. Recently the study
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of linear regression has seen a revival of interest from scientists, because of the new challenge
of high dimensionality, with applications ranging from compressed sensing [CT05], [Don06] to
biomedical imaging [BLH™14], [LDSPO08§] to sensor networks [QMP™12]|, [PZHS16| (see also three
recent books on the topic [Wail9|, [HTW15], [FR13]).

Our first model of study is the high dimensional linear regression model which is a simpli-
fied and long-studied mathematical version of high dimensional linear regression. Despite its
simplicity, the analysis of the model has prompted various important algorithmic and statistical
developments in the recent years, for example the development of the LASSO algorithm [HTW15|
and multiple compressed sensing methods [FR13].

We study the high dimensional linear regression model in Chapters [2] [3 [] and

Setting Let n,p € N. Let
Y=Xp"+W (1.1)

where X is a data n x p matrix, W is a n x 1 noise vector, and $* is the (unknown) p x 1 vector
of regression coefficients. We refer to n as the number of samples of the model and p as the

number of features for the model.

Inference Task The inference task is to recover 5* from having access only to the data matrix
X and the noisy linear observations Y. The goal is to identify the following two fundamental

limits of this problem

e the minimum n so that statistically accurate inference of 5* is possible by using any esti-

mator (statistical limit) and

e the minimum n so that statistically accurate inference of 5* is possible by using a compu-
tationally efficient estimator, that is an estimator with worst case termination time being

polynomial in n, p (computational limit).

Gaussian Assumptions on X, W Unless otherwise mentioned, we study the problem in the
average case where (X, W) are generated randomly where X has iid AV (0,1) entries and W has
iid NV (0,0?). Here and everywhere below by N (u,0?) we denote the normal distribution on

the real line with mean p and variance o2. The model has been studied extensively under these
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assumptions in the literature, see for example [EACP11], [JBC17], [Wai09b|, [Wai09a], [WWR10]
and the references in [HTW15|, Chapter 11].

Parameters Assumptions The focus is on the high dimensional setting where n < p and
both p — +00. The recovery should occur with probability tending to one, with respect to the
randomness of X, W, as p — +oo (w.h.p.). For the whole thesis, we assume that p — +o00
and the parameters n, k,o” are sequences indexed by p, n,, kp, 02. The parameters n, k,o” are

assumed to grow or not to infinity, depending on the specific context.

Structural Assumptions on $* As mentioned in the Introduction, the high-dimensional
regime is an, in principle, impossible regime for (exact) inference of 5* from (Y, X) ; the underly-
ing linear system, even at the extreme case o = 0, is underdetermined. For this reason, following
a large line of research, we study the model under the additional structural assumptions on the
vector [3*.

Depending on the chapter we make different structural assumption on the vector of coefficients
5*. We mention here the two most common assumptions throughout the different Chapters of
this thesis. Unless otherwise specified, we study the high dimensional linear regression model
under these assumptions.

First, we assume that the vector of coefficients 5* is k-sparse, that is the support size of 5*
(i.e. the number of regression coefficients with non-zero value) equals to some positive integer
parameter k which is usually taken much smaller than p. Sparsity is a well-established assumption
in the statistics and compressed sensing literature (see for exaple, the books [HTW15l [FR13]),
with various applications for example in biomedical imaging [BLH"14], [LDSP08| and sensor
networks [QMPT12|, [PZHS16].

Second, we assume that the non-zero regression coefficients 3 are all equal with each other
and (after rescaling) equal to one; that is we assume we assume a binary f* € {0,1}?. From a
theoretical point of view, we consider this more restrictive case to make possible a wider technical
development and a more precise mathematical theory. From an applied point of view, the case of
binary and more generally discrete-valued 5* has received a large interest in the study of wireless
communications and information-theory literature [HB9§|, [HV02|, [BB99|, [GZ18|, [TZP19],

[ZTP19|]. Finally, recovering a binary vector is equivalent with recovering the support of the
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vector (indices of non-zero coordinates), which is a fundamental question in the literature of
the model [TWY12|, [OWJ11],[RG13],|Geol2|, [Zha93|, [MB06a] with various applications such
as in gene selection in genomics [HCO8|, [HG10|, [HY09] and radar signal processing [Dudl7],
IXZB01], [CL99).

Now, we would like to emphasize that in most cases we do not assume a prior distribution
on f*; we simply assume that 8* is an arbitrary fixed, yet unknown, structured vector (e.g. a
binary and k-sparse vector). This is the setting of interest in Chapters and Where the exact
structural assumptions are explicitly described. The only time we assume a prior distribution is
on Chapter [2| where we assume that §* is chosen according to a uniform prior over the space of

binary k-sparse vectors.

1.1.2 The Planted Clique Model

Inferring a hidden community structure in large complex networks has been the focus on multiple
recent statistical applications from cognitive science (brain modeling) to web security (worm prop-
agation) to biology (protein interactions) and natural language processing |GAM™18|, [ZCZ709,
PDFV05]

A simplified, yet long-studied, mathematical model for community detection is the planted
clique model, first introduced in [Jer92]. Despite its simplicity the model has motivated a large
body of algorithmic work and is considered one of the first and most well-studied models for

which a computational-statistical gaps appears [WX18| [BPW18§].

The planted clique model is studied in Chapter [6]

Setting Let n,k € N with & < n. The statistician observes an n-vertex undirected graph G
sampled in two stages. In the first stage, the graph is sampled according to an Erd&s-Rényi
graph G (n, %), that is there are n vertices and each undirected edges is placed independently
with probability % In the second stage, k out of the n vertices are chosen uniformly at random
and all the edges between these k vertices are deterministically added (if they did not already
exist due to the first stage sampling). We call the second stage chosen k-vertex subgraph the
planted clique PC.
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Inference Task The inference task of interest is to recover PC from observing G. The
computational-statistical gap relies upon identifying the minimum &£ = k,, so that inference of
PC is possible by using an arbitrary estimator (statistical limit) and the minimum k = &, so that
inference of PC is possible by a computationally efficient estimator (computational limit). The
statistical limit of the inference task is well-known in the literature to equal k = k,, = 2log, n.

For this reason, in this thesis we focus on the computational limit of the model.

Parameters Assumptions The focus is on the asymptotic high-dimensional setting where

both k = k,,n — 400 and the recovery should hold with probability tending to one as n — 400
(w.h.p.).

1.2 Notation

For the rest of the Introduction we require the following mathematical notation.

3=

For p € (0,00),d € N and a vector x € R? we use its £,-norm, ||z, := (O_F_, |2;|P)». For
p = 0o we use its infinity norm ||zl = max;—1 4 |7;| and for p = 0, its O-norm ||z||o = |[{i €
{1,2,...,d}|x; # 0}|. We say that z is k-sparse if ||z|lo = k. We also define the support of z,
Support (z) := {i € {1,2,...,d}|z; # 0}. For k € Z~y we adopt the notation [k] := {1,2,...,k}.
Finally with the real function log : R.y — R we refer everywhere to the natural logarithm. For
p € R, 0% > 0 we denote by N (i, 0?) the normal distribution on the real line with mean u and
variance o?. We use standard asymptotic notation, e.g. for any real-valued sequences {a, }nen
and {b,}nen, an = © (b,) if there exists an absolute constant ¢ > 0 such that 1 < 152 < ¢

an = Q(b,) or b, = O (a,) if there exists an absolute constant ¢ > 0 such that [{*| > ¢

an = w (by) or b, = o(ay) if lim, |32 = 0.

1.3 Prior Work and Contribution per Chapter

First, we consider the high dimensional linear regression problem defined in Subsection [1.1.1]
As explained in the Introduction, our main goal is to study the existence and properties of the

computational-statistical gap of the problem. We study it under the distributional assumptions

26



that X has iid AV (0, 1) entries and W has iid N (0, 0?) for some parameter o?. Furthermore we

assume that * is a binary k-sparse vector.

The focus of most of this thesis is on sublinear sparsity levels, that is, using asymptotic
notation, k = o(p). Nevertheless, before diving into specific contributions it is worth pointing
out that a great amount of literature has been devoted on the study of the computational-
statistical gap in the linear regime where n, k,o = ©(p). One line of work has provided upper
and lower bounds on the minimum MSE (MMSE) E [||3* — E[3* | X,Y]||3] as a function of the
problem parameters, e.g. [ASZ10, RG12, RG13| [SC17|. Here and everywhere below for a vector
v € RP we denote by |[v]js 2 />0, v? it’s £ norm. Another line of work has derived explicit
formulas for the MMSE. These formulas were first obtained heuristically using the replica method
from statistical physics [Tan02, [GV05] and later proven rigorously in [RP16, BDMKI16]. Finally,
another line of work has provided nearly-optimal computationally efficient methods in this setting
using Approximate Message Passing [DMMO09, [DJM13|. However, to our best of knowledge, most
of the techniques used in the proportional regime cannot be used to establish similar results when
k = o(p) (with notable exceptions such as [RGV17]). Although there has been significant work
focusing also on the sublinear sparsity regime, the exact identification of both the computational
and the statistical limits in the sublinear regime, remained an outstanding open problem prior
to the results of this thesis. We provide below a brief and targeted literature review, postponing
a detailed literature review at the beginning of each Chapter, and provide a high-level summary

of our contributions.

The statistical limit of High-Dimensional Linear Regression

We start our study with the statistical limit of the problem. To identify the statistical limit we
adopt a Bayesian perspective and assume 3* is chosen from the uniform prior over the binary

k-sparse vectors that is uniform on the set {5* € {0,1}? : ||5*]|o = k}.

To judge the recovery performance of 5* from observing (Y, X') we focus on the mean squared

error (MSE). That is, given an estimator § as a function of (Y, X), define mean squared error as

MSE (3) 2E [16 - 5"I3]
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where [|v]| denotes the , norm of a vector v. In our setting, one can simply choose 3 =
E [3*], which equals %(1,1,...,1), and obtain a trivial MSE, = E [||3* — E [5*] ||3], which equals
k (1 — %) We will adopt the following two natural notions of recovery, by comparing the MSE

of an estimator B to MSE,.

Definition 1.3.1 (Strong and weak recovery). We say that B = B(Y, X) € R? achieves
e strong recovery if limsup, ., MSE (B) /MSEy = 0;
e weak recovery if limsup,_, ., MSE <B> /MSEy < 1.

A series of results studies the statistical, or information-theoretic as it is also called, limit of
both the strong and weak recovery problems have appeared in the literature. A crucial value for

the sample size appearing in all such results when k& = o(p) is

2klog £

—log (% n 1). (1.2)

Ninfo =

For the impossibility direction, previous work [ASZ10, Theorem 5.2|, [SC17, Corollary 2| has
established that when n < (1 — 0 (1)) N, Strong recovery, is information-theoretically impos-
sible and if n = o(nyng), weak recovery is impossible. For the achievability direction, Rad in
[Rad11] has proven that for any k = o(p) and o* = © (1), there exist some large enough con-
stant C' > 0 such that if n > Cny,g, then strong recovery is possible with high probability. In a
similar spirit, [AT10, Theorem 1.5] shows that when k = o(p), k/0? = ©(1), and n > Cj/s2Ninto
for some large enough Cj/,2 > 0, it is information theoretically possible to weakly recover the
hidden vector.

The literature suggests that the statistical limit is of the order © (niyg), but (1) it is only
established in very restrictive regimes for the scaling of k, 0%, (2) the distinction between weak
and strong recovery is rather unclear and finally (3) the identification of the exact constant in
front of ni.g seems not to be well understood. These considerations raises the main question of

study in Chapter [2}
Question 1: What is the exact statistical limit for strong/weak recovery of 5*%

We answer this question and establish that n;, is the exact statistical limit of the problem
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in a very strong sense. We prove that assuming k = o (\/]_)), for any positive constant € > 0 if

the signal-to-noise ratio k/o? bigger than a sufficiently large constant then,
e when n < (1 — €) nyp weak recovery is impossible, but
e when n > (1 4 €) njup strong recovery is possible.

This establishes an "all-or-nothing statistical phase transition". To the best of our knowledge

this is the first time such a phase transition is established for a high dimensional inference model.

The computational limit of High-Dimensional Linear Regression

We now turn to the study of the computational-limit for the high-dimensional linear regression
model. For these results no prior distribution is assumed on [* and [* is assumed to be an
arbitrary but fixed binary k-sparse vector. Note that this is a weaker assumption, in the sense
that any with high probability property established under such an assumption, immediately
transfers to any prior distribution for g*.

The optimal sample size appearing in the best known computationally efficient results is
Nalg = (Qk + 02) log p. (1.3)

More specifically, a lot of the literature has analyzed the performance of LASSO, the ¢;- con-

strained quadratic program:

. o 2
min{[[Y" = X5l + Apll Bl } (14)

for a tuning parameter A, > 0 [Wai09b|, [MBOGb|, [ZY06], [BRT09a]. It is established that
as long as 0 = O (1) and k grows with p, if n > (1 + €) ny for some fixed € > 0, then for
appropriately tuned A, the optimal solution of LASSO strongly recovers * [Wai09b]. Further-
more, a greedy algorithm called Orthogonal Matching Pursuit has also proven to succeed with
(1 + €) nag samples [CW11]. To the best of our knowledge, besides decades of research efforts, no
tractable (polynomial-in-n, p, k termination time) algorithms is known outperform LASSO when
k = o(p), in the sense of achieving strong recovery of 5* with n < n,), samples. This suggest

that the sample size n,, could correspond to the computational limit of the problem.
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At this point, we would like to compare the thresholds n,, and the information-theoretic
limit ni,e given in . Assuming the signal to noise ratio k/o? is sufficiently large, which is
considered in almost all the above results, ninf, is significantly smaller than n,,. This reason
gives rise to the computational-statistical gap which motivates studying the following question

in Chapters [3] [}

Question 2: [s there a fundamental reason for the failure of computationally efficient

methods when n € [Ninfo, Nalg| ?

We offer a geometrical explanation for the gap by identifying n,, as the, up-to-constants,
Overlap Gap Property phase transition point of the model. Specifically, we consider the least
squares optimization problem defined by the Maximum Likelihood Estimation (MLE) problem;

(MLE) min n~2||Y — XS],
s.t. B e{0,1}»
1Bllo = .

As explained in the Introduction, geometry and the Overlap Gap Property has played crucial
role towards understanding several computational-existential gaps for average-case optimization
problems. Note that (MLE) is an average-case optimization problem with random input (Y, X).
We study it first with respect to optimality; we prove that as long as n > (1 + €) njug, under
certain assumption on the parameters, the optimal solution of (MLE) equals 8*, up to negligible
Hamming distance error. Hence (MLE) is an average-case optimization problem with optimal
solution almost equal to 5*. Thus, in light of the discussion above, it is expected to be algorith-
mically hard to solve to optimality when n < n,,. For this reason we appropriately define and
study the presence of the Overlap Gap Property (OGP) in the solution space of (MLE) in the
regime n € [Ninfo, Nalg] and n > n,,. We say that OGP holds in the solution space of (MLE)
if the nearly optimal solutions of (MLE) have only either high or low Hamming distance to g*,
and therefore the possible Hamming distances ( "overlaps" ) to 5* exhibit gaps. We direct the
reader to Chapter [3| for the the exact definition of OGP and more references. We show that for

some constants ¢, C' > 0,
e when n < cnu, OGP holds in the solution space of (MLE) (Chapter [3]), and
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e when n > Cnyy OGP does not hold in the solution space of (MLE) (Chapter [4)).

This provides evidence that the high dimensional linear regression recovery problem corresponds
to an algorithmically hard problem in the regime n < cn,,. In Chapter [3 we support the
hardness conjecture by establishing that the LASSO not only provably fails to recover exactly
the support in the regime n < cn,y, but in the same regime it fails to achieve a different notion
of recovery called fy-stable recovery. In Chapter {4] besides establishing that OGP does not hold,
we also perform a direct local analysis of the optimization problem (MLE) proving that (1) when
n > Cng, the optimization landscape is extremely "smooth" to the extent that the only local
minimum (under the Hamming distance metric between the binary (’s) is the global minimum g*
and (2) the success of a greedy local search algorithm with arbitrary initialization for recovering

B* when n > Cnyg.

The Noiseless High-Dimensional Linear Regression

An admittedly extreme, yet broadly studied, case in the literature of high dimensional linear
regression is when the noise level o is extremely small, or even zero (also known as the noiseless
regime). In this case, the statistical limit of the problem nj,g, defined in , trivializes to
zero. In particular, our results in Chapter [2| imply that one can strongly recover information-
theoretically a sparse binary p-dimensional * with n = 1 sample, as p — +o0o. Notice that
in this regime the statistical-computational gap becomes even more profound: nyg = 1 and
when o = 0 according to Nag = 2k log p remains of the order of klog p. Moreover Donoho
in [Don06| establishes that Basis Pursuit, a well-studied Linear Program recovery mechanism,
fails in the noiseless regime o = 0 with n < (1 — €)n,, samples for any fixed e > 0. On
top of this, our Overlap Gap Property phase transition result described below in Question 2,
suggests that the geometry of the sparse binary vectors is rather complex at ¢ = 0 for any n
With ninse = 1 < n < Ngy.

On the other hand, the absence of noise makes the model significantly simpler ; it simply
is an underdetermined linear system. The linear structure allows the suggestion and rigorous
analysis of various computationally efficient mechanisms, moving potentially beyond the standard
algorithmic literature of the linear regression model which, as explained in the Introduction,

usually is based on either local or convex relaxation methods. These considerations lead to the
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following question which is investigated in Chapter [5}

Question 3: s there a way to achieve computationally-efficient recovery with

n < nag = 2klogp samples, in the "extreme” noiseless regime o = 0%

We answer this question affirmatively by showing that computational efficient estimation is
possible even when n = 1. We do this by proposing a novel computationally efficient method
using the celebrated Lenstra-Lenstra-Lovasz (LLL) lattice basis reduction algorithm (LLL was
introduced in |[LLL82| for factoring polynomials with rational coefficients). We establish that
our recovery method can provably recover the vector §* with access only to one sample, n = 1,
and p — +o00. This profoundly breaks the algorithmic barrier n,, of the local search and convex
relaxation method (e.g. LASSO) in the literature. Our proposed algorithm heavily relies on the
integrality assumption on the regression coefficients, which trivially holds since 5* is assumed to
be binary-valued. In particular, as opposed to Chapters [2 [3, 4, we do not expect the results
in Chapter [5| to generalize to the real-valued case. Interestingly, though, our algorithm does
not depend at all to the sparsity assumption on 8* to be successful; it works for any integer-
valued B*. We consider the independence of our proposed algorithm to the sparsity assumption
a fundamental reason for its success. In that way the algorithm does not need to "navigate" in
the complex landscape of the binary sparse vectors where Overlap Gap Property holds, avoiding

the conjectured algorithmic barrier in this case.

The computational-statistical gap of the Planted Clique Model

We now proceed with discussing our results for the planted clique problem defined in Subsection
[[.1.2l As said in the definition of the model, our goal is to provide an explanation for the
computational-statistical gap of this model as well.

The statistical limit of the model is exactly known in the literature to be k = k, = 2log, n
(see e.g. [Bol85|): if k < (2—¢€)log, n then it is impossible to recover PC, but if k > (2+4¢€) logy n
the recovery of PC is possible by a brute-force algorithm. Here and everywhere below by log,
we refer to the logarithm function with base 2. It is further known that if & > (2 + €) log, n,
a relatively simple quasipolynomial-time algorithm, that is an algorithm with termination time

nPUoen) " also recovers PC correctly (see the discussion in [FGR¥17] and references therein). On
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the other hand, recovering PC with a computationally-efficient (polynomial-in-n time) method
appears much more challenging. A fundamental work [AKS9§| proved that a polynomial-time
algorithm based on spectral methods recovers PC when k > c¢y/n for any fixed ¢ > 0 (see also
[FR10], [DM], [DGGP14] and references therein.) Furthermore, in the regime k/y/n — 0, various
computational barriers have been established for the success of certain classes of polynomial-time
algorithms [BHK™16], [Jer92|, [FGR™17|. Nevertheless, no general algorithmic barrier such as
worst-case complexity-theoretic barriers has been proven for recovering PC when k//n — 0.
The absence of polynomial-time algorithms together with the absence of a complexity-theory
explanation in the regime where k > (2 + €)logy, n and k/y/n — 0 gives rise to arguably one of
the most celebrated and well-studied computational-statistical gaps in the literature, known as
the planted clique problem.

As described below Question 2, in Chapters [3] [4] we carefully define and establish an Overlap
Gap Property phase transition result for the high dimensional linear regression problem. In that
way we provide a possible explanation for the conjectured algorithmic hardness. This suggests

the following question which we study in Chapter [6]

Question 4: Is there an Qverlap Gap Property phase transition explaining the conjectured

algorithmic hardness of recovering PC when k/y/n — 07

We provide strong evidence that the answer to the above question is affirmative. We consider
the landscape of the dense subgraphs of the observed graph, that is subgraphs with nearly
maximal number of edges. We study their possible intersection sizes ( "overlaps" ) with the
planted clique. Using the first moment method, as an non-rigorous approximation technique, we
provide evidence of a phase transition for the presence of Overlap Gap Property (OGP) exactly
at the algorithmic threshold & = © (1/n). More specifically, we say that OGP happens in the
landscape of dense subgraphs of the observed graph if any sufficiently dense subgraph has either
high or low overlap with the planted clique. We direct the reader to the Introduction of Chapter
[6] for the the exact definition of OGP. We provide evidence that

e when k& = o (y/n) OGP holds in the landscape of dense subgraphs, and

e when k = w (y/n) OGP does not hold in the landscape of dense subgraphs.
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We prove parts of the conjecture such as the presence of OGP when £ is a small positive power
of n by using a conditional second moment method. We expect the complete proof of the
conjectured OGP phase transition to be a challenging but important part towards understanding

the algorithmic difficulty of the planted clique problem.

1.4 Technical Contributions

Various technical results are established towards proving the results presented in Section [I.3] In
this Section, we describe two of the key technical results obtained towards establishing two of
the most important results presented in this thesis: the presence of the Overlap Gap Property
for the high dimensional linear regression mode (Chapter |3) and for the planted clique model
(Chapter @ The results are of fundamental nature and can be phrased independently from the
Overlap Gap Property or any statistical context, and are of potential independent mathematical

interest.

The Gaussian Closest Vector Problem

In Chapter[3|and the study of the Overlap Gap Property for the high dimensional linear regression
model the following random geometry question naturally arises.

Let n,p € Nand B := {5 € {0,1}? : ||8]lo = k} the set of all binary k-sparse vectors in RP.
Suppose X € R™* has i.i.d. N (0,1) entries and Y € R"*? has i.i.d. N (0, 0?) entries. We would

like to understand the asymptotic behavior of the following minimization problem,
inn 2|V - X 1.5
minn~ | Bll2 (1.5)

subject to specific scaling of o2, k, n, p as they grow together to infinity. In words, estimates
how well some vector of the form X, 5 € B approximate in (rescaled) ¢, error a target vector
Y.

The focus is on 02 = O (k), which makes the per-coordinate variance of Y, which equals to
0%, comparable with the per-coordinate variance of X3, which equals k. Studying the extrema

of Gaussian processes, such as (1.5)), has a vast literature in probability theory and the develop-
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ment of fundamental tools such as Slepian’s, Sudakov-Fernique and Gordon’s inequalities [Ver18|
Section 7.2|, with multiple applications in spin glass theory [Tall0], compressed sensing [OTH13]|
and in information theory [ZTP19, [TZP19]. The problem can also be motivated in statistics as
an "overfitting test"; it corresponds to the fundamental limits of fitting a sparse binary linear

model to an independent random vector of observations.

Now if n = () (k;log %) then a well-studied random matrix property, called the Restricted
Isometry Property (RIP) is known to hold for the random matrix X. The RIP states that for any
k-sparse vector v, it holds n™/2|| X ||, ~ ||v||; with probability tending to one as n, p, k — 400
(see e.g. [FR13, Chapter 6]). Here and everywhere in this Section, the approximation sign should
be understood as equality up to a multiplicative constant. Now, if n = (klog %), using the

RIP and 0% = O (k) it is a relatively straightforward exercise that
min ™Y — Xpls ~ Vi 0% (16)

as n, p, k — +o0o. Here vk + 02 simply corresponds to the variance per coordinate of any vector
of the form Y — X for g € B.

On the other hand, when n = o (k: log %) X is known not to satisfy RIP and to the best of our
knowledge no other tool provides tight results for the value of the optimization problem (1.5).
In Chapter [3] we study the following question:

Question: Which value does concentrate on when n = o (k:log %) ¢

We answer this question under the assumption that n satisfies n < cklog? for some small
constant ¢ > 0 but also klogk < n. Notice that naturally restricts k to be at most pTe for the

small constant ¢ > 0. We show under these assumptions that

klog £
minn~ Y2V — XB|ls = VE +o2exp [ — &k :
BeB n

as n,p,k — +oo. Comparing with (1.6) we see that the behavior of (1.5 in the regime n =
0 (k log %) differs from the regime n = ) (k log %) by an exponential factor in —%. The exact

statement and proof of the above result can be found in Section [3.3] of Chapter [3]

35



The Densest Subgraph Problem in Erd&s-Rényi random graphs

In Chapter[6land the study of the Overlap Gap Property for the planted clique model the following
random graph theory question naturally arises. Consider an n-vertex undirected graph G sampled
from the Erdds-Rényi model G (n, %), that is each edge appears independently with probability

%. We would like to understand the concentration properties of the K-Densest subgraph problem,

der,x (G) =

= max |E[C]], (1.7)
CCV(G),|C|=K

where V(G) denotes the set of vertices of G and for any C' C V(G), E[C] denotes the set of
induced edges in G between the vertices of C. In words, is the maximum number of edges
of a K-vertex subgraph of G.

The study of dgr x(G) is an admittedly natural question in random graph theory which, to the
best of our knowledge, remains not well-understood even for moderately large values of K = K,.
It should be noted that this is in sharp contrast with other combinatorial optimization questions
in Erdds-Rényi graphs, such as the size of the maximum clique or the chromatic number, where
tight results are known [Bol85, Chapter 11].

We describe briefly the literature of the problem. For small enough values of K, specifically
K < 2log,n, it is well-known that a clique of size K exists and therefore dggr x(G) = (12{ ) w.h.p.
as n — 400 [GMT75]. On the other hand when K = n, trivially dggr x(G) follows Binom ((I;), )
and hence for any ax — 400, dpr x(G) = %(12{) + O (Kak) w.h.p. asn — +oo. In Chapter@

we study the following question:
Question: How does dpr i (G) behave asymptotically when 2logyn < K =o0(n)?

A recent result in the literature studies the case K = Clogn for C' > 2 [BBSVI1§| and

establishes (it is an easy corollary of the main result of [BBSV1S]),

dir s (G) = h™! (log2 - Q(H—Oo(l))) (S) (1.8)

w.h.p. as n — +oo. Here log is natural logarithm and h~! is the inverse of the (rescaled)
binary entropy h : [3,0] — [0,1] is defined by h(z) = —zlogz — (1 — z)logz. Notice that
lime_yqo0 b7t <log 2 — 2(1+—Co(1))> = % which means that the result from [BBSV18| agrees with the
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first order behavior of dgr x(G) at " very large" K such as K = n.

In Chapter [6] we obtain results on the behavior of dgg x (G) for any K = n®, for C € (0,1/2).
Specifically in Theorem we show that for any K = n® for C € (0,1/2) there exists some
positive constant 5 = 3(C) € (0, 2) such that

1 n
dir i (G) = h~! <10g2 _ log (&)

& ) <§) —O(Kﬁ\/@> (1.9)

w.h.p. as n — +oc.
First notice that as our result are established when K is a power n it does not apply in the

logarithmic regime. Nevertheless, it is in agreement with the result of of [BBSV18| since for

K =Clogn,

log (&) _ Klog (%) _ 2
= (o) =g B~ o),

that is the argument in h=' of ((1.9) converges to the argument in h~! of (1.8)) at this scaling.
Finally, by Taylor expanding A~! around log2 and using ([1.9) we can identify the second
order behavior of dgg x(G) for K = n®, for C' € (0,1/2) to be,

1\ K2yl (%) .
dER,K(G):§( )‘{‘%‘I—O(KQ),

w.h.p. as n — +o0.

The exact statements and proofs of the above results can be found in Chapter [6]

1.5 Organization and Bibliographic Information

Most results described in this thesis have already appeared in existing publications, which we
briefly mention below.

Chapter [2| presents new results on the statistical limit of the high dimensional linear regres-
sion model. It presents an exact calculation of the statistical limit of the model, and reveals
a strong "all-to-nothing" information-theoretic phase transition of the model. The results of
this Chapter are included in the paper with title "The All-or-Nothing Phenomenon in Sparse

Linear Regression" which is joint work with Galen Reeves and Jiaming Xu and appeared in the
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Proceedings of the Conference on Learning Theory (COLT) 2019 [RXZ19).

Chapter [3] establishes the presence of the Overlap Gap Property in the conjectured hard
regime for high dimensional linear regression. This is based on the paper "High dimensional
linear regression with binary coefficients: Mean squared error and a phase transition" which is
joint work with David Gamarnik and appeared in the Proceedings of the Conference on Learning
Theory (COLT) 2017 |GZ17al.

Chapter 4] proves the absence of the Overlap Gap Property in the algorithmically easy regime
for high dimensional linear regression. Moreover, it shows the success of a greedy Local Search
method also in the easy regime. This is based on the paper "Sparse High Dimensional Linear
Regression: Algorithmic Barrier and a Local Search Algorithm" which is joint work with David
Gamarnik and is currently available as a preprint [GZ17b].

Chapter [ offers a new computationally-efficient recovery method for noiseless high dimen-
sional linear regression using lattice basis reduction. The algorithm provably infers the hidden
vector even with access to only one sample. This is based on the paper "High dimensional
linear regression using Lattice Basis Reduction" which is joint work with David Gamarnik and
appeared in the Advances of Neural Information Processing Systems (NeurIPS) 2018 |GZ18].

Chapter [6] presents strong evidence that Overlap Gap Property for the planted clique model
appears exactly at the conjectured algorithmic hard regime for the model. It also offers a proof
of the presence of the Overlap Gap Property in a part of the hard regime. This is based on
the paper "The Landscape of the Planted Clique Problem: Dense Subgraphs and the Overlap
Gap Property" which is joint work with David Gamarnik and is currently available as a preprint
[GZ19].

Other papers by the author over the course of his PhD that are not included in this thesis
are [ZTP19, TZP19, [LVZ17, MSZ18|, LVZ18, BCSZ1§|.
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Chapter 2

The Statistical Limit of High Dimensional
Linear Regression. An All-or-Nothing

Phase Transition.

2.1 Introduction

In this Chapter, we study the statistical, or information-theoretic, limits of the high-dimensional
linear regression problem (defined in Subsection [1.1.1)) under the following assumptions. For
n,p,k € N with k¥ < p and 0?2 > 0 we consider two independent matrices X € R™P and

iid

W e R with X;; <"A(0,1) and I/Vii‘im‘fl‘j\[(o,a?), and observe
Y =X3"+W, (2.1)

where * is assumed to be uniformly chosen at random from the set {v € {0,1}? : ||v||o = k}
and independent of (X, W). The problem of interest is to recover 5* given the knowledge of X
and Y. Our focus will be on identifying the minimal sample size n for which the recovery is
information-theoretic possible.

The problem of recovering the support of a hidden sparse vector f* € RP given noisy lin-
ear observations has been extensively analyzed in the literature, as it naturally arises in many

contexts including subset regression, e.g. [CH90|, signal denoising, e.g. [CDS01|, compressive
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sensing, e.g. [CT05], [Don06], information and coding theory, e.g. [JB12], as well as high dimen-
sional statistics, e.g. |?, Wai09b]. The assumptions of Gaussianity of the entries of (X, W) are
standard in the literature. Furthermore, much of the literature (e.g. [ASZ10], [NT18|, [WWR10])

*
min

assumes a lower bound g*. > 0 for the smallest magnitude of a nonzero entry of §* that is
ming.gs 0 | 5| > Bhin, as otherwise identification of the support of the hidden vector is in princi-
ple impossible. In this Chapter we adopt a simplifying assumption by focusing only on binary
vectors 3*, similar to other papers in the literature such as [ASZ10|, |[GZ17a] and |[GZ17b]. In
this case recovering the support of the vectors is equivalent to identifying the vector itself.

To judge the recovery performance we focus on the mean squared error (MSE) and specifically
the notions of weak and strong recovery introduced in Definition|1.3.1} The fundamental question
of interest in this Chapter is when n as a function of (p, k, 0?) is such that strong/weak recovery
is information-theoretically possible. Obtaining a tight characterization of the statistical limit,
or the information-theoretic limit as it is also called, for these notions of recovery is the main
contribution of the work described in this Chapter. Note that here and for rest of the Chapter, to
avoid confusion of using them both, we stick with the term “information-theoretic limit" instead
of “statistical limit".

Towards identifying the information theoretic limits of recovering *, and out of independent
interest, we also consider a closely related hypothesis testing problem, where the goal is to
distinguish the pair (X,Y’) generated according to from a model where both X and YV
are independently generated. More specifically, given two independent matrices X € R™*P and

ii.d.

W e R™! with le,l.\_(,l./\/'(o’ 1) and W; ~ (0’ 0’2)7 we define
y & AW, (2.2)

where A > 0 is a scaling parameter. We refer to the Gaussian linear regression model as the
planted model, denoted by P = P(X,Y’), and as the null model denoted by @, = QA (Y, X).
We focus on characterizing the total variation distance TV (P, @,) for various values of A. One
choice of particular interest is A = \/m, under which E [YYT] = (k + 0®)I in both the
planted and null models.

Analogous to recovery definitions [I.3.1} we adopt the following two natural notions of test-
ing [PWB16|, [AKJ17].
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Definition 2.1.1 (Strong and weak detection). Fix two probability measures P, Q on our observed

data (Y, X). We say a test statistic T(X,Y') with a threshold T achieves

e strong detection if

limsup [P(T(X,Y) <7)+Q(T(X,Y)>1)] =0,

p—0o0

e weak detection, if

limsup[P(T(X,Y) <7)+Q(T(X,Y)>7)] < L
pP—00
Note that strong detection asks for the test statistic to determine with high probability
whether (X,Y) is drawn from P or Q, while weak detection, similar to weak recovery, only asks
for the test statistic to strictly outperform the random guess. Recall that

inf [P(T(X,Y) <7)+Q(T(X,Y)>7)=1-TV(P,Q).

T,

Thus equivalently, strong detection is possible if and only if liminf, ,.. TV(P,Q) = 1, and weak
detection is possible if and only if liminf,, , TV (P, Q) > 0. The fundamental question of interest
is when n as a function of (p, k, 02) is such that strong/weak detection is information-theoretically

possible.

2.1.1 Contributions

Of fundamental importance is the following sample size:

» 2klog(p/k)
Ninfo = IOg(l n ]{?/0'2) . (23)

We establish that nng, is a sharp phase transition point for the recovery of 5* when k = o(,/p)
and the signal to noise ratio k/o? is above a sufficiently large constant. In particular, for an
arbitrarily small but fixed constant € > 0, when n < (1 — €)njup, weak recovery is impossible,
but when n > (1 + €)ning, strong recovery is possible. This implies that the rescaled MMSE

undergoes a jump from 1 to 0 at ny,g samples up to a small window of size en.
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We state this in the following Theorem, which summarizes the Theorems [2.2.3] 2.2.4] 2.2.5
and [2.2.6] from the main body of the Chapter.

Theorem (All-or-Nothing Phase Transition). Let § € (0,3) and € € (0,1) be two arbitrary but
fized constants. Then there exists a constant C'(d,€) > 0 only depending only 6 and €, such that

if k/o? > C(6,¢€), then

o When k < p%’é and

n < (1 — €) Ninfo,

both weak recovery of 5* from (Y, X) ~ P and weak detection between P and Q,, are
information-theoretically impossible, where g = H% + 1.

o When k = o(p) and

n > (1 + €) Ninfo,

both strong recovery of 5* from (Y, X) ~ P and (1) strong detection between P and Q) are

information-theoretically possible for any A > 0.

(1): strong detection requires an additional assumption 1+k/o® < (klog (p/k))' ™" for some

arbitrarily small but fixed constant n > 0.

Note that the theorem above assumes ¢ > 0. In the extreme case where o = 0, n;,¢, trivializes
to zero and we can directly argue that one sample suffices for strong recovery. In fact, for any
g* € {0,1}? and Yy = (X3, 5*) for X; ~ N(0,1,), we can identify 5* as the unique binary-valued
solution of Y; = (Xi, 8*), almost surely with respect to the randomness of X (see e.g. [GZ1§])

Note that the first part of the above result focuses on k < p/?=%. It turns out that this is
not a technical artifact and k = o (pl/ 2) is needed for ni.g, to be the weak detection sample size
threshold. More details can be found in 2.9} The sharp information-theoretic threshold for either

detection or recovery is still open when k£ = () (p1/2) and k = o(p).

The phase transition role of n;,;, According to our main result, the rescaled minimum mean
squared error of the problem, MMSE/MSE, exhibits a step behavior asymptotically. Loosely
speaking, when n < ny,g it equals to one and when n > ny,g, it equals to zero. We next intuitively

explain why such a step behavior for sparse high dimensional regression occurs at ni,¢,, using ideas
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related to the area theorem. The area theorem has been used in the channel coding literature to
study the MAP decoding threshold [MMUOS| and the capacity-achieving codes [KKM™17|. The
approach described below is similar to the one used previously for linear regression [RP16].
First let us observe that ni, is asymptotically equal to the ratio of entropy H(8*) = log (Z)
and Gaussian channel capacity £ log(1+k/0?). We explore this coincidence in the following way.
Let I, = I(Y7%; X, 3*) denote the mutual information between 3* and (Y*; X) with a total of
n linear measurements. Since the mutual information in the Gaussian channel under a second
moment constraint is maximized by the Gaussian input distribution, it follows that the increment
of mutual information I,,,1 — I, < %log(l + MMSE, /0?), where MMSE,, denotes the minimum
MSE with n measurements. In particular, all the increments are between zero and § log(1+k/0?)

and by telescopic summation for any n:

I, < = log(1+k/c?), (2.4)

NS

with equality only if for all m < n, MMSE,,, = k. This is illustrated in Figure where we plot

n against I,,,1 — I,,.

H(B")

Suppose now that we have established that strong recovery is achieved with ni.g, = Tioa(11k/o%)
2

samples.
Then strong recovery and standard identities connecting mutual information and entropy

implies that

=H(p") = ni;fo log(1 + k/o?).

I

Ninfo

In particular, (2.4]) holds with equality, which means for all n < nj,e, — 1, MMSE,, = k. In par-
ticular, for all n < n;,g, weak recovery is impossible. This area theorem is the key underpinning

our converse proof of the weak recovery.

2.1.2 Comparison with Related Work

The information-theoretic limits of high-dimensional sparse linear regression have been studied
extensively and there is a vast literature of multiple decades of research. In this section we focus
solely on the Gaussian and binary setting and furthermore on the results applying to high values

of signal to noise ratio and sublinear sparsity.
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Figure 2-1: The phase transition diagram in Gaussian sparse linear regression. The y-axis is
the increment of mutual information with one additional measurement. The area of blue region
equals the entropy H(S*) ~ klog(p/k). Here by n* we denote the njyg,.

Information-theoretic Negative Results for weak/strong recovery For the impossibil-

ity direction, previous work [ASZ10, Theorem 5.2| has established that as p — oo, achieving

~

MSE(5*) < d for any d € [0, k] is information-theoretically impossible if

ha(k/p) — ha(d/p)
S o (L4 kfo?)

where hy(a) = —aloga — (1 — a)log(l — «) for a € [0,1] is the binary entropy function.
This converse result is proved via a simple rate-distortion argument (see, e.g. [WXI§| for an
exposition). In particular, given any estimator B (X,Y) with MSE(B*) < d, we have

p (ha(k/p) = ho(d/p)) < inf I(Bﬁﬁ*)SI(B*;ﬁ*)SI(X,Y;B*>§glog(lﬂf/a?)-

MSE(§*)<d

Notice that since k = o(p) the result implies that if n < (1 — 0 (1)) ningo, Strong recovery, that
is d = o(k), is information-theoretically impossible and if n = o(ni.g ), weak recovery, that is

d < (1 — €)k for an arbitrary € € (0, 1), is impossible.
More recent work [SC17, Corollary 2| further quantified the fraction of support that can be

recovered when n < (1 — €)niug, for some fixed constant € > 0. Specifically with £ = o(p) and any
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scaling of k/o?, if n < (1 — €)niugo, then the fraction of the support of 5* that can be recovered
correctly is at most 1 — € with high probability; thus strong recovery is impossible.

Restricting to the Maximum Likelihood Estimator (MLE) performance of the problem, it is
shown in [GZ17a] that under significantly small sparsity k = O (exp (v/Iogp)) and k/o? — +o0,
if n < (1 — €)Nino, the MLE not only fails to achieve strong recovery, but also fails to weakly
recover the vector, that is recover correctly any positive constant fraction of the support.

Our result (Theorem establishes that the MLE performance is fundamental. It improves
upon the negative results in the literature by identifying a sharp threshold for weak recovery,
showing that if k = o (\/ﬁ), k/o? > C for some large constant C' > 0, and n < (1 — €) njug, then
weak recovery is information-theoretically impossible by any estimator B* (Y, X). In other words,

no constant fraction of the support is recoverable under these assumptions.

Information-theoretic Positive Results for weak/strong recovery In the positive di-
rection, previous work [ATT0, Theorem 1.5] shows that when k = o(p), k/o®> = O(1), and
n > Cyjp2klog(p — k) for some Cyp2, it is information theoretically possible to weakly recover
the hidden vector.

Albeit very similar to our results, our positive result (Theorem identifies the ex-
plicit value of Cj /s> for which both weak and strong recovery are possible, that is Cj /.2 =
2/log (1+ k/o?) for which Cj,2klog(p/k) = Ninto-

In [GZ17a] it is shown that when k = O (exp (v/Iogp)) and k/o? — 400 thenif n > (14€)ning
for some fixed € > 0, strong recovery is achieved by the MLE of the problem. We improve upon
this result with Theorem by showing that when n > (1 + €)ny,g for some fixed € > 0 and
any k < cp for some ¢ > 0, then there exists a constant C' > 0 such that k/o? > C the MLE
achieves strong recovery. In particular, we significantly relax the assumption from [GZ17al] by
showing that MLE achieves strong recovery with (1 4 €)n,g samples for (1) any sparsity level

less than cp and (2) finite but large values of signal to noise ratio.

Exact asymptotic characterization of MMSE for linear sparsity For both weak and
strong recovery, the central object of interest is the MMSE E[||8* — E[8* | X,Y]||*] and its
asymptotic behavior. While the asymptotic behavior of the MMSE remains a challenging open
problem when k& = o(p), it has been accurately understood when k = ©(p) and k/o? = O(1).
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To be more specific, consider the asymptotic regime where k = ep, 0% = k/v, and n = dp,
for fixed positive constants €,7v,0 as p — +o0o. The asymptotic minimum mean-square error

(MMSE) can be characterized explicitly in terms of (g,~, ).

This characterization was first obtained heuristically using the replica method from statistical
physics [Tan02) [GV05] and later proven rigorously [RP16, BDMK16]. More specifically, for fixed
(£,7), let the asymptotic MMSE as a function of 4 be defined by

o E[lF B[ | XY
Meal0) = 0 =B — BB

The results in [RP16, BDMK16] lead to an explicit formula for M. ,(6). Furthermore, they show
that for ¢ € (0,1) and all sufficiently large v € (0,00), M. () has a jump discontinuity as a
function of §. The location of this discontinuity, denoted by 0* = §*(e, ), occurs at a value that

is strictly greater than the threshold ni,g /p.

Furthermore, at the the discontinuity, the MMSE transitions from a value that is strictly less
than the MMSE without any observations to a value that is strictly positive, i.e., M.,(0) >
hm(gmg* M577(5) > hmgig* M577<5) > 0.

To compare these formulas to the sub-linear sparsity studied in this Chapter, one can consider
the limiting behavior of M. ,(J) as e decreases to zero. It can be verified that M, ,(d) converges
indeed to a step zero-one function as ¢ — 0 and the jump discontinuity transfers indeed to the

critical value ning/p which makes the behavior consistent with the results in this Chapter.

However, an important difference is that the results in this Chapter are derived directly under
the scaling regime k& = o(p) whereas the derivation described above requires one to first take the
asymptotic limit p — oo for fixed (¢, ) and then take e — 0. Since the limits cannot interchange
in any obvious way, the results in this Chapter cannot be derived as a consequence of the rigorous
results in [RP16, BDMKI16]. Finally, it should be mentioned that taking the limit e — 0 for the
replica prediction suggests the step behavior for all values of signal-to-noise ratio vy (see Figures
. In this Chapter, the step behavior is rigorously proven in the high signal-to-noise ratio
regime. The proof of the step behavior when the signal-to-noise ratio is low remains an open

problem.
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Figure 2-2: The limit of the replica-symmetric predicted MMSE M. ,(-) as € — 0 for signal to
noise ratio (snr) v equal to 2. Here by n* we denote the niyg,.

Sparse Superposition Codes Constructing an algorithm for recovering a binary k-sparse 5*
from (Y = Xp* + W, X) receives a lot of attention from a coding theory point of view. The
reason is that such recovery corresponds naturally to a code for the memoryless additive Gaussian
white noise (AWGN) channel with signal-to-noise ratio equal to k/o?. Specifically in this context
achieving strong recovery of a uniformly chosen binary k-sparse §* with (1 + €)nng samples,
for arbitrary € > 0, corresponds exactly to capacity-achieving encoding-decoding mechanism
of (!) ~ (pe/k)* messages through a AWGN channel. A recent line of work has analyzed
a similar mechanism where (p/k)* messages are encoded through k-block-sparse vectors; that
is the vector * is designed to have at most one non-zero value in each of k£ block of entries
indexed by i|p/k|,i|p/k] +1,---,(i+1)|p/k| — 1 for i =0,1,2,...,k — 1. Tt has shown that
by using various polynomial-time decoding mechanisms, such as adaptive successive decoding
[JB12], [JB14], a soft-decision iterative decoder [BC12], and finally Approximate Message
Passing techniques [RGV17], one can strongly recover the hidden k-block-sparse vector with

(1 + €)ningo samples and achieve capacity. Their techniques are tailored to work for any k = pl—¢
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Figure 2-3: The limit of the replica-symmetric predicted MMSE M. ,(-) as € — 0 for signal to
noise ratio (snr) v equal to 10. Here by n* we denote the nipg,.

with ¢ € (0,1) and also require the vector to have carefully chosen non-zero entries, that is the
hidden vector is not assumed to simply be binary. In this work Theorem [2.2.5] establishes that
under the simple assumption on * being binary and arbitrarily (not block) k-sparse it suffices
to make strong recovery possible with (1 + €)nin samples when k& = o(p). Nevertheless, our
decoding mechanism requires a search over the space of k-sparse binary vectors and therefore is
not in principle polynomial-time. The design of a polynomial-time recovery algorithm for this

task and (1 + €)ning samples remains largely an open problem (see |[GZ17al).

Information-theoretic limits up to constant factors for exact recovery Although exact
recovery is not our focus, we briefly mention some of the rich literature on the information-
theoretic limits for the exact recovery of *, i.e., P{B* = B*} — 1 as p = oo (see, eg. |7,
FRGO09, Rad1l, WWRI10, NT18| and the references therein). Clearly since exact recovery implies
weak and strong recovery, the sample sizes required to be achieve exact recovery are in principle

no smaller than ni¢,.
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Specifically, it has been shown in [?, Theorem 1] that the maximum likelihood estimator
achieves exact recovery if n > Q (log ( ;k) + o2log(p — k)) and n — k — +oo. Conversely, n >

max{ fi(p, k), ..., fx(p, k), k} is shown in [WWRI10, Theorem 1] to be necessary for exact recovery,

where f,(p, k) = 210;0(glip;;_}%2 /_012> In the special regime where k and o are fixed constants, it has
been shown in [JKRII, Theorem 1] that exact recovery is information-theoretically possible if
and only if n > (14 o(1))nin. Notice that this result achieves exact recovery for approximately
Ninfo Sample size, but in this case of constant k it can be easily seen that the two notions of exact
and strong recovery coincide.

Computationally, it has been shown in [WaiQ9b, Section IV-B]| that LASSO achieves exact
recovery in polynomial-time if n > 2klog(p — k). More recently, it is shown in [NT18, Theorem

3.2, Corollary 3.2] that exact recovery can be achieved in polynomial-time, provided that k& =

o(p), ¢ > /3, and n > Q (k:loge—]f +0210gp) .

2.1.3 Proof Techniques

In this section, we give an overview of our proof techniques. Given two probability distributions
P, @ with P absolutely continuous to @) and any convex function f such that f(1) = 0, the

f-divergence of ) from P is given by

Dy(PlQ) 2 Exvg [f (Z—S)] |

Three choices of f are of particular interests (See [PW15l Section 6] for details):
e The Total Variation distance TV(P,Q): f(x) = |z — 1|/2;
e The Kullback-Leibler divergence (a.k.a. relative entropy) D(P||Q) : f(z) = xlogx;
e The x*-divergence x*(P||Q): f(x) = (z —1)%

Note that the x2-divergence x*(P||Q) is equal to the variance of the Radon-Nikodym derivative
(likelihood ratio) dP/d@ under @ and hence

dP\?

dQ
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A key to our proof is the following chain of inequalities:

TV(P,Q) < V2D(PIIQ) < v/2log (C(PIQ) + 1), (2.5)

where the first inequality is simply Pinsker’s inequality, and the second inequality holds by

Jensen’s inequality:
d dP 9
D(P||Q) = Expp {log —] <log (Expp {@D = log (x\*(PlIQ) +1). (2.6)

Recall that to show the weak detection between P and @) is impossible, it is equivalent to
proving that TV (P,Q\) = o(1). In view of there is a natural strategy towards proving
it: it suffices to prove that x?(P,Q,) = o(1), which amounts to showing the second moment
Expg, [(dP/dQ,)*] = 1+ 0(1). We prove that indeed if n < (1 — 0o(1)) Ningo/2 and A is appropri-
ately chosen, then this second moment is indeed 1+o0(1) (Theorem [2.2.1); however, if n > ning/2,
then it blows up to infinity. This is because even if potentially TV (P, Q) = o(1), rare events
can cause the second moment to explode and in particular is far from being tight.

We are able to circumvent this difficulty by computing the second moment conditioned on
an event £, which rules out the catastrophic rare ones. In particular, we introduce the following

conditioned planted model.

Definition 2.1.2 (Conditioned planted model). Given a subset € C R™P x RP, define the

conditioned planted model

Po(X,Y) = 2 s 11; L‘?}T)l{s}(X, ial}

(2.7)

Using this notation we can write

P<X7Y) = (1 - 6)P5(X, Y) +€ch(X, Y),

where £¢ denotes the complement of € and ¢ = P {(X, 5*) € £°}. By Jensen’s inequality and the
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convexity of KL-divergence,
D(P[|Qx) < (1 — &) D(Fe||@x) + eD(Pee||Q)- (2.8)

Under an appropriately chosen £, and A > 0, our main impossibility of detection result (The-
orem shows that if n < (14 0(1))ningo, then Expy [(dPs/dQy)?] = 14-0(1), or equivalently,
Y2(Pe||@y) = o(1), which immediately implies that D(Pe||Q,) = o(1) and TV(Pe, @Q,) = o(1).
Finally, we argue that e converges to 0 sufficiently fast so that according to (2.8), TV(P, Q) <
TV(Pr, Q) + o(1) = o(1) and D(P||Qx) < D(Px[[Q) + (1) = o(1),

We remark that this (conditional) second moment method for providing detection lower
bound has been used in many high-dimensional inference problems (see e.g. [MNS15, BMV ™18,
BMNN16, PWB16|, WX18| and references therein).

To further show weak recovery is impossible in the regime for sample size n < nj,g (Theorem
2.2.4]), we establish a lower bound of MSE in terms of D(P||@)) (Lemma [2.4.1)) which implies
that the minimum MSE needs to be (1 —o(1)) k if D(P||Q,) = o(n). The key underpinning our
lower bound proof is the area theorem [MMUOS, KKM™17].

2.1.4 Notation and Organization

Denote the identity matrix by I. We let || X || denote the spectral norm of a matrix X and ||z||
denote the ¢ norm of a vector x. For any positive integer n, let [n] = {1,...,n}. For any set
T C [n], let |T| denote its cardinality and 7° denote its complement. We use standard big O
notations, e.g., for any sequences {a,} and {b,}, a, = ©(b,) if there is an absolute constant
¢ > 0 such that 1/c < a,/b, < ¢; a, = Q(by) or b, = O(a,) if there exists an absolute constant
¢ > 0 such that a,/b, > c¢. We say a sequence of events &£, indexed by a positive integer
p holds with high probability, if the probability of &, converges to 1 as p — +oo. Without
further specification, all the asymptotics are taken with respect to p — oo. All logarithms
are natural and we use the convention Olog0 = 0. For two real numbers a and b, we use
aVb = max{a, b} to denote the larger of a and b. For two vectors u, v of the same dimension, we
use (u,v) denote their inner product. We use x? denote the standard chi-squared distribution

with n degrees of freedom. For n,m,k € N with m < k < n and m + k < n we denote
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by Hyp (n,m, k) the Hypergeometric distribution with parameters n, m, k and probability mass
function p(s) = (7) (") /(}), s € [0,m] N Z.

The remainder of the Chapteris organized as follows. Section presents the main results
without proofs. Section and Section prove the negative results for detection and recovery,
respectively. Section proves the positive results for detection and recovery. We conclude the
Chapter in Section [2.6] mentioning a few open problems. Auxiliary lemmata and miscellaneous

details are left to rest Sections.

2.2 Main Results

In this section we present our main results. The proofs are deferred to the following sections.

2.2.1 Impossibility of Weak Detection with n < nj,y,

Our first impossibility detection result is based on a direct calculation of the second moment
between the planted model P and the null model @)). Specifically, we are able to show that weak

detection between the two models is impossible, if n < (1 — a)ning/2 for some a = 0,(1) and
A= k/o?+ 1.

Theorem 2.2.1. Suppose k < p*/?>7° for a fized constant § > 0 and k/o? > C for a sufficiently

large constant C' only depending on 6.

If

1, loglog(p/k)y
n§2(1 log (p/k) ) e 29)

then for \og = \/k/o? + 1, it holds that
X (PlQx,) = o(1)

Furthermore, D(P||Q»,) = 0o(1) and TV(P,Q,,) = o(1).

The complete proof of the above Theorem can be found in Section [2.3.1] Nevertheless, let

us provide here a short proof sketch. Using an explicit calculation, we first find that for any

52



A> ko2 +1/2,

. k+5\ " k—S\ "
X2 (PHQ)\) - )‘2 EXPSNHyp(p,k,k) [(2)‘2 —-1- D) > (1 + 2 > -1

o o

" and follows a

where S = (B*,(5*)’) is the overlap between two independent copies 8*, (%)
Hypergeometric distribution with parameters (p, k, k). Plugging in A = A\g = \/k/o? + 1, we get

that

S —n
2
X (PllQx0) = Expstyp(o,k.r) [(1 Ck+ gz) ] — L

Using this we show that if n < (14 0(1)) niu/2, then x?(P||Qy,) is indeed o (1), implying by
the impossibility result. However, if n > niug /2, then this x2-divergence can be proven to
blow up to infinity, rendering the method based on uninformative in this regime. To see
this, by considering the event S = k which happens with probability 1/ (Z), we get that

YA(P|Qx,) > é [(1 — #yn] —1=exp (nlog <1 + g) — log <Z)) -1 (2.10)

Recall that nj,g, is asymptotically equal to 2log (i) / log (1 + %) Hence if n > ning(1 + €)/2 for

some constant € > 0, then x*(P||Q»,) — +oo.

To be able to obtain tighter results and go all the way to ni. sample size, we resort to a
conditional second moment method as explained in the proof techniques. Specifically we show
that weak detection is impossible for any n < (1 — a)nju, for some a > 0 that can be made
to be arbitrarily small by increasing k/o? and p/k. In particular, this improves on the direct
calculation of the y? distance by a multiplicative factor of 2 and shows that nin is a sharp
information theoretic threshold for weak detection between the planted model P and the null

model Q),.

Before formally stating our main theorem, we specify the conditioning event &, ; which will

be shown to hold with high probability in under appropriate choices of v and 7.

Definition 2.2.2 (Conditioning event). Given v > 0 and 7 € [0,k], define an event &,, C
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R™*P x RP as

Eyr =
for : X0 (5))I?

CEXG T 6 <2+, V(B*) €{0,1}" with ||(B3*) lo = k and ((3*)', ") > T} _

(2.11)

To understand the value of v, 7 in the definition of this event, notice that for each g*, (5*)’,
from the definition of X, we have X (8* + (8*)") ~ N (0,2(k + s)I,,) and therefore,

X+ EDIE
2(k+s) X

Thus, by the concentration inequality of chi-squared distributions, the random variable

X (8" + (B
E[IX(8* + (8*))17]

is expected to concentrate around 1 and thus is likely to be smaller than 2 + ~ for a relatively
large . The parameter 7 quantifies the set of k-sparse (4*)" that we expect this relation to hold.
Notice that ((8*), 5*) > 7 is equivalent with the Hamming-distance between §* and (8*)" to be
equal to 2 (k — 7).

Next, we explain the intuition behind our choice of conditioning event &, ;. Recall that in
view of (2.10), x*(P]|Q»,) blows up to infinity when the overlap (5%, (5*)’) is equal to k. In fact,
when the overlap (3%, (8*)") = k, || X (8* + (8*)")]|* can be enormously large, causing x*(P||@2,)
to explode. We rule out this catastrophic event by conditioning on &, which upper bounds
1 X(B* + (B8*))||* when the overlap (B8*, (8*)") is large (See for the key step of upper
bounding | X(5° + (8°))|I2).

As a result, we are able to prove that the y2-divergence between the conditional planted
model Pe _ and the null model @, for Ay = Vk/o? +1 is o(1), which implies the following

general impossibility of detection result.

Theorem 2.2.3. Suppose k < p2~° for an arbitrarily small fived constant § € (0, %) and k/o? >

C for a sufficiently large constant C only depending on 6. Assume n < (1 — &) ning for a €
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(0,1/2] such that

8 32loglog(p/k)
= 2.12
“ T log(l k0% " log(p/k) (212)
Set
V= —ozk‘IOg(p/k;) and T =K <1 - — L ) )
n log“(1+ k/o?)
Then for \g = \/£+ 1,
X* (Pe, . [1Qx,) = o(1). (2.13)

Furthermore D(Pg, _||Qx,) = o(1), TV(Pg, ., Qx,) = 0o(1), and TV(P,Qx,) = o(1).

The proof of the Theorem can be found in Section [2.3.2]

2.2.2 Impossibility of Weak Recovery with n < nj,

In this section we present our impossibility of recovery result. We do this using the impossibility of
detection result established above. Specifically we first strengthen Theorem [2.2.3 and show that
under the assumptions of Theorem [2.2.3, D(P||Q»,) = 0,(1). Notice that this is not needed to
conclude impossibility of detection, that is TV (P, Qy,) = o(1), but is needed here for establishing
the impossibility of recovery result. As a second step, inspired by the celebrated area theorem,
we establish (Lemma a lower bound to the minimum MSE in terms of D(P||@,,), which is
potentially of independent interest. The lemma essentially quantifies the natural idea that if the
data (Y, X) drawn from planted model are statistically close to the data (Y, X)) drawn from null
model then there are limitations on the performance of recovering the hidden vector 5* based
on the data (Y, X) from the planted model. Interestingly the lemma itself does not require the
hidden vector 3* to be binary or k-sparse but only to satisfy E [||*]|3] = k. Combining the two
steps allows us to conclude that the minimum MSE is k(1 + 0,(1)); hence the impossibility of

weak recovery.

Theorem 2.2.4. Suppose k < p%"s for an arbitrarily small fixed constant § € (O,%) and

k/o? > C for a sufficiently large constant C only depending on §. Let \g = /k/o?+ 1. If
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n < (1= a)nige for a € (0,1/2] given in (2.12)), then it holds that
D (P[|Qx,) = 0p(1). (2.14)
Furthermore, if n < |(1 — a)ning] — 1, then for any estimator 3* that is a function of X and Y,
MSE (5) = k(1 +0,(1)). (2.15)

The proof of the above Theorem can be found in Section [2.4]

2.2.3 Positive Result for Strong Recovery with n > nj.,

This subsection and the next one are in the regime where n > ny,¢. In these regimes, in contrast
to n < ning, we establish that both strong recovery and strong detection are possible.

Towards recovering the vector 5*, we consider the Maximum Likelihood Estimator (MLE) of

B

p* = arg Y = X))

min
(8*) €{0,132,][(B*) llo=k
We show that MLE achieves strong recovery of §* if n > (1 + €)ning for an arbitrarily small but
fixed constant ¢ whenever k = o(p) and k/o? > C(¢) for a sufficiently large constant C (¢) > 0.

Specifically, we establish the following result.

Theorem 2.2.5. Suppose loglog (p/k) > 1. If

n> <1 + log 2 ) (1 4 Aloglog(p/k) log(p/k)) Minfos (2.16)

log (1 + k/(202)) log(p/k)
then
2
P{I8 - 1P > s < e 210
Furthermore, if additionally k = o(p), then
%E U G — p* j = 0,(1), (2.18)
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i.e., MLE achieves strong recovery of 5*.

The proof of the above Theorem can be found in Section [2.5.1]

2.2.4 Positive Result for Strong Detection with n > nj.g

In this subsection we establish that when n > n;,g strong detection is possible. To distinguish

the planted model P and the null model (), we consider the test statistic:

: Y — X2
T(X,Y)= min —_—
oY) = e BN ot 1Y[|?
Theorem 2.2.6. Suppose
2
logn — — log (p) — +00
n k

and

. 2log ()
~ log (14 k/0?) +log(1l — «)

for an arbitrarily small but fived constant o € (0,1). Then by letting T =

that
P(T(X,)Y)>71)+Qx\(T(X,Y) <7)=0(1),

(1—a/2)(1+k/0?)’

(2.19)

(2.20)

1 we have

which achieves the strong detection between the planted model P and the null model Q).

The proof of Theorem [2.2.6] can be found in Section [2.5.2]

We close this section with one remark, explaining the newly introduced condition ((2.19)).

Remark 2.2.7. Recall that nig, = 2klog(p/k)/log(1 + k/o?) and (V) <

log ningo —

log(1+k/o2) ) log(p/k)

Ninfo

> log (k;log %) — loglog (1 + k/o?) —log (1 + k/o?)

(ep/k)*. Thus,

log (g) > log( 2k log(p/k) ) log(ep/k) log (14 /o)

_log (1 +k/0?)
log(p/k)

If1+k/o? < (klog %)1_77 for some fixed constant n > 0, then it follows from the last displayed
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equation that

log (klog 2
l0g Mingo — log (p> > nlog (/f log %) — loglog <k log %) _ log (klog§)

k log(p/k)

Ninfo

which goes to +00 as p — 400; hence Ny, satisfies .
Therefore, assuming that 1 + k/o* < (klog %)l_n and n > (1 + €)ningo for some arbitrarily
small constants n,e > 0, there exists a constant C = C(€) > 0 such that if k/o* > C(¢), then the

test statistic T(X,Y") achieves strong detection.

2.3 Proof of Negative Results for Detection

2.3.1 Proof of Theorem 2.2.1]

We start with an explicit computation of the chi-squared divergence x?(P||Q)).

Proposition 2.3.1. For any A > \/k/o?+1/2,

. k+ 8\ " AN
X(PQy) =N EXPgtyp(p.h.k) [(2)\2 5 ) (1 e ) o

o o

Proof. Since the marginal distribution of X is the same under the planted and null models, it

follows that for any (5%,

P(X,Y) _P(Y]X) _ Exps[P(Y|X, 57)]

ANX,Y)  QaY) Qx(Y)

Therefore

P(X,Y)\* PY|X, g)P(Y|X, (8%))
(@uxm) =B [

where 5* 1 (5*)" denote two independent copies. By Fubini’s theorem, we have

P 2
(@)
ii.d.

where X;; *"A(0,1) and Y3 = "A(0, \202).

(2.21)

. PSP EY)),

= EXp,B*JL(ﬂ*)’ EXpX EXpY |: Q%\(Y)
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Since in the planted model, conditional on (X, 5*), Y ~ N (X S*,0%1,). Tt follows that

PY|X, 5%) 1 o 1 2
TR yrexp (= [V = XB2 4~ ||V
QA(Y) exp 2” B H2 + 2)\2()_2” ”2

2 _

= \"exp < EF=3vl

* 1 *
DIV + % (7.5 — X 1)

Hence,
PY]X, 5)P(Y]X, (8))
QA(Y)

2 _
= A" exp ( o ]

VI + 2 0 X (8" + (07 - 5 (IXH I + 1X8IR) )

which equals

Mo lly a2x(een)) |17 22X (e "))l

\2n,” aT3? ||t e —55 (IXB13+1X(8)113)
Using the fact that E |et?” | = ——L_er’t/(0-20%) for ¢ < 1/2 and Z ~ N (u, 02), we get that
g V1-2to? K

Nl XX (B + (8|
Expy lexp (‘W 'Y 2 - 2)]

S S (_ V|X (8 + <5*>'>||§>
(202 — 1)n/2 42X — 1A= 1)e? )

Combining the last two displayed equations yields that

%4, ()
- Y{ ) ]
~ 7o oy (1= 0 (10 B+ X (87Y18) + 20 (i X)) |

(2.22)

29



Let T' = supp(5*) and T" = supp((5*)’). Let X; denote the i-th column of X. Define

ZOI Z Xi7 le Z Xi7 22: Z XZ

i€TNT’ i€T\T" i€T'\T

Then conditional on §* and (5*)', Zy, Z1, Z, are mutually independent and
Zo ~N(0,sL,), Z1 ~N(0,(k—s)L,), Zo~N(0,(k—s)I,),

where s = |[T'NT'| = (B*, (6*)). Moreover, X/* X(*)" can be expressed as a function of

2y, 21, Ly simply by
Xﬁ* = ZQ + Zl and X(ﬁ*)/ = Z() + ZQ. (223)

Let Z = [Zy, Z1, Z5]' € R3". Using (2.22)) and (2.23)) and elementary algebra we have

P(Y|X, 3 P(Y|X, (8*) A2
Expy ] Q)i(;)‘ (5)) = o3 1) exp {tZ"AZ}, (2.24)

where

2 1 1

1
and A= [1 1-X2 X\ |®I, R

R —
202(2X2 — 1)’

I A2 1=\
where by A ® B we refer to the Kronecker product between two matrices A and B. Note that Z

is a zero-mean Gaussian vector with covariance matrix
V =diag{s,k — s,k — s} ® I,,.

Note that
2 1 1

1 1-X2 A2 |diag{s,k—s,k—s}|®I,.
1 A2 1 — )2

AV

It is straightforward to find that the eigenvalues of AV are 0 of multiplicity n, k+ s of multiplicity
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n, and (k — s)(1 — 2)?) of multiplicity n. Thus,
det(Is, — 2tAV) = (1 — 2t(k + s))" (1 — 2t(k — s)(1 — 2)%))". (2.25)

It follows from ([2.24)) that

PY|X, B )P(Y|X, (8))] _ A +27 Az
Expy Expy Q3(Y) = o )y BXPz [e }
A2 1
_ : 2.26
(2A2 = 1)"/2 | /det (T, — 2tAV) (2.26)
where the last equality holds if ¢ < 5-2— and follows from the expression of MGF of a quadratic

2(k+s)

form of normal random variables, see, e.g., [Bal67, Lemma 2|.

1 1
FZEN=T) < 2ts)

Combining (2.25) and ([2.26)) yields that if £ = 5

PY|X, %) P(Y]X, (ﬁ*)’)}
Q3(Y)

o L ks e
S (2A2 — 1)n/2 02(2)2 — 1) 02

2n 2
= A (2/\ 1= ) <1+ > ) .

k1+s) for all 0 < s < k. It follows from (2.21)) that

Expy Expy [

<

Note that if 2A? — 1 > 2% then 5
if 2A2 — 1> 2 then

()

1
@a—1) S o

Ex
Pg, P o

. k—l-S —n/2 E— S —n/2
= )\2 EXpSNHyp(p,k,k) [(2)\2 — 1 — 3 ) <1 + B ) .

We establish also the following lemma.

Lemma 2.3.2. Suppose k < p%_‘; for an arbitrarily small fixed constant 6 € (0, %) and % >C

for a sufficiently large constant C only depending on §. If n satisfies condition ([2.9)), then

S —n
EXD g typ(k,k.p) [(1 okt 02)
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log log(p/k)
log(p/k)

P12 ]

and ¢ =

Proof. The lemma readily follows by combining [2.7.2| and [2.7.5| with a =

Proof of Theorem[2.2.1. Using Proposition for A = )¢ satisfying \2 = k/o? + 1 we have

S —n
XQ(PHQ/\()) = EXPSNHyp(p,kyk) [(1 o k+ 02) ] - L

Using now we have x?(P||Qy,) = o(1). The chain of inequalities (2.5) concludes the proof
of Theorem 2.2.1]

2.3.2 Proof of Theorem 2.2.3

Proof of Theorem[2.2.3. For notational simplicity we denote in this proof the probability measure
Q@», simply by @ and the event &, . by €.

We first show that (2.13)) implies D(Pe||Q) = o(1), TV(Pe, Q) = o(1), and TV (P, Q) = o(1).
It follows from (2.5 that D(P¢||Q) = o(1) and TV(Pg, Q) = o(1). Observe that under our
choice of 7 and ~, implies that

P{&} <exp (—%) = exp (—%W) < exp (—4kloglog(p/k)) = 0,(1). (2.28)

Thus, in view of (2.8), we get that

TV(P,Q) < (1 =P{E}) TV(Pe, Q) + P{E} TV(Pee, Q)
<TV(Pe, Q) +P{E} = o(1).

Next we prove 1) We first carry calculations for any A > /k/o? 4+ 1/2; we then restrict

to A = \/k/o? + 1. In view of (2.7), we have

Pg(X,Y): 1 Exp {P(X)P(Y|X,B*)l{g}(X,B*)l:EXP |:P<Y|X,ﬁ*)1{g}(X,ﬁ*)
QX,Y)  QY)QX) P{&} 5* QY )P{E} ’
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where the last equality holds because P(X) = Q(X). Hence

<P5<X, Y>>2 _ Bxp {me, B)P(YIX, (57))1iey (X, ) Liey (X, (57))
QX,Y) S Q)P {£} ’

where (8*)" is an independent copy of 5*. Recall P{€} =1 — o(1). Therefore,

(3)

Expg

equals

PYIX, g P(Y]X, (6%)')

(14 0(1)) Expge s (g Expy {Expy { } 1iey (X, B)1ey (X, (ﬁ*)’)} .

Q*(Y)
It follows from that
PY|X, ") P(Y|X, (8%))
ey | Q) 1
o exp { IX(B* + (B))IP = 2N =D [ X(8* — (B*)’)IIZ}
(22 — 1)n/2 402(2X2 — 1) ’

Combining the last two displayed equation yields that

P:\?
Exp (—)
“1\@
* *\/\ (12 2 * *\/\ 12
(1+0(1)) A" 1X(8*+(8")")I —gzx 2—1)\\X(ﬁ -8 . )
= —(2)\2 1) Expﬁ*l(ﬂ*), Expy |e 152232 -1) 1oy (X, 51 (X, (B N .
(2.29)

Next we break the right hand side of (2.29) into two disjoint parts depending on whether
(B*,(B*)') < 7. We prove that the part where (5*, (%)) < 7is 1 + o(1) and the part where
(B*,(B*)') > 7 is o(1). Combining them we conclude the desired result.

Part 1: Note that
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X (8" +(8*))12 = (232 1) I1X (8"~ (8")) 12

Expy [e e Ligy(X, B9) 1y (X, (B7)) | 1y s+yy<ny

1X (8" +(8*)) 12— (222 -1) I1X (8"~ (8")) 12
e 402(222-1)

S EXpX 1{(5*7(5*)'>ST}' (230)

Since (8* + (p*)', 8* — (5*)") = 0 and Xiji'w'./\/'((), 1), conditional on (5%, (8*)),

Cov(X (8" + (7)), X (8" = (87)) =0

and therefore X (8*+(5*)") ~ N(0,2(k+s)IL,) is independent of X (5*—(5*)") ~ N(0,2(k—s)L,),
for s = (6%, (6*)’). Therefore,

By [oxp {IXUZH O = (0 - Y IX = )Y
s o { S g o LY
(st )T -

where the last equality holds if A > +/(k+s)/(20%) +1/2 and follows from the fact that

Ez2q) [e*tz} = \/ﬁ fort > —1/2. Combining ([2.30]) and ({2.31) yields that if A\ > \/k/o? 4+ 1/2,

then

>\2n

T (2.32)

1X (8% +(8)) 112 = (222 =1) X (8* = (8*)) 12

X Expﬁ*i(ﬁ*), Expy [e 102(22%7-1) ligy (X, ﬂ*)l{s}(Xa (5*)/>] Ly(s=,(8yy<r}

Az (k+s) \ ™? (k—s)\ "
S (2)\2 _—]_)n/Q EXp,B*JL(ﬁ*)’ [(1 — —0_2<2/\2 — 1) 1 + 0_2 1{3§7’} )
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In particular, by plugging in A = \/k/o? + 1, we get that

/\2n
—_— 2.33
(2% — 1)/ (2.33)

X (8*+(8))112 = (222 1) X (8* = (8*)) 12

X Expg. 3+ Expy |€ 402(222-1) Ligy (X, B)1ey (X, (B%)) | Lgse 8y <my
@ [k " (k—S)\ "
< <_2 + 1> EXDsttyp(p.k.k) { (1 t 0 ) 1{S<r}}

o o

S —-n

= EXPg tiyp(p.k,k) { (1 T 02> 1{S<'r}} : (2.34)

where (a) holds by noticing that s = (8*, (8*)") follows an Hypergeometric distribution with
parameters (p, k, k) as the dot product of two uniformly at random chosen binary k-sparse vectors.
Using Lemma [2.7.2] we conclude that under our assumptions, there exists a constant C' > 0

depending only on ¢ > 0 such that if k/o? > C then

S —n
EXPSNHyp(p,k,k) {(1 ok + 02) 1{59}} =1+o0(1).

concluding the Part 1.

Part 2: By the definiton of &, since 7 < s = (5%, (5*)) <k,
1X (8" + (B < Ex[|X (8" + (B))IP)2 +v) = 2n(k + 5)(2 +7) < 4nk(2 + 7).

Therefore,

Expy lexp { X 4;2((2212—_11))”)((5* A } Ligy (X, 57) ey (X, (B7))

X 1gqp=,(8))>r}

Ank(2+7) — A2 =D |IX(B8* = (8l
< Expy |exp { 402(2X2 — 1) ? Ly(g= (8*))>r}
k(2 +7) (k—s)\ "
- {M} (1 e g+ (857 (2.35)

where the first inequality follows from the definition of event £ and the last equality holds due
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to (2.31)). It follows that

)\271
(22 — 1)n/2
1X(8*+8*))112 - (222 -1) || X (8* - (8")) 3
X Expg. oy |[Expyx |€ 402(222-1) Ligy (X, B)1ey (X, (B7)) | Lipe(64y)>r)
nk(2 +7)

A2 (k’ . S) —n/2
s (22 — 1)n/2 oxp {02@ 1) } EXD s typ(p,he ) (1 + 2 > lisory

k—S)\ "?
(1 + (—2)> 1{S>T}

g

®) n(14/2) s\
=€ EXPSNHyp(p,k,k) 1- k+ o2 1{S>T} ’ (236)

5 A\ en(1+7/2) EXpSNHyp(p,k,k)

where (a) follows due to 2A\2—1 > A? and 2)\*>—1 > 2k/0?; (b) follows by plugging in A\? = k/o?+1.
Recall that n < (1 — a)ninto. Then under our choice of o and 7, applying with n being

replaced by n/2, ¢ = p~'/?>79 we get that there exits a universal constant C' > 0 such that if
k/o? > C then

6”( +v/ )EXPSNHyp(p,k,k) (1 — e 0_2) ]-{S>'r}

+n<1+;>)

1 P —c
= ——aklog = +1
exp( 4ak0gk+og1_c>

< exp ( aklogk —i—log1

(0) 92 _
< exp <—8klog log% + log ] C) = 0,(1)
—c

where (a) follows because under our choice of v and «a,

%
w

ol 1
1 —)< log 2 < niee log 2 < 2okl
n<+2 n—|—2akogk nf+204kok 4kogk

(b) holds due to aklog(p/k) > 32kloglog(p/k).

Combing the bounds for Parts 1 and 2, we conclude

X*(Pel|lQ) = Expg [(%)2] —1=o0(1),
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as desired.

2.4 Proof of Negative Results for Recovery

2.4.1 Lower Bound on MSE

Our first result provides a connection between the relative entropy D(P||Q,) and the MSE of
an estimator that depends only a subset of the observations. This bound is general in the sense
that it holds for any distribution on 8* with E[||3*]|?] = k. For ease of notation, we write Q as

() whenever the context is clear.

Lemma 2.4.1. Given an integer n > 2 and an integer m € {1,...,n—1}, let B* be an estimator

that is a function of X and the first m observations (Y1,...,Yy). Then,

MSE <ﬁ) > e PPI (62 4 ) — o2, (2.37)

Proof. The conditional mutual information I(8*;Y | X) can be rewritten as

P(Y|X, B*
I(B%Y | X) = E@g- xy)~p [log M]

P(Y]X)

where (5*, X,Y) ~ P denotes that (8*, X,Y) are generated according to the planted model.
Plugging in the expression of P(Y|X, ") and Q(Y), we get that

E(s- xy)~p {log %} _n log(\?) + lIE {

3 Y = X875
2 2 '

g2 o?
Furthermore, by definition,

Ecyyor {mg %} — _D(P|Q)
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Combining the last three displayed equations gives that

. n L TIYIE Iy = X842
I(ﬂ;Y|X):_log()\2)+—]E{|L2J22—H s I

: 2 |- i)

A2 1+k/o?
=3 [log (1 = k/02> e 11 + g loa(l 4 k/o*) = D(P|Q)

> glogu +k/o%) — D(P||Q). (2.38)

where the inequality follows from the fact that log(u) + 1/u — 1 > 0 for all u > 0.

To proceed, we will now provide an upper bound on (%Y | X) in terms of the MSE.

Starting with the chain rule for mutual information, we have
I(6%Y | X)=1(6%Y" | X) + 1(8% Y | X, Y7™), (2.39)

where we have used the shorthand notation Y;j = (Y;,...,Y;). Next, we use the fact that mutual

information in the Gaussian channel under a second moment constraint is maximized by the

Gaussian input distribution. Hence,

NE

1(B5 Y™ [ X) I(6%Y; | X)

—

IN

E [log (E [[Va]* | X] /o?)]
log (E [||IY1]%] /o)

log (14 k/o?), (2.40)

IA
SRR RS )

and

=m-+1
< = log (B [Vt — E Y | X, Y7 |2] /o)
< n—m log (1 + MSE(ﬁ*)/02> : (2.41)
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where the last inequality holds due to
E [[[Yisr = E Yoir | X, Y71 =B [|I8° = E[87 | Y™, X]|*] + 0® < MSE(6*) + o”.

Plugging inequalities (2.40)) and (2.41]) back into (2.39) leads to

n—m

I(B:Y | X) < % log(1 + k/0?) + log(1 + MSE(5+)/0?). (2.42)
Comparing (2.42)) with (2.38)) and rearranging terms gives the stated result. m

2.4.2 Upper Bound on Relative Entropy via Conditioning

We now show how a conditioning argument can be used to upper bound the relative entropy.

Recall that (2.8) implies

D(P||Q) < (1 — &) D(P:||Q) + D(Pe-

Q). (2.43)

The next result provides an upper bound on the second term on the right-hand side.

Lemma 2.4.2. For any &€ C RP x R™*? we have

ven(l+k/o?)
A2 ’

=D(Per]|Q) < 2v/E + 5 log(\?) +
where e = P{(X, 8*) € E}. In particular, if \* =1+ k/o?, then
eD(Pe||Q) < %” log(1 + k/0?) + VE(2 +n).

Proof. Starting with the definition of the conditioned planted model in (2.7]), we have

Pee(X,Y) = Expg. [P(X7;££?1{SC}<X7 B*)] _ P(X)Expg. [P(Y |€X, B*)1ieey (X, ﬂ*)}
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Recall that W;; <"A(0,02). It follows that P(Y | 8%, X) < (2702)~"/2 and thus

P(X) Bxpy. [1y (8% X)] _ P(X)
e(2ma2)n/? ~ e(2mo?)n2

PE (Xa Y) <
Therefore, recalling that Q(X,Y) = P(X)Q(Y), we have

D(Pe.l|Q) = Expp, {mg Pe-(X.Y) }

PX)Q(Y)

1
< EXPPEC [log c (QWJQ)”/QQ(Y)]

U | (X, ) € &9
2202

1 n E
= log — 4+ — log(\?
0g—+ 3 og(A%) +

Multiplying both sides by ¢ leads to

Exp [[|[Y*1igey (87, X)]
2202

1
eD(Pec||Q) < elog B + 87” log(\?) +

The first term on the right-hand side satisfies €log(1/¢) < 24/e. Furthermore, by the Cauchy-

Schwarz inequality,

E [V [PLe0) (8, X)) < /E [1gery (X, 5] E[Y ] = V/en(@ + m)(k + o),

where we have used the fact that ||Y'||?/(k + 0?) has a chi-squared distribution with n degrees of
freedom. Combining the above displays and using the inequality n + 2 < 3n leads to the stated
result. O]

2.4.3 Proof of Theorem 2.2.4]

We are ready to prove Theorem [2.2.4]

Proof of Theorem [2.2.4] First, we prove (2.14) under the theorem assumptions. Let £ be &, -
with 7 and 7 given in Theorem [2.2.3] It follows from Theorem that D(Pel|@y,) = 0p(1).
Moreover, it follows from and k = o(p) that

= P{gc} < 6—4k10glog(p/k)‘
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Thus we get from that for A> = k/o? + 1 and

=D(Perl|Qu,) < 5 log (14 k/0%) + VE (2 + 1)

< €n;nfo log (1 + k/0'2) + \/E(Q -+ ninfO)

< ef4klog10g(p/k) (k} log %) + 2672klog10g(P/k) (1 + %) = Op(1)7
o

where the last equality holds due to k = o(p) and k/o? > C for a sufficiently large constant C'.
In view of the upper bound in (2.43)), we immediately get D(P||Q,) = 0,(1) as desired.

Next we prove . Note that if | (1 — a)ninp | < 1, then (2.15)) is trivially true. Hence, we
assume | (1 — a@)njug| > 2 in the following. Applying Lemma with n = | (1 — @) | and
m = | (1 — a)ninp ] — 1 yields that

R 2 (147 ) exp (-20(PlIQ) - T =10, 1) (2:44)

where the last equality holds because D(P||Q»,) = 0,(1) and k/o? > C' for a constant C'. O

2.5 Proof of Positive Results for Recovery and Detection

In this section we state and prove the positive result.

2.5.1 Proof of Theorem [2.2.5

Towards proving Theorem [2.2.5] we need the following lemma.

Lemma 2.5.1. Let X € R™? with i.i.d. N'(0,1) entries and W ~ N(0,0%1,). Furthermore,
assume that 3*,(8*) € {0,1}F are two k-sparse vectors with ||* — (8*)'||* = 2¢ for some { €
{1,...,k}. Then

202

—n/2
P{IW + X (5" — (8))I° < [W]?} < (1 n i) |

Proof. Let Q(x) be the complementary cumulative distribution function of the standard Gaussian

distribution, that is for any x € R, Q(z) = P[Z > z] for Z ~ N(0,1). The Chernoff bound gives
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Q(x) < e /% for all z > 0. Then

P{IW + X (8" = (B))I* < [W]1*}

— B {2WTX (5 — (8)) + |IX (5" — (5))|> < 0}
C(SWTX(E - (87Y) X5 - ()
P{o—uxw*—w*)')u T }
w [ (1XE — 3]

2o (FO5)]

2 sy (X (B*Y)IP”

802
<1+ —
- ( + 202) ’

where (a) holds because conditioning on X, % ~ N(0,1); (b) holds due to Q(x) <

e~*"/2; the last inequality follows from || X (8*—(5*))|12/(26) ~ x?(n) and Ez 2y [e™] = \/117%
for ¢ > 0.

O

We now proceed with the proof of Theorem [2.2.5]

Proof of Theorem[2.2.5 First, note that when k = o(p), (2.18) readily follows from (2.17). In
particular, observe that since 3*, 3* € {0,1}? are binary k-sparse vectors, it follows that || B —

B*]|* < 2k and therefore

IMSE () = 1B (13 - 5|7

k
2 - 2k
S—Jr?Pl B =B > ———
o toym 2 17 o)
- 2 N 2¢?
~ log(p/k)  log®(p/k) (1 —e-1)’
which is o, (1) when k& = o(p).
It remains to prove (2.17)). Set for convenience
k
d £ [ W : 2.45
log(p/k) 24)
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By the definition of the MLE,
W+ X (8= ) P = Y = XF|2 < |V — Xg°|]* = [ W]
Hence,

{13 = 8I1* = 24}
= Ui {38 € {0,117 18"V llo = k. (8 = 8112 = 26, W + X (8" = (8))|I* < W |*}

By a union bound and Lemma we have that

. k . —n/2 (a) k e l e —n/2
e £ O o) " ) )

2 (627;’“ )K (1 4 %2) s Zk:exp (h(6) = 0), (2.46)

Note that A(z) is convex in z; hence the maximum of h(¢) for ¢ € [d, k| is achieved at either

{=dorl=k,i.e.,

max h(¢) < max{h(d), h(k)} . (2.47)

d<t<k

We proceed to upper bound h(d) and h(k). Note that

log 2 k 9
(1 + g (11 k/(202))> log (1 + Tﬂ) > log (14 k/o?). (2.48)

Thus, it follows from (2.16)) that

log (1 + k/0?) <1 4log10g(p//<r)> ne . 2klog(p/k) (Hw)_ (2.49)

= log (1+ 5%) log(p/k) log (1+ 5%) log(p/k)
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Then we conclude that

n k e3pk
h(k) = —Elog <1 + 2—) + klog < 7 )

219 e’pk
< —klog(p/k) — 4k10glog(p/k:)+klog< d2)

E15) e’pklo 2 p/k
< —klog(p/k) — 4kloglog(p/k) + klog (%)

= —2kloglog(p/k) + 3k. (2.50)

N
N

©
J;
=

Analogously, we can upper bound h(d) as follows:

n d e3pk
h(d) = —§log (1+2—> + dlog ( pe )

_ 4loglog(p/k) klog(p/k) d 5 e3pk
< (1 ) o (1 g s () e

Let

Hence, ¢(d) > 0, i.e.,

d k
klog (1 + 202) > dlog (1 + 202)

Combining the last displayed equation with (2.51)) gives that
4loglog(p/k) e3pk
hd) < — 14+ —222]dl k) +dl
@<~ (1+ EEREL ) g + 1o (1
2-19)

Spklog®(p/k
< —dlog(p/k) — 4dloglog(p/k) + dlog (ep ong 2/ )>

< —2dloglog(p/k) + 3d.
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Combining the last displayed equation with (6.57)) and (2.47)), we get that

< — .
max h(¢) < —2dloglog(p/k) + 3d

Combining the last displayed equation with ([2.46|) yields that

k
P{Hﬁ* - B** > Qd} < o 2dloglog(p/k)+3d Ze_g
—d

< edeloglog(p/k)JrBd
1—et

where the last inequality holds under the assumption loglog(p/k) > 1. This completes the proof
of Theorem 2.2.5

2.5.2 Proof of Theorem [2.2.6

Proof. Under the planted model, we have

w2
TX,Y)< —110
&Y < 7 x5

Note that [|[W]|?/0? ~ x*(n) and |[W+X3*||*/(k+0?) ~ x*(n). It follows from the concentration

inequality for chi-square distributions that
IP>{||W||2 > o? <n +2v/nt + 2t)} <e,

and

P{IW + X5 < (k+0%) (n—2vint) b < e

5



Therefore, for any t,, such that ¢, — 400 as n — 400,

P (T y) > o? n+2ynt, + 2t, 0
T k402 n—2ynt, '

In particular, using for example ¢, = logn = o (n) we have ”Jf_— ”;t’;w/%?t" =1+0(1), we can easily

conclude from the definition of 7 that
P(T(X,Y)>T1)—0.

Meanwhile, under the the null model, we have

min gye(o,1ye,1(8*) o=k AW — X 3*||?

T = BGE

Note that W and X are independent; thus we condition on X in the sequel. We have

E [ min ||)\W—X5*||2}
(B*)€{0,137,[1(8*) lo=k
> min E {min | AW — zmHz]
mée[M]
> E [|[AW]*] M—>"

= n\20? M2/, (2.52)

where M = (i) and the last inequality holds because the distortion rate function D(R) =

o2 exp(2R) provides a non-asymptotic lower bound on the distortion of an i.i.d. N'(0, 0?) source

with rate R = £ log M (See e.g. [CTOG, Section 10.3.2]).

Define f : R" — R,

w) = min 2w — X3*
f< ) (,B*)’E{O,l}p,“(ﬁ*)/||0:k; H 6 H

It follows that f is A-Lipschitz and thus in view of the Gaussian concentration inequality for

Lipschitz functions (see, e.g. [BLM13l Theorem 5.6]), we get that

P{!f(W>—E[f(W)H2t}§2e><p( £ ) (2.53)

T 2\202
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Thus

:/OOOP{(f(W)—E[f(W)J)2Zt}dt

o t
S/o 2€Xp( g 2)dt

= 4)\%02.

Combining the last displayed equation with (2.52)) gives that

E[f(W)] > VE[f2(W)] — 43202 > Ao\/nM~2/" — 4,
Combining the last displayed equation with (2.53)), we get that for any ¢,, such that
t, — 400

as n — +00,

]P’{ ) < Aov/nM=2n — 4 — \ot, }

Also, it follows from the concentration inequality for chi-square distributions that
P{[[W|* > o (n+2Vnt, +2t,)} — 0.
Thus, recalling that T(X,Y) = f2(W)/||AW]|?, we get that

Q| rxy) < <m _ t”>2

. 2.54
- (n—|—2\/ntn+2tn) -0 (2:54)

By assumption ([2.20]), there exists a positive constant o > 0 such that

2log M
log (1+k/o2?) +1og(l —a)
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It follows that
MY" < (1—a) (1+k/o%).

Since
1

(1—-a/2)(1+k/0?)

T =

we have
1
< M2,
(1—a)(1+k/o?) —

By assumption (2.19), nM =™ — +o0o. Hence, there exists a sequence of t,, such that t,, — 400

T <

and t,, = o(/nM ™). In particular, for this choice of t,, combining the above we have

2
(\/nM—Q/” i tn>
lim inf > T.

n o (n+2y/nt, + 2t,)

Hence from ([2.54)) we can conclude
QT(X,)Y)<T)—0.

Hence indeed,

P(T(X,Y)>71)+Q(T(X,Y)<7)—0,

which shows that T'(X,Y") with threshold 7 indeed achieves the strong detection.

2.6 Conclusion and Open Problems

In this Chapter, we establish an All-or-Nothing information-theoretic phase transition for re-
covering a k-sparse vector f* € {0,1}? from n independent linear Gaussian measurements
Y = Xp* + W with noise variance ¢?. In particular, we show that the MMSE normalized

2klog(p/k)) within a small

by the trivial MSE jumps from 1 to 0 at a critical sample size ny,, = Tog(1+k/o%)

window of size enj,e. The constant € > 0 can be made arbitrarily small by increasing the signal-
to-noise ratio k/o?. Interestingly, the phase transition threshold nj., is asymptotically equal to

the ratio of entropy H(5*) and the AWGN channel capacity 3log (1 + k/o?). Towards estab-
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lishing this All-or-Northing phase transition, we also study a closely related hypothesis testing
problem, where the goal is to distinguish this planted model P from a null model (), where
(X,Y) are independently generated and VAR (0,A\202). When \ = \g = \/k/0? + 1, we show
that the sum of Type-I and Type-II testing errors also jumps from 1 to 0 at ni.g within a small
window of size ening,.

Our impossibility results for n < (1 —€)ning apply under a crucial assumption that k < p'/279
for some arbitrarily small but fixed constant § > 0. This naturally implies for Q (p'/?) < k <
o(p), two open problems for the identification of the detection and the recovery thresholds,
respectively.

For detection, as argued in , k=o (pl/ 2) is needed for ny,g, being the detection threshold,
because weak detection is achieved for all n = Q (ning) when k& = Q(p'/?), that is the weak
detection threshold becomes o (ni,g). The identification of the precise detection threshold when
Q(p'/?) < k < o(p) is an interesting open problem.

For recovery, however, we believe that the recovery threshold still equals n;,g when 2 (pl/ 2) <
k < o(p). To prove this, we propose to study the detection problem where both the (conditional)
mean and the covariance are matched between the planted and null models. Specifically, let
us consider a slightly modified null model () with the matched conditional mean Eg [Y|X] =
Ep[Y|X] = %X 1 and the matched covariance Eq [YYT] = Ep [YY"], where 1 denotes the
all-one vector. For example, if X, W are defined as before and Y £ %X 1+ AW with A equal to
\/ % +1-— %2, then both the mean and covariance constraints are satisfied. It is an open problem
whether this new null model is indistinguishable from the planted model P when n < (1 — €) ningo
and ) (pl/ 2) < k < o(p). If the answer is affirmative, then we may follow the analysis road map
in this Chapter to further establish the impossibility of recovery.

Finally, another interesting question for future work is to understand the extent to which
the All-or-Nothing phenomenon applies beyond the binary vectors setting or the Gaussian as-
sumptions on (X, W). In this direction, some recent work |[Reel7| has shown that under mild
conditions on the distribution of 8*, the distance between the planted and null models can be

bounded in term of “exponential moments” similar to the ones studied in
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2.7 Appendix A: Hypergeometric distribution and expo-
nential moment bound

Throughout this section, we fix

1
)\2:]{7/0'2+1, and T:k<1—logT)\2) (255)

The main focus of this section is to give tight characterization of the following “exponential”

S -n
EXpSNHyp(p,k:,k) [(1 - k+0’2) 1{Se[a,b]}] '

for a given interval [a,b]. Tt turns out this “exponential” moment exhibit quantitatively different

moment:

behavior in the following three different regimes of overlap S: small regime (s < ek), intermediate
regime (ek < s < 1), and large regime (s > 7), where € is given in (2.57)).

In the sequel, we first prove[2.7.2] which focuses on the small and intermediate regimes under
the assumption n < nyg. Then we prove [2.7.5] which focuses on the large regime under the
assumption n < (1 — a)nine/2 for a € (0,1/2).

We start with a simple lemma, bounding the probability mass of an hypergeometric distri-

bution.

Lemma 2.7.1. Let p,k € N. Then for S ~ Hyp(p, k, k) and any s € [k,

im0 () )

Proof. We have

Next, we upper bound the “exponential” moment in the small overlap regime (s < ek), and

the intermediate overlap regime (ek < s < 7).

Lemma 2.7.2. Suppose n < Ningo.
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o Ifk < p2=° for an arbitrarily small but fized constant & € (0, 3) and kj/o* > C(0) for a

sufficiently large constant C'(8) only depending on ¢, then for any 0 < e < 1/2,

=1+ 0,(1), (2.56)

S —n
EXD s typ(p 1) [(1 T h 02) Lis<ery

o Ifk=o0(p) and k/o? > C for a sufficiently large universal constant C, then for

log log(p/k)
=y = 257
€T Cha 2log(p/k) ’ ( )
it holds that
S —n
EXpgtiyp(piek) | {1 — k+ o2 Lickes<r| = 0p(1), (2.58)

Proof. Using Lemma [2.7.1

-n LTJ s
S E k k —nlog(1-—+
EXpSNHyp(p,k,k‘) [(1 - k,’ + 0_2) 1{S<T}] - P{S == 0} ‘l— (S) (m) (& g( k+o )

s=1

Note that i
("s)
(+)

where the last equality holds due to k < p'/?2~° for some constant § € (0,1/2). Thus, to show

P{S =0} = 2(1—§)k21—k2/p:1+0p(1),

(2.56)) it suffices to show

Lek] s
k k —MNinfo 10g 1- 502 _
> (5) i) et e

s=1

and to show (2.58) it suffices to show

[7] s
3 k k i Tog(1— 5
(s) (p—k+1) e el ) = 0p(1),

s=[ek]

We first prove ((2.56]).
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Proof of 1} Using the fact that (’Z) < k*, we have

Lek] s Lek] s
k k —Ninfo log(1— —2+ s k —Ninfo log(1— —2=
Z(s) (m) eoenlmm) <3k (m) o)

s=1 s=1
lek] .
_ j :efslogp L5 —Minfo log(lfk:02>
s=1
Lek]
_ § :ef(s)—slogp k+17
s=1

where for s € [1,€k] let the real-valued function f be given by

p S
f(S) = _Slogﬁ _ninfOIOg (1 - k+02) :

Claim 2.7.3. Suppose k < p*/?>7° for a constant § € (0,1/2) and e < 1/2. There exists a constant
C1 = C1(6) > 0, such that if k/o® > Cy then it holds that for any s € [1,¢k], f(s) < —3slog .

Proof of the Claim. Standard calculus implies that for € (0,1), log(1—xz) > —(1+z)z. Hence,
for 0 <z <e<1/2,

log(1—x) > —(1+€)x. (2.59)

Using this inequality it follows that for since for any s € [1, ek] 25 < e, it also holds

k402
p 5 p  n(l+e) 1 p
f(s) < _Slogﬁ‘i_ninfo(l"‘e)m =s (—logﬁ—i— = ) < —§slogﬁ,

where the last inequality holds under the assumption that

(k + o) log o
2(1+¢)

Ninfo S

Recall that nj,e, = %. Hence it suffices to show that

2k log(p/k) - (k+0°)log &
log(1+k/o?) =  2(1+¢)
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which holds if and only if

4(1+¢) D
b= (14 02/k)log(1 + k:/aZ)l log k = log k. (2.60)

By assumption, k < p'/*7% for 6 € (0,1). Hence, (2.60) is satisfied if

4(1+¢)
L a2 gl £ kjo?) =

D= N[ —=

-9
+4

Since € < 1/2, there exists a constant C; = C7(d) > 0 depending only on ¢ such that if

k
2 > C)
then the last displayed equation is satisfied. This completes the proof of the claim. O
Using the above claim we conclude that
lek] . lek ] . o (k1)
—slog 2=k+tL —15(1 k2)421og B=E+1 i

D 0 3 ) < o ),

s=1 s=1 1—e 2% w2
5

where the last equality holds due to k£ < p%_ .

Next we prove (2.58). Again it suffices to prove (2.58)) for n = njuf.

Proof of 1} Note that (]:) < 2%, Hence,

7] s 7] s
k: k —MNinfo log(1-——"+ k: —MNinfo log(1--—"5
2 () (m) rerlEn) <oty (m) oo el

s=[ek] s=[ek]
L7 —slog 2—mi = 1o (1_ s )_ log P=k+1)
2k E e s10g ¢ —MNinfo 108 kto2 slog P )

s=[ek]

Define for s € [0, k], the function g given by

g(s) = —slog% — Tinfo 10g (1 -7 fa2> : (2.61)
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The function g is convex in s for ek < s < 7, as the addition of two convex functions. Hence, the

maximum of ¢(s) over s € [ek, 7] is achieved at either s = ek or s = 7. Thus it suffices to upper

bound g(ek) and g(7).

Claim 2.7.4. There exist a universal constant Cy > 0 such that if k/o* > Cy, then g(1) <
—3klog(p/k) and g(ek) < —% log L.

Proof of the Claim. We first upper bound g(7).

g(1) < —Tlog% — Ninfo 10g (1 — %)

L (1 1 ) p  4klog(p/k)loglog(\?)
B log? A2

1 -
klog 1+ log(A\2) ’

where the last equality holds by plugging in the expressions of 7 and nj,g.
Recall that \* = 1 + k/o?. Hence, there exists a universal constant Cy > 0 such that if

k/o? > Cy, then

1 p  4klog(p/k)loglog(\?) 1 p
(1 —— ) k10g? < —~klog 2.
< log? )\2> &% * log(A?) =ToNs g

Combining the last two displayed equations yields that g(7) < —3klog(p/k).
For g(ek), applying (2.59)), we get that

Ninfo ek
k + o2

g(ek) = —ek log% — Ninfo 10g <1 - ) < —ek log% + (1+e€)

k+ o2

which equals

info 1+
ek (—bg%ﬁ%).

Note that we can conclude g(ek) < —%log 2 if

>3

p ninfo<1+€)
—1 = B SN
ng‘ + k+ o2

p

<5
=%

which holds if and only if

2klog(p/k) _ (k+0?)log(p/k)
log(1+ k/o?) — 2(1+¢)

Ninfo =
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or equivalently

4(1+¢)
(14+02%/k)log(1+ k/o?) —

Note that there exists a universal constant Cy > 0 such that if k/0? > C, then the last displayed

inequality is satisfied and hence g(ek) < —% log £ where the last inequality holds by choosing
C5 sufficiently large. O

Using the above claim we now have that if k/0? > Cs,

L7]

[7] s
Z k k —Ninfo log(1— —2— (s)—slo (p—k+1)
<S) (p—k:+1> mrmeos (i) <2F g eI(¥)olos T

s=[ek] s=[ek]

—k
< ek log 2+log k—% log 2—Fklog (p=kt1) p+1)

where the last equality holds due to logk < k, k = o(p), and that

ek:l P
— log — =
2 %k

 kloglog(p/k)

D k
log— = ——logl k).

4

Finally, we upper bound the “exponential” moment in the large overlap regime (s > 7) where

7 is defined in (2.55)).

Lemma 2.7.5. Suppose that k < cp for c € (0,1) and k/o? > C for a sufficiently large universal
constant C'. If n < %(1 — Q) Ninfo for some o < 1/2, then

S \" P 2—c
EXDstyp(p,k.k) [(1 T ko 02> 1{S>T}] < exp (—aklog Pl log - c) : (2.62)

Proof. Using Lemma [2.7.1] we get that
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-n k s
S k k —nlog(1——2
EXPgtyp(p,hh) [(1 7 +02> 1{527}] <) (S) (W) o os(1-5z)
k

k
= R\ jan(s)-slog 2kt
S )

IN
»

where g,(s) is given by

gn(s) = —slog%9 —nlog <1 - ijQ) :

Note that g,(s) is convex in s for 7 < s < k. Hence, the maximum of g,(s) over s € [r, k] is

achieved at either s =7 or s = k. In view of (2.61)) and Claim 2.7.4] for all n < njps,.

1 P
In(T) < G (1) = g(7) < —5klog .

Thus it remains to upper bound g, (k).

Claim 2.7.6. Assume n < 1(1 — a)ning for some o > 0. Then g,(k) < —aklog(p/k).

Proof of the Claim. For all n < (1 — &) ninfo,

P k
gn(k) = —k;logz —nlog (1 — k—|—02)

p 1 k
— —k‘log E =+ 5(1 — Cl{)’I'LinfO 10g (1 —+ g)
_ p _ p
= k:logk+(1 a)klog <k>

= —ozklog%

In view of the above claim and the assumption that o < 1/2, we conclude that for all
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n < 3(1 — a)ningo,

o b
S k —aklo 7—510 b=l k+1
EXpsNHyp(p,k,k) [(1 — o 0_2> 1{S>T}] < Z <S) g g

k=[]

k s
P ]{3 Y%
< ooklon? < ) (_>
; s)\p—k+1

k
< —aklog £ 1 p
Se ( +p——k+1

< efak log 24k log %:Z

— )l

where the last equality holds due to the assumption k& < cp. O

2.8 Appendix B: Probability of the conditioning event

In this section, we upper bound the probability that the conditioning event &£, , defined in (2.11)

does not happen.

Lemma 2.8.1. Consider the set &, defined in (2.11). Let 7 = k(1 —n) for some n € [0,1].

Then we have
IP{(X B 680 } < exp ———I— klog —62
’ 4 g %k '

Furthermore, for

" log’(1 4 k/o?)’

then there exists a universal constant C > 0 such that if k/o? > C, then

P{(X,5%) €&} <exp {—%} :

Proof. Fix f* to be a k-sparse binary vector in {0, 1}?. Let (5*)" denote another k-sparse binary
vector and s = (8*, (5*)'). We have X (5* 4+ (8*)") ~ N(0,2(k + $)I,,) and therefore

IX(8 + (BNI1*
2(k+s) Xn:
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Observe also that the number of different (5*) with (5%, (8*)") > 7 is at most

()07
— l l
by counting on the different choices of positions of the entries where (5*)" differ from g*. Com-

bining the two observations it follows from the union bound that

Pl e ) aq ot (5 (75) 263

=0

where Q2 () is the tail function of the chi-square distribution.
For all x > 0, we have (see, e.g., [LM00, Lemma 1]
Qe (n(1+Vr+ax/2)) <e 7. (2.64)
Noting that /7 +7/2 < 1+~ for all 7 > 0, we see that Q2 (n(2+4 7)) < exp {—ny/4}.

Next, using the inequalities (Z) < (%)b for a,b € Z~o with a < b, that x — xlog x decreases

in (0,1), and Z?:o (") < ()4 for d,m € Zso with d < m (see, e.g., [Kuml0]), we get that
g% K\ (p—k <§% e\’ (p—k
14 l - l l
=0 £=0
nk Lnk] _
<) % (%)
/N
< (er)"
i /r]2k *

Combining the above expressions completes the first part of the proof of the Lemma.

For the second part, note that under our choice of 7,

2 k(1 k) + 4loglog(1 H+2
_mﬂklog(ez_p):_@+ (loa(p/) + 4loglog(1 + /) 2
4 n°k 4 log“(1 + k/0?)
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Under the choice of v, there exists a universal constant C' > 0 such that if if k/o? > C, then

ny  _ Kklog(p/k)

16 ~ log*(1 + k/o?)

LN k (4loglog(l + k/o?) + 2)
16 — log*(1+ k/o?) '

Combining the last two displayed equation yields that

2
nwy e’p n
—— +nkl )< ——
4 nilog (772/{) - 8

This completes the proof of the lemma.

2.9 Appendix C: The reason why k = o(p'/?) is needed for
weak detection threshold n;,,

This section shows that weak detection between the planted model P and the null model @), is
possible for any choice of A > 0 and for all n = Q,(ning), if & = Q,(p*/?), k/o? = Q,(1), and

log(p/k) =, (log(1 + k/0?)). In particular, we show the following proposition.

Proposition 2.9.1. Suppose

nk?
p(k+o? —k?/p)

= Q,(1). (2.65)

Then weak detection is information-theoretically possible.

Remark 2.9.2. If k/o? = Q,(1) and k/p is bounded away from 1, then (2.66) is equivalent to

Recall that
2k log(p/k)
log(1 + k/0?)

Therefore, if furthermore k = Q,(p'/?) and log(p/k) = Q, (log(1 + k/o?)),

Ninfo =
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then ningok /p = Q,(1) and hence weak detection is possible for all n = Q,(Ningo ).

Proof. Let B* = E[3*] and consider the test statistic
TX,Y) = (Y, XB*);

we declare planted model if 7(X,Y) > 0 and null model otherwise. Let A, B be independent

n-dimensional standard Gaussian vectors. Then we have that

(X7 Y)i <\/k2/pA, VK2 DA+ k+02—k2/pB> if (X,Y)~P
| <\/k2/pA, /\JB) if (X,Y) ~ Q.

Hence,

QO (V. xF) <0) =

k*/p
Q@ (\/kﬂra?——k?/pHAH)

where Q(z) = [°(2m) /% exp(—t*/2) t is the tail function of the standard Gaussian.

Therefore, as long as Hfj—% || A|| does not converge to 0 in probability, then P ( <Y, X B*> < 0) <

and

P((Y,Xp*) <0)=E

)

1/2 — € for some positive constant € > 0. Thus,
P{Y,XB*) <0)+Q\((Y,XB*)>0) <1—¢

hence weak detection is possible. Since || A||3 ~ x2 highly concentrates on n, it follows that if

nk?

SaTe iy = 0 (2.66)

then weak detection is possible.
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Chapter 3

The Computational-Statistical Gap for
High Dimensional Regression. The Hard

Regime.

3.1 Introduction

As mentioned in Chapter [I this Chapter and Chapter [4] studies the computational-statistical
gap for the high dimensional linear regression model. We study the model under the assumption
described in Subsection [1.1.1] Specifically, we adopt the assumptions that X € R™? and W €
R™! are independent matrices with X;;"“"A’(0,1) and W;"*"A(0,02) for some o2 > 0, and
finally 8* is an arbitrary but fixed binary k-sparse vector.

The goal of this Chapter and Chapter [4]is to study whether there is a fundamental explanation
of the computational statistical gap exhibited by the model using the notion of the Overlap Gap
Property (see Subsection . We start with providing more details and an extended literature
review on the computational-statistical gap of the model.

We begin with the computational limit. A lot of work has been devoted in particular to
finding computationally efficient ways for recovering the binary k-sparse £* from noisy linear
measurements Y = X 5* + W. Note that recovering 5* is equivalent with recovering its support.
In the noiseless setting (W = 0), Donoho and Tanner show in [DT10] that the simple linear
program: min ||f||; subject to Y = X3, will have with high probability (w.h.p.) [* as its
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optimal solution if n > 2 (1 + €) klog p. Here and below || - ||; and || - || (%enote the standard ¢;
and £, norms, respectively: [|z([y = 32 ;o |2i] and [|zs = <Zl§i§p x?)i for every x € RP. In
the noisy setting, sufficient and necessary conditions have been found so that the ¢;- constrained
quadratic programming, also known as LASSO: mingeg»{||Y — X 3|3+, ||5]|1}, for appropriately
chosen A\, > 0, recovers the binary k-sparse 3*, [MBOGD|,[Wai09b|,[ZY06]. See also the recent
book [FR13|. In particular, Wainwright [Wai09b] showed that if X is a Gaussian random matrix
and W is a Gaussian noise vector with variance o2 such that %2 — 0, then for every arbitrarily
small constant € > 0 and for n > (1 + ¢) (2k + 02) logp, the LASSO based method recovers the
support of 8* exactly w.h.p. At the same time given any ¢ > 0, if n < (1 —¢€) (2k + 02) log p,
then the LASSO based method provably fails to recover the support of 5* exactly, also w.h.p.
We note that the impact of o2 on this threshold is asymptotically negligible when o?/k — 0. It
will be convenient for us to keep it though and thus we denote (2k 4+ 0%)logp by nag. At the

present time no tractable (polynomial time) algorithms are known for the support recovery when

n < Nyl

On the complimentary direction, results regarding the information theoretic limits for the
problem of support recovery have also been obtained [DT10],[Wai09al,[WWR10], [RG12|, [RG13],
[SC15]. These papers are devoted to obtaining bounds on the minimum sampling size n so that
the support recovery problem is solvable by any algorithmic methods, regardless of the algorith-
mic complexity, including for example the brute force method of exhaustive search. An easy
corollary of Theorem 2 in [Wai09al, which follows from an appropriate use of Fano’s inequality,
when applied to our context below involving vectors 5* with binary values, yields one information-
theoretic lower bound. it is shown that if n < (1 —€) 0?logp, then for every support recovery
algorithm, a binary vector 8* can be constructed in such a way that the underlying algorithm
fails to recover 8* exactly, with probability at least §. Interestingly, this lower bound value does
not depend on the value of k. Viewing the problem from the Gaussian channel perspective,
vector Y can be viewed as a noisy encoding of 5* through the code book X and in our case the
sparsity k becomes the strength of this Gaussian channel. Using the tight characterization of the
Gaussian communication channel capacity (see e.g. Theorem 10.1.1. in [CT06]) when k = 1, the
information theoretic limit of recovering the unit bit support of 3* is log p/log(1 + 1/0?) which

is 0% log p asymptotically when ¢ is large. We let ni,¢; = 02 logp. Subsequently, it was shown by
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Wang et al [WWRI10| using similar ideas that the exact recovery of 8* is information theoreti-
cally impossible when n smaller than 2k logp/log(1 + 2k/0?), which is the information theoretic
limit of this Gaussian channel for general k. Furthermore, Rad in [Radll] showed that it is
information-theoretically possible to recover exactly 8* with C'klogp/log(1+ 2k/a?) samples for
some sufficiently large constant C' > 0. Finally, in Chapter [2] we established that the threshold
Ninto = 2klogp/log(1 + 2k/0?) is the exact statistical limit of the problem, when * is chosen
from a uniform prior over the binary k-sparse vectors and k/c? is sufficiently large. Notice that
there is a negligible discrepancy between the value of nig, defined here and in Chapter [2] which
is 2klogp/log(1 + k/o?). The reason the discrepancy is negligible is because as k/o? grows,
which is the regime of interest, the ratio between the two thresholds 2k log p/ log(1 + 2k/0?) and
2k log p/log(1+ k/o?) converges to one. The critical threshold nj,g, will play a fundamental role
in the results of this Chapter.

The regime n € [Ningo, Nayg| remains largely unexplored from the algorithmic perspective and
comprises what is known as a computational statistical gap (see the Introduction of the thesis
- Chapter (1| - for more details on computational-statistical gaps) and the results presented in
this Chapter are devoted to studying this gap. Specifically we would like to study the following

question:
Is there a fundamental explanation for the computational-statistical gap when n € [Ningo, Nalg)?

Towards this goal, for the regression model Y = X3* + W, we consider the corresponding

maximum likelihood estimation problem:

(®;) min nz||Y — X3,
s.t. g e {0,1}?
18]lo =k,

where [|3]|o is the sparsity of 3. Namely, it is the cardinality of the set {i € [p]|8; # 0}. We
denote by ¢ its optimal value and by fs the unique optimal solution. As above, the matrix
X is assumed to have i.i.d. standard normal entries, the elements of the noise vector W are
assumed to have i.i.d. zero mean normal entries with variance o2, and the vector 5* is assumed

to be binary k-sparse; ||3*[|o = k. In particular, we assume that the sparsity k is known to the

93



optimizer. The normality of the entries of X is not an essential assumption for our results, since
the Central Limit Theorem based estimates can be easily used instead. We adopt however the
normality assumption for simplicity. The normality of the entries of W is more crucial, since our
large deviation estimates arising in the application of the conditional second moment depend on
this assumption. It is entirely possible though that similar results are derivable by applying the
large deviations estimates for the underlying distribution of entries of Y in the general case.
We address two questions in this Chapter: (1) What is the value of the squared error esti-
mator mingegoe,8)0=k [|Y — X B2 = [|Y — X Ba2||2; and (2) how well does the optimal vector 3,
approximate the ground truth vector 5*? As an outcome we seek to shed light on the algorithmic

barriers in the regime n € [Ninfo, Nalg|-

Results

Towards the goals outlined above we obtain several structural results regarding the optimization
problem ®,, its optimal value ¢, and its optimal solution ;. We introduce a new method of
analysis based on a certain conditional second moment method. The method will be explained
below in high level terms. Using this method we obtain a tight up to a multiplicative constant
approximation of the squared error ¢ w.h.p., as parameters p,n, k diverge to infinity, and n <
cklog p for a small constant c¢. Some additional assumptions on p,n and k are needed and will be
introduced in the statements of the results. The approximation enables us to reveal interesting

structural properties of the underlying optimization problem ®,. In particular,

(a) We prove that nyg = 2klogp/log(2k/c* + 1) which was shown in [WWRI0] to be the
information theoretic lower bound for the exact recovery of §* is the phase transition
point with the following “all-or-nothing” property. When n exceeds ni,g asymptotically,
(2k)7Y|B2 — B*|lo = 0, and when n is asymptotically below niu, (25)71| B2 — B*]lo &= 1
Namely, when n > n;,g the recovery of 5* is achievable via solving ®,, whereas below njy,g,
the optimization problem ®; “misses” the ground truth vector 5* almost entirely. Since, as
discussed above, when n < ny.g, the recovery of 5* is impossible information theoretically,
our result implies that nj, is indeed the information theoretic threshold for this problem.
We recall that ni,g, exceeds asymptotically the asymptotic one-bit (k = 1) information

theoretic threshold ny,¢ 1 = 0?log p, and is asymptotically below the LASSO/Compressive

94



Sensing threshold n., = (2k + 0%)logp. We note also that our result improves upon the
result of Wainwright [Wai09al, who shows that the recovery of 5* is possible by the brute
force search method, though only when n is of the order O(klogp).

Notice that this result does not compare immediately with the information-theoretic phase
transition results of Chapter[2] The reason is that in Chapter 2]it is assumed that the vector
[£* is chosen from a uniform prior over the binary k-sparse vectors, while this result holds
for any fixed binary k-sparse vector 5*. Nevertheless, it establishes the same all-or-nothing

behavior, but this time only for the performance of the MLE of the problem.

We consider an intermediate optimization problem mingn=2[|Y — Xf]||; when the mini-
mization is restricted to vectors § with || — 5*|lo = 2k(, for some fixed ratio ¢ € [0, 1].

This is done towards deeper understanding of the problem ®;. We show that the function

n

is, up to a multiplicative constant, a lower bound on this restricted optimization problem,
and in the special case of ( = 0 and ¢ = 1, it is also an upper bound, up to a multiplicative
constant. Since I' is a log-concave function in (, returning to part (a) above, this implies
that that the squared error of the original optimization problem ®, is w.h.p. I'(0) = o
when n > Ny, and is w.hop. I'(1) = (2k + 02)% exp (—%) when n < niue, both up to
multiplicative constants. We further establish that the function I' exhibits phase transition
property at all three important thresholds ninf1, Ninfo and nay, described pictorially on
Figures in the next section. In particular, we prove that when n > n,,, I'(¢) is a
strictly increasing function with minimum at ¢ = 0, and when n < nj, 1, it is a strictly
decreasing function with minimum at ¢ = 1. When njuto < 1 < 11, ['(¢) is non-monotonic
and achieves the minimum value at ¢ = 0, and when niy1 < 1 < Ning, ['(¢) is again
non-monotonic and achieves the minimum value at ( = 1. In the critical case n = njuso,

both ( =0 and { = 1 are minimum values of ~.

The results above suggest the following, albeit completely intuitive and heuristic picture,
which is based on assuming that the function I' provides an accurate approximation of

the value of ¢5. When n > n,j,, a closer overlap with the ground truth vector g* allows
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for lower squared error value (I' is increasing in ¢). In this case the convex relaxation
based methods such as LASSO and Compressive Sensing succeed in identifying 5*. We
conjecture that in this case even more straightforward, greedy type algorithms based on

one step improvements might be able to recover 8*. At this stage, this remains a conjecture.

When n is below n,, but above nin, the optimal solution [, of ®, still approximately
coincides with *, but in this case there is a proliferation of solutions which, while they
achieve a sufficiently low squared error value, at the same time have very little overlap
with #*. Considering a cost value below the largest value of the function I', we obtain two
groups of solutions: those with a “substantial” overlap with £* and those with a “small”
even zero overlap with g*. This motivates looking at the so-called Overlap Gap Property

discussed in (c¢) below.

When n is below n;,¢,, there are solutions, and in particular the optimal solution (35, which
achieve better squared error value than even the ground truth g*. This is exhibited by the
fact that the minimum value of I is achieved at ( = 1. We are dealing here with the case
of overfitting. While, information theoretically it is impossible to precisely recover 5* in
this regime, it is not clear whether in this case there exists any algorithm which can recover
at least a portion of the support of 5*, algorithmic complexity aside. We leave it as an

interesting open question.

When n is below the (k = 1, large o) information theoretic lower bound njys 1, the overfitting
situation is even more profound. Moving further away from 5* allows for better and better

squared error values (I" is decreasing in ().

Motivated by the results in the theory of spin glasses and the later results in the context
of randomly generated constraint satisfaction problems, and in light of the evidence of the
Overlap Gap Property (OGP) discussed above, we consider the solution space geometry of
the problem @, as well as the restricted problem corresponding to the constraint || f— 5%l =
2Ck. For many examples of randomly generated constraint satisfaction problems such as
random K-SAT, proper coloring of a sparse random graph, the problem of finding a largest
independent subset of a sparse random graph, and many others, it has been conjectured and

later established rigorously that solutions achieving near optimality, or solution satisfying a
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set of randomly generated constraints, break down into clusters separated by cost barriers
of a substantial size in some appropriate sense, [ACORT11, [ACOO08, MRT11l, [COE11], [GSa,
RV14, IGSb|. As a result, these models indeed exhibit the OGP. For example, independent
sets achieving near optimality in sparse random graph exhibit the OGP in the following
sense. The intersection of every two such independent sets is either at most some value
71 or at least some value 75 > 71. This and similar properties were used in |GSal,[RV14]
and |GSb] to establish a fundamental barriers on the power of so-called local algorithms
for finding nearly largest independent sets. The OGP was later established in a setting
other than constraint satisfaction problems on graphs, specifically in the context of finding

a densest submatrix of a matrix with i.i.d. Gaussian entries [GL16].

The non-monotonicity of the function I' for n < ng, already suggests the presence of
the OGP. Note that for any value r strictly below the maximum value maxcc(,1)I'(¢) we
obtain the existence of two values (; < (s, such that for every ¢ with I'({) < r, either
¢ < (1 or ( > (5. Namely, this property suggests that every binary vector achieving a cost
at most r either has the overlap at most {1k with 8*, or the overlap at least (sk with §*.
Unfortunately, this is no more than a guess, since I'({) provides only a lower bound on the
optimization cost. Nevertheless, we establish that the OGP provably takes place w.h.p.
when Co?logp < n < cklogp, for appropriately large constant C' and appropriately small
constant ¢. Our result takes advantage of the tight up to a multiplicative error estimates
of the squared errors associated with the restricted optimization problem &, with the
restricted || — B*|| = 2k(, discussed earlier. It remains an intriguing open question to
verify whether the optimization problem ®, is indeed algorithmically intractable in this

regime.

Finally, as an outcome of our geometric results for the lanscape of (®5), we obtain neg-
ative results on the performance of the well-known ¢;-constrained quadratic optimization

recovery scheme call LASSO when n < cngye. LASSO is defined as follows: let
LASSO, :érel%Rr%n_1]|Y—Xﬁ||§+)\‘|5’|l (3.1)

for appropriately chosen tuning parameter A > 0. When n > Cn,y,, the optimal solution of
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LASSO, and of it’s closer relative linear program called Dantzig selector, has been shown to
be approximating 3* up to the noise level [CTQO7, BRT09b, (OTHI3|. More specifically, an
easy corollary of the seminar work by Bickel, Ritov and Tsybakov [BRT09b| applied to X
with Gaussian iid entries implies that as long as n > Cn,, = Cklog p for some sufficiently
large constant C' > 0 if A = Ao\/m the optimal solution BLASSO, » of LASSO,, satisfies

for some constant ¢ > 0,

18— B2 < co (3.2)

w.h.p. Condition is known in the literature as f¢y-stable recovery of the vector g%,
w.h.p. Tighter results for the performance on LASSO and the constants ¢, C' are established
in the literature (see [OTHI3| and references therein), yet they do not apply in the regime
where the sparsity is sublinear to the feature size p, which as it is explained above, is the
main focus of this work. Note that /5-stable recovery condition (3.2)) is not comparable to
support recovery, which was discuss previously on this chapter. Yet, interestingly, notice
that even if the focus here is on /f3-stable recovery, the best known computational limit
for our setting where 3* is binary and k-sparse remains of order n,, but the information-
theoretic limit can be still established to be of order ni,g, |[Radll]. The extent to which
LASSO can fy-stably recover the vector which fewer number of samples, remained before

the present work, to the best of our knowledge, an open problem.

We establish that if n* < n < cnag for small enough ¢ > 0 and 8* exactly k-sparse and

1 klogp
> Z _
Az “\/;GXP ( 5n )

the optimal solution of LASSO, fails to ¢s-stable recover 5* w.h.p More specifically, we

binary, then for any

show that under the assumptions described above the optimal solution of LASSO,, call it

PrLasso., satisfies

5 klo
|Brassox — 87|l > o exp ( 5529) (3.3)

w.h.p. Note that if n = cklogp the right hand side of 1} becomes exp (%) o and in
particular as klogp/n = ¢ — 0, according to (3.3), the ratio ||SLasso — §*]2/c explodes to

98



infinity, indicating the failure of LASSO to /5-stably recover 5* in this regime.

Albeit our result does not apply for any arbitrarily small value of A > 0 our result covers
certain arguably important choices of A in the literature of LASSO. Perhaps most impor-
tantly, our results covers the theoretically successful choice of the tuning parameter A\ for

LASSO, when n > Cngy in [BRT09b] which, as explained above, shows that LASSO, with

A= \:= Ao/logp/n

for constant A > 2v/2, lo-stably recovers 5*. Indeed, since in our case, we need ¢ small

enough, we have n < klogp and therefore

1 1
=\ > - il
vox oo
. 1 klogp
=\ > Z — .
A=A _0\/;exp( 5n)

An important feature of our result is that it is quantitative, as (3.3)) gives a lower bound

which finally implies

of how far the optimal solution of LASSO, is from [* in the ¢ norm. Interestingly,
our lower bound depends exponentially on the ratio klogp/n, implying a exponential
rate of divergence from /y-stable recovery. Moreover, given the existing positive result
of [BRT09D] for LASSO, our result confirms that n,, = klogp is the exact order of neces-
sary number of samples for LASSO, to ¢s-stably recover the ground truth vector §*, when
A > o\/1/kexp (—klogp/5n). Our result is therefore closed in spirit with the literature
on LASSO in the context of support recovery where, as we discussed in the Introduction,

a similar phase transition results is established around n,, by Wainwright in [Wai09b).

In the specific case §* is binary a natural modification of LASSO it is to add the box
constraint § € [0, 1]” to the LASSO formulation. Such box constraints have been proven to
improve the performance of LASSO in many cases, such as in signal processing applications

IBTK™17]. We show that in our case, our negative result for LASSO remains valid even
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with the box constraint. Specifically, let us focus for any A > 0 on

LASSO(box), : min n 'Y — XB|5 + A8 (3.4)

Beo,1]?

We show that if n* < n < cnuye for small enough ¢ > 0 and 8* is an exactly k-sparse
binary vector, for any A > aﬁexp (—%) the optimal solution of LASSO(box), , call

it BLASSO(box), 2, Satisfies

. . klo
| BLassomox)r — B |l2 > o exp < 5ngp) (3.5)

w.h.p., and therefore also fails to /5-stably recover 5* w.h.p.

3.1.1 Methods

In order to obtain estimates of the squared error for the problem ®, we use a first and second
moment method, which we now describe in high level terms. We begin with the following model
which we call Pure Noise model, in which it is assumed that §* = 0 and thus Y is simply a vector
of i.i.d. zero mean Gaussian random variables with variance o. In this model the interest is on
estimating the quantity ming ||Y — X §||2 where 8 binary and k-sparse.

For every value t > 0 we consider the counting random variable Z; equal to the number of
k-sparse binary f such that ||Y — X f|/s < t, where ||z]/o = max; |z;| is the infinity norm. It
turns out that while || - || norm estimates for the difference Y — X /3 are easier to deal with, they
provide sufficiently accurate information for the || - || norm of Y — X 3 we originally care about;
hence our focus on the former. We compute the expected value of Z; and find a critical value t*
such that for ¢ < ¢* this expectation converges to zero. Combining with Markov inequality we
have P(Z; > 1) <E[Z;] — 0 for all t < t* or Z; = 0 w.h.p. for all ¢ < ¢*. In particular, t* serves
as a lower bound on ming ||Y — X || where 8 binary and k-sparse. This technique of finding
the lower bound t* is known as the first moment method.

We then consider the second moment method for Z;. In the naive form the second moment
method would succeed if for ¢ > t*, E[Z7] was close to (E[Z,])?, as in this case the Paley-Zigmund
inequality would give P(Z, > 1) > E[Z,])* /E[Z?] — 1 and therefore ¢* is also an upper bound for

ming ||Y — Xf||lw. Unfortunately, the naive second moment estimation fails as it can be easily
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checked that for ¢ close to t*, E[Z,]* /E[Z2] — 0.

We consider an appropriate conditioning to make the second moment method work. We
notice that the fluctuations of Y alone are enough to create a substantial gap between the two
moments of Z;. For this reason, we consider the conditional first and second moment of Z;,
where the conditioning is done on Y. The conditional second moment involves computing large
deviations estimates on a sequence of coupled bi-variate normal random variables. A fairly
detailed analysis of this large deviation estimate is obtained to arrive at the estimation of the
ratio E[Z,|Y]? /E[Z2]Y]. We then employ the conditional version of the Paley-Zigmund inequality
P(Z, > 1Y) > E[Z,|Y])* JE[Z2]Y] to obtain the lower bound P(Z, > 1) > E[E[Z,|Y]? /E[Z?|Y]]
where expectation is taken over Y. Using the estimation on the lower bound we show that t*,
the first moment estimate, serves also as an upper bound for ming ||Y — X /||, up to certain
multiplicative constant factors.

To explain the success of the conditional technique notice that by tower property and Cauchy-

Schwarz inequality

E[Z|Y]" 2 E[Z,|Y]" 2 2 2
El = |E|\Z/| =E|=——-—=| E|E|Z]|Y || > E[E|Z|Y]]" = E|Z
E[Zthy] [ t] E[th|y] [ [ t‘ H - [ [ t| H [ t]
which equivalently gives
L[EZ ) | Bz
E[Z2Y] ] — E[Z]

certifying that the lower bound on P(Z; > 1) obtained through conditioning dominates the one
from the direct application of Paley-Zigmund inequality.

Next we use the estimates from the Pure Noise model, for the original model involving the
binary 8* with ||3*|lo = k. We consider the 2F = 2/Swrort(8))] yestricted versions of the original
problem of interest (®5) in which the optimization is conducted over the space of binary k-sparse
vectors S where the support of § is constrained to intersect the support of 5* in a specific way.
In this form the problem can be reduced to the Pure Noise problem in a relative straightforward
way (see Section for the exact reduction). This reduction alongside with the first and second
moment estimates for the Pure Noise model described above allows us to approximate the optimal
value of the restricted problems, and in particular of (®,) as well.

Note that conditional first and second moment methods have been used extensively in the
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literature (e.g. see [MNSI5, BMVT18, BMNNI6, PWBI6, 7, BBSVIS| for recent examples)
but it is a common understanding that the appropriate choice of conditioning does not follow a
universal reasoning. To the best of our knowledge this is the first time the conditional second

moment method is used in the form described above and this might be of independent interest.

Organization The remainder of the Chapter is organized as follows. The description of the
model, assumptions and the main results are found in the next section. Section is devoted
to the analysis of the Pure Noise model which is also defined in this section. Sections [3.4]
and are devoted to proofs of our main results. We conclude in the last section with some

open questions and directions for future research.

3.2 Model and the Main Results

We remind our model for convenience. Let X € R™? be an n X p matrix with i.i.d. standard
normal entries, and W € R? be a vector with i.i.d. N (0,0?) entries. We also assume that 3* is
a p x 1 binary vector with exactly k entries equal to unity (5* is binary and k-sparse). For every
binary vector 5 € {0, 1}? we let Support(S) := {i : 5; = 0}. Namely, 8; = 1 if i € Support(p3)

and (; = 0 otherwise. We observe n noisy measurements Y € R" of the vector 5* € RP given by

Y = XB*+W € R,

Throughout the Chapter we are interested in the high dimensional regime where p exceeds n
and both diverge to infinity. Various assumptions on k,n,p are required for technical reasons
and some of the assumptions vary from theorem to theorem. But almost everywhere we will
be assuming that n is at least of the order klogk and at most of the order klogp. The results
usually hold in the “with high probability" (w.h.p.) sense as k,n and p diverge to infinity, but
for concreteness we usually explicitly say that k& diverges to infinity. This automatically implies

the same for p, since p > k, and for n since it is assumed to be at least of the order O(klogk).
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In order to recover §*, we consider the following constrained optimization problem

(®;) min nz||Y — X8|
s.t. g e {0,1}?
18]]o = k.

We denote by ¢o = ¢o (X, W) its optimal value and by (5 its (unique) optimal solution. Note
that the solution is indeed unique due to discreteness of 5 and continuity of the distribution of
X and Y. Namely, the optimization problem ®; chooses the k-sparse binary vector 8 such that
X[ is as close to Y as possible, with respect to the L, norm. Also note that since our noise
vector, W, consists of i.i.d. Gaussian entries, 5 is also the Maximum Likelihood Estimator of
p*.

Consider now the following restricted version of the problem ®,:

(5 (¢)) min n=z||Y — X 6|
s.t. pe{0,1}»
18]lo = k, |18 — B*|o = 21,

where £ = 0,1,2, .., k. For every fixed ¢, denote by ¢ (¢) the optimal value of ®, (£). &y (¢) is the
problem of finding the k-sparse binary vector 8, such that X is as close to Y as possible with
respect to the £ norm, but also subject to the restriction that the cardinality of the intersection
of the supports of § and g* is exactly k — ¢. Then ¢o = ming ¢ (¢).

Consider the extreme cases ¢/ = 0 and ¢ = k, we see that for £ = 0, the region that defines
®, (0) consists only of the vector 8*. On the other hand, for ¢ = k, the region that defines ®, (k)
consists of all k-sparse binary vectors 3, whose common support with §* is empty.

We are now ready to state our first main result.
Theorem 3.2.1. Suppose klogk < Cn for some constant C' for all k,n. Then

(a) W.h.p. as k increases

b2 (0) > eIV T 2 exp <_£ log p ) | (3.6)

n
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for all 0 < 0 < k.

(b) Suppose further that o®> < 2k. Then for every sufficiently large constant Dy if n <
klogp/(3log Dy), then w.h.p. as k increases, the cardinality of the set

{8€ 10,1 1Bllo = k. 18 = Bllo = 2k, 03|V = XBll> < Dov/2k + 0% exp (_k 10gp> )

n

(3.7)
1s at least DO%. In particular, this set is exponentially large in n.

The proof of this theorem is found in Section [3.4] and relies on the analysis for the Pure Noise
model developed in the next section. The part (a) of the theorem above gives a lower bound on
the optimal value of the optimization problem ®, (¢) for all £ = 0,1, ...,k w.h.p. For this part, as
stated, we only need that klogk < Cn and k diverging to infinity. When ¢ = 0 the value of ¢(¢)
is just n’%w /21§i§n W2 which converges to o by the Law of Large Numbers. Note that o is also
the value of v/21 + o2 exp (—Mngp) when ¢ = 0. Thus the lower bound value in part (a) is tight
up to a multiplicative constant when ¢ = 0. Importantly, as the part (b) of the theorem shows,
the lower bound value is also tight up to a multiplicative constant when ¢ = k, as in this case not
only vectors § achieving this bound exist, but the number of such vectors is exponentially large

in n w.h.p. as k increases. This result will be instrumental for our “all-or-nothing” Theorem |3.2.3

below.

__{tlogp
n

Now we will discuss some implications of Theorem [3.2.1, The expression (2¢ + 02)% exp (

appearing in the theorem above, motivates the following notation. Let the function I' : [0, 1] —

R, be defined by

n

1 k1
I(C) = (2¢k + 0?) % exp <—< ng) . (3.8)
Then the lower bound ([3.6) can be rewritten as
03 (£) > e 2T ((/k).

A similar inequality applies to (3.7)).
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Let us make some immediate observations regarding the function I'. It is a strictly log-concave

function in ¢ € [0, 1]:

logT (¢) = %log (2¢k +0?) — Cklzgp‘

and hence

0<¢<1 n

min T (¢) = min (T (0), T (1)) = min (a, V2k + 0% exp (—klogp)) .

Now combining this observation with the results of Theorem we obtain as a corollary a
tight up to a multiplicative constant approximation of the value ¢y of the optimization problem

D,.

Theorem 3.2.2. Under the assumptions of parts (a) and (b) of Theorem3.2.1}, for every ¢ > 0
and for every sufficiently large constant Dy if n < klogp/(3log Dy), then w.h.p. as k increases,

k1 k1
¢~ % min (a, V2k + o2 exp (— ng)) < ¢y < min <(1 + €)o, DoV 2k + o2 exp <— ng)) .
n n
Proof. By Theorem [3.2.1| we have that ¢9 is at least
e 2 minT(¢) = ¢~ 2 min (I'(0),I'(1)) .

This establishes the lower bound. For the upper bound we have ¢ < min(¢2(0), ¢2(k)). By the
Law of Large Numbers, ¢5(0) is at most (1 + €¢)o w.h.p. as k (and therefore n) increases. The

second part of Theoremm gives provides the necessary bound on ¢9(k). O
As in the introduction, letting nin, = éf;—zgﬁ), we conclude that min: I' () = I' (1) when
o8\ 52

n < Ninfo and = I (0) when n > ny,g, with the critical case n = nyug (ignoring the integrality
of ning), giving I' (0) = I'(1). This observation suggests the following “all-or-nothing” type
behavior of the problem ®, if I' was an accurate estimate of the value of the optimization problem
®5. When n > ny,g the solution 5 of the minimization problem ®, is expected to coincide with
the ground truth g* since in this case ¢ = 0, which corresponds to ¢ = 0, minimizes I" (¢). On the

other hand, when n < nj.g, the solution 5 of the minimization problem @, is not even expected
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to have any common support with the ground truth *, as in this case ( = 1, which corresponds
to ¢ = k, minimizes I' (). Of course, this is nothing more than just a suggestion, since by
Theorem , I' (¢) only provides a lower and upper bounds on the optimization problem ®,
which tight only up to a multiplicative constant. Nevertheless, we can turn this observation into

a theorem, which is our second main result.

Theorem 3.2.3. Let € > 0 be arbitrary. Suppose max{k, 3—’; + 1} < exp (\/C’logp), for some
C > 0 for all k and n. Suppose furthermore that k — oo and o*/k — 0 as k — oo. If

n > (1 4+ €) Nino, then w.h.p. as k increases
: 182 = B[lo — 0
o7 12 0 .

On the other hand if %klogk <n < (1 =€) Ninfo, then w.h.p. as k increases
1 *
%H@ — B0 — 1.

The proof of Theorem is found in Section [3.5] The theorem above confirms the “all-
or-nothing” type behavior of the optimization problem ®,, depending on how n compares with
Ninfo- Recall that, according to [WWRI0|, niug is an information theoretic lower bound for
recovering 3* from X and Y precisely, and also for n < n;,g it does not rule out the possibility
of recovering at least a fraction of bits of 5*. Our theorem however shows firstly that ni.g is
exactly the infortmation theoretic threshold for exact recovery and also that if n < ny.g the
optimization problem ®, fails to recover asymptotically any of the bits of 5*. We note also
that the value of ny,g is naturally larger than the corresponding threshold when k = 1, namely
2logp/log(1 + 207%), which is asymptotically 0?logp = ny, ;. Interestingly, however this value
for n, which has appeared also, as explained in the Introduction as a weaker information theoretic
bound, also marks a phase transition point as we discuss in the proposition below.

As our result above shows, the recovery of * is possible by solving ®5 (say by running the inte-
ger programming problem) when n > ny,g,, even though efficient algorithms such as compressive
sensing and LASSO algorithms are only known to work when n > (2k + %) logp. This suggests
that the region n € [N, (2k + 02) log p] might correspond to solvable but algorithmically hard
regime for the problem of finding g*.
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We turn to the study of the “limiting curve" I" (). Note that we refer to the curve I' = I'({) as
the limiting curve because (1) from Theorem for ¢ := ¢/k it provides a deterministic lower
bound for the value of ¢5(¢) (up to a multiplicative constant) but also an upper bound when
¢ =0 and ¢ = k (up to a multiplicative constant) and (2) from the example of Theorem it
appears that structural properties of the curve I'; such as the behavior of its maximum argument,
accurately suggest a similar behavior for the actual values of ¢(¢),

Studying the properties of the "limiting curve" I' (¢) we discover an intriguing link between its
behavior and the three fundamental thresholds discussed above. Namely, the threshold ni, 1 =
o?log p, the threshold nine, = L) log p, and finally the threshold n,, = (2k + 02) log p. For

log(i—é-ﬁ-l
the illustration of different cases outlined in the proposition above see Figure [6-2]

Proposition 3.2.4. The function I satisfies the following properties.
1. When n < o*logp, T is a strictly decreasing function of ¢. (Figure (a)),

2. When o?logp < n < Ningo, I 45 not monotonic and it attains its minimum at ¢ = 1. (Figure

[3-10)),

3. When n = nig, I' s not monotonic and it attains its minimum at ¢ = 0 and ¢ = 1.

(Figure [3-9(a))

4. When ning < n < (2k+0?)logp, T is not monotonic and it attains its minimum at ¢ = 0.

(Figure [3-3(b))
5. When n > (2k + o?)logp, T is a strictly increasing function of . (Figure

In particular, we see that both the bound ni,e1 = o?logp, and n., = (2k + 0%)log p mark
the phase transition change of (lack of) monotonicity property of the limiting curve I'. We also
summarize our findings in Table [3.I] The proof of this proposition is found in Section [3.5]

To study the apparent algorithmic hardness of the problem in the regime n € [niuf 1, Nalg],
as well as to see whether the picture suggested by the curve I' is actually accurate, we now
study the geometry of the solution space of the problem ®,. We establish in particular, that the
solutions 8 which are sufficiently “close” to optimality in ®,, that is the 8’s which have objective

value ||[Y — X ||z close to the optimal value ¢, break into two separate clusters; namely those
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n < Ninf 1 I' is monotonically decreasing
Nint1 < N < Ninfo | I is not monotonic
and attains its minimum at ( = 1
Ninfo < N < Nalg | I' is not monotonic
and attains its minimum at ¢ =0
Nalg < N [' is monotonically increasing

Table 3.1: The phase transition property of the limiting curve I' (¢)

which have a “large” overlap with £*, and those which are far from it, namely those which have
a “small” overlap with £*. As discussed in Introduction, such an Overlap Gap Property (OGP)
appears to mark the onset of algorithmic hardness for many randomly generated constraint
satisfaction problems. Here we demonstrate its presence in the context of high dimensional
regression problems.

The presence of the OGP is indeed suggested by the lack of monotonicity of the limiting
curve I' when o?logp < n < (2k + 0?)logp. Indeed, in this case fixing any value v strictly
smaller than the maximum value of I', but larger than both I' (0) and I' (1), we see that set of
overlaps (¢ achieving value < 7 is disjoint union of two intervals of the form [0,(;] and [(s,1]
with ¢; < (5. Of course, as before this is nothing but a suggestion, since the function I' is only
a lower bound on the objective value ®5(¢) for ¢ = ¢/k. In the next theorem we establish that
the OGP indeed takes place, in the case where n is between the information-theoretic threshold
Ninfo and a constant multiple of n,,. The case where n lies between o?log p and nyyg, is discussed

subsequent to the statement of the Theorem. Given any r > 0, let
_1
S, ={8 40,1} ||Bllo = k,n"2||]Y — XB||2 < r}.

Theorem 3.2.5 (The Overlap Gap Property). Suppose the assumptions of Theorem hold

and for some C' > 0, klogk < Cn. For every sufficiently large constant Dy there exist sequences

0 < Con < Corn <1 satisfying

lim & (CZ,k,n - Cl,k,n) = —|—OO,
k—o0

as k — oo, and such that if r, = Dymax (I'(0),I'(1)) and nine < n < klogp/(3log Dy) then

w.h.p. as k increases the following holds
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(b) The behavior of T' for o2 logp < n = 120 < ningo.

Figure 3-1: The first two different phases of the function I' as n grows, where n < nj.,. We

consider the case when p = 10°, k = 10 and 0? = 1. In this case [0?logp] = 21, [niug | = 137
and [(2k + 0?)log p| = 435.

(a) For every 5 € S,,

(2K) " 18 = B0 < Cipm o7 (26) 18 = B*llo > Copn-
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(a) The behavior of T" for n = 136 = ningo.
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(b) The behavior of T' for niu < n = 200 < (2k + 02) log p.

Figure 3-2: The middle two different phases of the function I' as n grows where nin, < n < ngyjg.
We consider the case when p = 10° k = 10 and ¢? = 1. In this case [0?logp] = 21, [ning | = 137
and [(2k + 0?)log p| = 435.

(b) B* € S,,. In particular the set

Sr VB (2k) 718 = B0 < Cikm}
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(a) The behavior of T for (2k + 02)logp < n = 450.

Figure 3-3: The final phase of the function I' as n grows where n,, < n. We consider the
case when p = 10° k = 10 and ¢* = 1. In this case [0?logp| = 21, [ne| = 137 and
[(2k 4+ 02) log p| = 435.

18 non-empty.

(¢) The cardinality of the set

|Sp, N{B 118 = Bllo} = 2k},

is at least DO%. In particular the set S,, N{B : |8 — B*|lo} = 2k} has exponentially many

i n elements.

The proof of Theorem is found in Section The property k (Cogn — Clgn) — 00 In
the statement of the theorem implies in particular that the difference (¢ 4n — (i xn) grows faster
than 1/k as k diverges, ensuring that for many overlap values ¢, the ratio 2¢/k falls within the
interval [(1kn,Cokn). Namely, the overlap gap interval is non-vacuous for all large enough k.
Note that for & such that max{k, 2§ + 1} < exp (v/C'logp) for large k it holds Sklogk < nino
and in particular the result of Theorem holds for all n € [ning, klogp/(3log Dy)] w.h.p.
since the constraint klogk < Cn becomes redundant.

The study of Overlap Gap Property in the case where 02 log p < n < nins does not have a clear
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algorithmic value, since the problem becomes information-theoretic impossible. Nevertheleess,
the first moment curve is also non-monotonic in that regime suggesting that the Overlap Gap
Property still holds. Under the additional stringent assumption that 02 — 400 as k — +oo it

can be established that Overlap Gap Property indeed appears in that regime. The proof follows

67D(2)O'2

by almost identical arguments with the proof of Theorem [3.2.5 by setting (i1, := —5¢— and
" Do
C2,k,n = ko .

We close this Section with stating a negative result on the popular recovery scheme called
LASSO. As explained in the Introduction, besides support recovery, LASSO above n,, samples
is known to also fy-stably recover S* (see . Albeit it is known that below n,, samples,
LASSO fails to recover the support of §* [Wai09b|, whether it can fs-recover 5* or not with less
than n,, samples remained an open problem prior to this work. We show that, as stated in the
introduction, when n/n,, is sufficiently small, for a wide range of tuning parameters A LASSO,,
fails to y-stably recover the ground truth vector g*. Our result applies for LASSO, with and
without box constraints.

Furthermore, our result works for arbitrary choice of the tuning parameter A as long as

o klogp
A > — — ) 3.9
_\/EeXp< - ) (3.9)

Note that this range of possible \’s include the standard optimal choice in the literature of the
tuning parameter A\ = Ac+/log p/n for constant A > 2v/2 (see Introduction for details).

We present now the result.

Theorem 3.2.6. Suppose that Co? < k < min{1, 0} exp (C\/logp) for some constants C, C>

0. Then, there exists a constant ¢ > 0 such that the following holds. If n* < n < cngyyg, 8* € RP is

an exactly k-sparse binary vector, arbitrary choice of \ satisfying and BLASSO’ A BLASSO(bOX),,\
are the optimal solutions of the formulations LASSOy and LASSO(box), respectively, then

min (HBLASSO,/\ — B2 ||BLASSO(box),>\ - 5*”2) > exp (

w.h.p. as k — +o0.

Note that ¢5 stable recovery means finding a vector  such that || — f*||; < C’o for some

constant C" > 0. The above theorem establishes that in the case of an exactly k-sparse and
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binary £*, when the samples size is less than klogp both the optimal solutions of LASSO, and
LASSO(box), for any X satisfying fails to #,-stable recover the ground truth vector 5* by
a multiplicative factor which is exponential on the ratio %. In particular, coupled with the
result from [BRT0O9b| this shows that klogp is the necessary and sufficient order of samples for
which LASSO can (y-stable recover 5* for some A > 0 satisfying (3.9).

3.3 The Pure Noise Model

In this subsection we consider a modified model corresponding to the case 5* = 0, which we dub
as pure noise model. This model serves as a technical building block towards proving Theorem

B2 The model is described as follows.

The Pure Noise Model

Let X € R™ P be an n X p matrix with i.i.d. standard normal entries, and Y € R™ be a vector with
i.i.d. N (0,0%) entries. Y, X are independent. We study the optimal value v, of the following

optimization problem:

(U5) min n=2 ||y — XB,
s.t. pe{0,1}»
1B]lo = k.

That is, we no longer have ground truth vector 5*, and instead search for a vector § which makes
X as close to an independent vector Y as possible in || - || norm. Note that (¥;) can be cast
also as a Gaussian Closest Vector Problem which estimates how well some vector of the form
X[ where (8 is binary and k-sparse approximates in (rescaled) ¢s error an independent target
Gaussian vector Y.

We now state our main result for the pure noise model case.

Theorem 3.3.1. The following holds for all n,p, k,o:

k1
P <w2 > e 32/l + 02 exp (— (;gp)) >1—e" (3.10)
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FPurthermore, for every C > 0 and every sufficiently large constant Dy, if klogk < Cn, k < 02 <
3k, and n < klogp/(2log Dy), the cardinality of the set

k1
{5 10,107 13l = ko1 = X8l < DoVRF oTexp (2252 ) )
s at least DO% w.h.p. as k — oo.

In the theorem above the value of the constant Dy may depend on C' (but does not depend
on any other parameters, such as n,p or k). We note that in the second part of the theorem, our
assumption £ — oo by our other assumptions also implies that both n and p diverge to infinity.
The theorem above says that the value vk + o2 exp (—@) is the tight value of 1 for the
optimization problem W,, up to a multiplicative constant. Moreover, for the upper bound part,
according to the second part of the theorem, the number of solutions achieving asymptotically
this value is exponentially large in n. The assumption k¥ < 02 < 3k is adopted so that the result
of the theorem is transferable to the original model where g* is a k-sparse binary vector, in the

way made precise in the following section.

The proof of Theorem is the subject of this section. The lower bound is obtained by a
simple moment argument. The upper bound is the part which consumes the bulk of the proof
and will employ a certain conditional second moment method. Since for any = € R™ we have

n7z||z||s < ||#]|co, the result will be implied by looking instead at the cardinality of the set

{8€0.1Y: 18l = k. |V - XBll < DV 7 exp (—“ffp) Lo e

and establishing the same result for this set.

3.3.1 The Lower Bound. Proof of (3.10]) of Theorem [3.3.1]

Proof. Observe that p* > (Z) implies exp (klflgp ) > (Z)% and therefore

P (wz > e72 exp (_k:lzgp) \//f—l-OQ) > P <¢2 >e2 <Z)_nvk+02> :
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Thus it suffices to show
_1
P (1/12 >3 (p> vk+02> >1—e
Given any t > 0, let

Zy={B € {0,13": |Bllo = k,n"2||Y — XB||2 < t}]
= Y (e Xl <t),

Be{0,1}71,|8llo=k

1 (A) denotes the indicator function applied to the event A. Let to := e 2 (i)_ﬁ. Observe that
to € (0,1). We have

p

k) indicator variables, each one of them referring

Now notice that Z, 75z is a sum of the (
to the event that a specific k-sparse binary 3 satisfies n=2||Y — X || < tov/k + 02 namely it

satisfies ||Y — X2 < 2 (k + 0®)n.

Furthermore, notice that for fixed § € {0,1}? and k-sparse, Y — X =Y — > .o X; for
S 2 Support (3), where X; is the i-th column of X. Hence since Y, X are independent, Y; are
iid. N (0,0?) and X;; are i.i.d. N (0,1), then [|Y — X3|[3 is distributed as (k +02)> 1 | Z?2
where Z; i.i.d. standard normal Gaussian, namely (k + %) multiplied by a random variable with
chi-squared distribution with n degrees of freedom. Hence for a fixed k-sparse 5 € {0, 1}, after

rescaling, it holds
P <||Y - XBHQTL_% <toVk + (72> =P (Z Z; < t%ﬂ) :
i=1
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Therefore

EZyi] =B| 3 (o HY - X8|l <t)
,86{071}1)“5“0:]?

= <z)1@ (HY — XPB||an"7 < toVk + a2>

_ <§)IP’ (i 72 < t§n> .

We conclude

P (wg <e 2 (Z)‘" 'k + 0'2) <E[Z, ims2] = (Z)]P (Z 7F < t§n> : (3.12)
=1

Using standards large deviation theory estimates (see for example [SW95]), for the sum of n

chi-square distributed random variables we obtain that for ¢, € (0, 1),

P (Z 7 < nt3> < exp (nf (to)) (3.13)

=1

with f (ty) £ =t 2lostto)

_1
Since f (to) < 5 + logto, and as we recall to = e 2 (‘Z) " < 1 we obtain,

ft) <—1-— %log <l€)’

which implies

exp (nf (t)) < exp (~n) (Q)

which implies

(ﬁ) exp (nf (t0)) < exp (—n).
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Hence using the above inequality, (3.13)) and (3.12]) we get

1

. (wz <o @m) < exp(—n).

and the proof of (3.10)) is complete.

We now turn to proving the upper bound part of Theorem We begin by establishing

several preliminary results.

3.3.2 Preliminaries

We first observe that klogk < Cn and n < klogp/(2log Dy), implies logk < C'logp/(2log Dy).

In particular, for Dq sufficiently large
k< p. (3.14)
We establish the following two auxiliary lemmas.

Lemma 3.3.2. If mqy,mo € N with my > 4 and moy < \/mq then

ma
m m
1 Z 1 .
™Mo 4ms!

Proof. We have,

holds if an only if



Now mo < /m; implies

It is easy to verify that x > 2 implies (1 — %)x > }L. This completes the proof.

Lemma 3.3.3. The function f:[0,1) — R defined by
l—p
1
Fio=iog (157)).
for p €10,1) is concave.

Proof. The second derivative of f equals

2(—4p3+(p 1) log< >+2p>
(1= p?)? '

Hence, it suffices to prove that the function g : [0,1) — R defined by

L—p
= —4p® + (p* = 1)°1 < >+2
9(p) P>+ (p* = 1) log ) T

is non-positive. But for p € [0,1)

g (p) =4p (1 —p*)log (g) —10p” and ¢" (p) = 4 ((1 —3p?) log G:ﬁ) - 39) :

We claim the second derivate of g is always negative. If 1 — 3p? < 0, then ¢” (p) < 0 is clearly

negative. Now suppose 1 — 3p*> > 0. The inequality log (1 + z) < x implies log <1+p> < 2Tpp.
Hence,
2p 3p—6p*—1
" <4 1—-3p°) —3 4 0
g" (p) (1_p( p’) p) e ,



where the last inequality follows from the fact that 3p — 6p* — 1 < 0 for all p € R.

Therefore g is concave and therefore ¢’ (p) < ¢’ (0) = 0 which implies that g is also decreasing.
In particular for all p € [0,1), g (p) < ¢g(0) = 0. O

For any ¢ > 0,y € R and a standard Gaussian random variable Z we let

Py =P(Z —y| <t). (3.15)

Observe that

1 (y+=)2 2 y2+t?
Dt :/ —c 2 dr > \/ite_ 2,
! [7t7t} 27T T

leading to
2 2

t
log pr,y > logt — = — % +(1/2) log(2/7). (3.16)

Similarly, for any ¢t > 0,y € R, p € [0, 1] we let
Gy =P (21 =yl < t,|Z —y| <), (3.17)

where the random pair (Z;, Z3) follows a bivariate normal distribution with correlation p. In

. . 2 . . .
particular, q:,0 = p;, and ¢ y1 = pry. We now state and prove a lemma which provides an

Qt,Qy,p7 for any p c [07 1)
Piy

upper bound on the ratio

Lemma 3.3.4. Foranyt >0,y € R,p € [0,1),

Qyp 1/ 1+ P oo®
p%,y N I p
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Proof. We have

1 / < m2+22—2px2)d J
Qyp = ——F— exp | — xdz
Y 2w 1= 0 Sy 2(1—p?)

1 (x — pz)° 2 drd
= exp | ————+ — xdz
2m\/1 = p? Jiy—tay+e)? —p

S, (i)
< — exp | =2 | duy exp | —o———— | day,
2m\/1 = p2 Jly—ty+4 2 (1) —t(14) y(1—p)+1(14p)] 2(1—-p?)

where in the inequality we have introduced the change of variables (x1,x2) = (z — pz,z) and

upper bounded the transformed domain by

(1 —p)=t(A+p),y(1=p)+t(14+p)] x[y—t,y+1].

Introducing another change of variable 21 = x3 (1 + p) + y (1 — p), the expression on the right-

hand side of the inequality above becomes

<x3<1+p>+y<1—p>>2> 4o,

1 / ( x%) dry (1+ p)/ exp
= — exp | ——= | dxs xp | —
21\/1 = p2 Jiy—ty+4 2 4.1 2(1—p?)

21— 1 /1 2
= exp <_W) — ﬂ/ exp (—ﬁ) dxgx
(L+p) )20V L=p Jiyryry 2
22 (1+ p)° + 25y (1 — p?
x/ exp | — 3 —I—p) + xgy( r) dxs
[7t7t]
Y(1=p)\ 1 [1T+p 2 3
< exp ( / exp ( —> dx / exp (—— + x3y | dzs
(1+ 2r\ 1~ [y—ty+t] 2 (] 2
1 /1
= < ) i / exp (—— To exp <x3 i y) dxs
1+p 2 1—/) [y—t,y+1] 2 [tt] 2
2 1 2
:exp<yp> ”_p(/ exp( m)de ,
L4+p) 20V 1—=p \Jpy—ty+ 2

which is exactly:

d
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2
yp L+p, 2 L+p ,
< .
wp(1+p>wl_pmy_em%yp) e
O

This completes the proof of Lemma [3.3.4]

3.3.3 Roadmap of the Upper Bound’s proof
Recall, that our goal is to establish the required bound on the cardinality of the set (3.11]) instead.

Thus for every s > 0 we consider the counting random variable of interest,
Zsoo = {8 €{0,1}" : [|Bllo = K, [|Y = X8| < s}].

Our goal is to establish that under our assumptions for sufficiently large constant Dy > 0 and

s = Dov'k + o2 exp (—%) it holds
(3.18)

N

8

V4
-
Cwl3

w.h.p. as k — +o0.
To establish this we use a conditional second moment method where the conditioning is

happening on the “target" vector Y. We first show that the conditional first moment satisfies a

similar property to (3.18)); it holds
(3.19)

E[ZolY] > D§

w.h.p. as k — +oo (Lemma [3.3.8)). This step follows from standard algebraic manipulations and

an appropriate use of the Law of Large Numbers.
To establish 1. from 1. we study the conditional second moment ]E[ZEOOD/] as well

and specifically the ratio the squared first moment,

2
M%mdﬂ

T=T(Y)2 ,
E[Zt\/g,oo|y}2
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where we have used for convenience s = tv/k for some ¢ which throughout the proof of order
O (1). The second moment analysis is done in two parts. The first part is an observation; if
T(Y') converges to 1 in expectation, then implies . The proof of this part is based on
the fact that for any probability measure and any positive random variable R using Chebyshev’s

inequality,

E[R ER E[R?
P<R<L>§P(|R—E[R]|> | ])S [ 2]—1. (3.20)

2 2 ) ~ER
We then consider the conditional probability measure P on the random variable Y for our setting

and apply the above inequality for R = Z, z  to derive,
P (Z,/ioo = B[ Z, i Y] IY) <T(Y) -1 (3.21)
and therefore
P (Z,/ioe = BlZ, /i slY]) S By {Y(Y) -1} (3.22)

The first part follows immediately from (|3.22]).

Unfortunately we cannot establish that T = Y(Y') converges to 1 in expectation due to a
lottery effect; it turns out that T can take arbitrary large values but with negligible probability
which make the expected value of T to explode. The second part is to show that min{Y, 2}, the
truncated version of T, indeed converges to 1 in expectation, as k — 400. The exact statement
of this part can be found in Proposition [3.3.5] Note that the argument with the Chebyshev’s
inequality described above can be easily adapted to work for the truncated version of T simply
because the probability on the right hand side of is upper bounded by 1 allowing to improve
(13.22)) to

P (Zi/kso = ElZk00Y]) < By {min{Y — 1,1}} = Ey {min{Y, 2} — 1}, (3.23)

Establishing Proposition [3.3.5| comprises the bulk of the proof and requires the use various
concentration of measure inequalities and properties of the (uni-variate and bi-variate) Gaussian

density function.

122



3.3.4 Conditional second moment bounds

We start this subsection with obtaining estimates on E[Z, VE.0o0 Y] and E [Z 2

mmyy} fort = O (1).

A direct calculation gives

- (T (1<) - (s

where V' is a standard normal random variable and p;, was defined in (3.15]). Similarly,

k n
E| 2 pol? ] :Z(/g—z,k—zz,pé,p—zkw)EP(‘YZ‘_W‘ <t/ Y= V] < V).

=0

where V, Vze are each N (0, k) random variables with covariance [. In terms of ¢, , defined in

(3.17)) we have for every [,

P (1% - V] < tVE ¥ - V| < tvE) =g,

t,ﬁ,ﬁ
Hence,
k n
IE[Z2 }: -
Fo? 00 ; k— 0 k— Mp % + gqﬁm‘;
We obtain
i k k- M % e t, o,k
P—2k+ Vk'k
ez(; k) zll p ReA
= = b

Now for £ =0 and all : = 1,2,....,n we have ¢, v; , = pf y, a.s. and therefore the first term of
7\/%7 7W

(kkp Qk) <1

®)

We now analyze terms corresponding to £ > 1. We have for all ¢ =1, .., k

() <%= (%) <5
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By - we have k* < p implying k < ,/p and applying Lemma we have

). P
k) — 4k
Combining the above we get that for every ¢ = 1, ..., k it holds:
p
(kfé,kfﬂ,l,p72k+£)

ot (0 = @)

Hence we have

S
IS

T§1+4zk:(lf> ﬁqt

=1 p

SN

é\ﬁ

(3.24)
Our key result regarding the conditional second moment estimate and its ratio to the square of
the conditional first moment estimate is the following proposition

Proposition 3.3.5. Suppose klogk < Cn for all k and n for some constant C > 0. Then

for all sufficiently large constants D > 0 there exists ¢ > 0 such that for n <
_k

t = D1+ o2 (l%) " we have

plos( )

2log D and

1
Ey (min{1,T —1}) < o

Proof. Fix a parameter ¢ € (0, 1) which will be optimized later. We have
Ey (min{1,Y — 1})

Ey (min{1,Y — 1}1 (min{1, T — 1} > ("))

+ Ey (min{1,T — 1}1 (min{1, T — 1} < ("))
<P(min{l,T -1} > (") +¢

Observe that if T > 14 (™, then (3.24]) implies that at least one of the summands of

LQ

:.<

t,—%~= K

R"

MOBICS

=1 p

S
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for ¢ = 1,2.., k should be at least . Hence applying the union bound,

(min{1,T -1} > (") <P(T >

+¢")
< (Un ) M= 5
) = e
<ye(a(B) T =€
: B v
Introducing parameter p = + we obtain

Ey (min{1,YT —1}) < "+ P(min{l,T -1} > ") <"+ Z P(Y,),

k—1
PREY}

(3.25)
P=gogel
where for all p = % > % we define

ok M4 Y n
e () Tl )

Next we obtain an upper bound on P (Y,) for any p € (0,1] as a function of . Set

] nlog D
Px = 1L =

3klog(p/k?)
The cases p < p, and p > p, will be considered separately

Lemma 3.3.6. For all p € (p., 1] and ¢ € (0,1)

1)”
6 .
Proof. Since p > p, then

k;log(%)
—(1—p)—2KL > _"ogD.
(I=p)— == —3log
Now we have g,

(3.26)
. . . qt A
v, < p,v; which implies < p”
Vil bk t,

;<

p2
t,

Sk
Sk -

, which after taking logarithms and
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dividing both the sides by n gives

1 « log 4k klog L
P(Y)<P|—-) -1 . >log( — = I
(T,) < (nz ogp, 2 log( — ——+p—

i=1

Applying (3.16)) we obtain

logdk  klog %
P(Tp>§19>( logt+ + Z + (1/2)log(2/7) > log ¢ — Ogn +p Of’f)

_k
Recall that ¢t = Dv1 + o2 (l%) » namely logt > log D — slog (1%) and thus applying (3.26

D
+log D

By the bound on n, we have t < D1+ 02/D? < 2/D < 1 for sufficiently large D. The same
applies to ?/2. Also since klogk < Cn then log(4k)/n < C/k + log4/(klogk). Then for

sufficiently large D we obtain

Recall that since Y} has distribution N(0,0?) and 02 < 3k then

E{eXp (%)} /1o 2(112/(121@) < V2

We obtain a bound
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as claimed. n

Lemma 3.3.7. For all p € [, ps] and ¢ € (0,1).

1

—n/12
P(T,) < 4" (D?C’“) .
Proof. Applying Lemma [3.3.4] we have

_ nogq, Y n
PN PR e G
P(T,)=P |4 (—) A
( P) k2 U p2 v, — k
=1 t’ﬁ

Let

logdk 1 1— klog (&
f(p)zp‘llogé—p‘loi + 10g( p)+ Og(’“2)-

Q_p 1+p n

Applying Lemma and that ( < 1 we can see that the function f is concave. This implies

that the minimum value of f for p € [1, p.] is either f (1) or f (p.), and therefore

P(T,) <P (Z :—n > min{ f (%) f (p*)}>

i=1

§P< %zf@))w(;%zf(p*)). (3.27)

i=1

Now we apply a standard Chernoff type bound on P (Z?:l %2 > nw) for w € R. We have

Elexp (Y?/k)] = ———— < 0 if 0 < ﬁ Since in our case 1 < ]E[Y?Q} = o?/k < 3, to

\/1-2(c2/k)6
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obtain a finite bound we set 8 = % < % and obtain

E[exp (1}22)] = \/1_7%; <V2.

Therefore, we obtain

We obtain
P(Y,) < 2% exp(—nf(1/k)/12) + 22 exp(—nf(p*)/12). (3.28)

Now we obtain bounds on f (1) and f (p.). We have

1y klogdk k 1—% k:log(l%)
f(E>—klogC— - +§log<1+% + - .

We have by our assumption klogk < Cn that klog(4k)/n < Cklog(4k)/(klogk). The se-
1}
1+

klog(p/k?)/(2log D). Thus for sufficiently large D,

quence §10g< ) is bounded by a universal constant for £ > 2. Finally, we have n <

1
f (E) > klog( +log D,
implying
—n/12

2% exp(—nf(1/k)/12) < 2% (DCF)

Now we will bound f (p,). We have

f(p7) = (1/p*)log ¢ — (1/p") :

log 4k 1 1—p* klog (5
ogan 1 log Py o8 (%)
n 2p* 1+ p* n
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Applying upper bound on n, we have p, > 1/2. Then —1/(2p*)log(1+ p*) > —log2. We obtain

. log 4k . klog (&
f(p?) =2log¢ —2—— +log(1—p )+¢-
n n
We have again
2log(4k)/n < 2Clog(4k/k). (3.29)

Applying the value of p* we have

. klog (& 3klog(p/k? klog (=
Consider
1 2 klog (L&
—log Sklog(p/k7) og(p/k") +logn + 208 2 <k2)
log D

For every a > 0, the function logz + a/z is a decreasing on x € (0,a] and thus, applying the

bound n < klog(p/k?)/(2log D), the expression above is at least

g (3k los(p/?)

o D ) + log (klog(p/k*)/(2log D)) + 2log D = —log 3 — log 2 + 2log D
0g

> (3/2)log D,
for sufficiently large D. Combining with (3.29)) we obtain that for sufficiently large D
F(p") > 2log C + log D,

Combining two bounds we obtain
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We now return to the proof of Proposition [3.3.5] Combining the results of Lemma [3.3.6] and
Lemma [3.3.7, and assuming k > 6 - 12 = 72, we obtain that

- —n/12

P(T,) < 2" (DH¢) "+ 284 (D¢

D
< gntl (D%gk> e
for all p € [1/k,1] and ¢ € (0,1). Recalling (3.25) we obtain
1 —n/12
Ey (min{1,T — 1}) < ¢ + (2k)2" <D§§k‘> .
Let Dy £ D2 /2!2 and rewrite the bound above as
¢ 4 (2k) (Di¢F) ™"
1
Assume D is large enough so that D; > 1 and let ( = 1/D{* < 1. We obtain a bound

Dy % + (2k)D;™*.

Finally since n > (1/C)klogk, we obtain a bound of the form 1/k¢ for some constant ¢ > 0 as

claimed. This completes the proof of Proposition [3.3.5]

O
3.3.5 The Upper Bound
Proof of Theorem[3.3.1 By an assumption of the theorem, we have k* < p. Thus
klogp < 2klog(p/k?).
Then
o Klogp _ klog(p/k*) _ klog(p/k*) (3.30)

— 2log Dy —  log Dy QIOgDé
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Our goal is to obtain a lower bound on the cardinality of the set

{56 0,197 19l = 1Y~ X8l < DVEVTF o7 Rerp (2152 )

n

Recall that k < 02 < 3k. Letting

k1l
to = Doy/1+ 0%/kexp (— ng) ,

n

our goal is then obtaining a lower bound on Z, . Since klogk < Cn, then for sufficiently large

D07

1 2
to > D3~/1+ 0?/kexp <_—krlog(p/k: )> 27,
n

and thus it suffices to obtain the claimed bound on Z,  z. We note that by our bound (3.30))

T < Dg\/1+0%/k/Dy < 2/D¢ < 1, (3.31)

provided Dy is sufficiently large. Let D = DZ. Then, by the definition of 7 and by (3.30)) the

assumptions of Proposition are satisfied for this choice of D and t = 7.

Lemma 3.3.8. The following bound holds with high probability with respect to'Y as k increases

n ' ogE[Z, s [Y] > (1/2)log D.

Proof. As before for Y = (Y1,...,Y,),

n

B2l = (}) HP (1 =Xt <) = (1) TLony

i=1 vk

where X is the standard normal random variable. Taking logarithms,

l0gE[Z. /i o|Y] = log (z) + Zlogpﬂ%. (3.32)
=1
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Applying (3.16]), we have

2 "oy2
-1 < -1 p _ -1 i
nogE[Z, s [Y] > n"" log (k) +log T 5 +(1/2)log(2/m) — n 1;:1 ok
Using
1 2
r> Doxp (_k og(p/k )) |
n

and 7 < 1, we obtain

n

z) +log D — % - % + (1/2)log(2/m) —nlz%

i=1

nt IOgE[ZT\/E,oo’Y] > n"'log (

Since by we have £ < /p, applying Lemmawe have %log (i) —% log (,%) > 0. By Law

of Large Numbers and since Y; is distributed as N (0, 0?) with k¥ < 0% < 3k, we have n ™' Y 7" | 32/—;

converges to 0?/(2k) < 3/2 as k and therefore n increases. Assuming D is sufficiently large we

obtain that w.h.p. as k increases,

n~'logE[Z \/HOO\Y} > (1/2)log D.

T

This concludes the proof of the lemma. n

Now we claim that w.h.p. as k increases,

1
Z oo = §]E[Z VElY] (3.33)

T T

We have

1 1
P (Zrﬂ,oo < §E[ZT\/E,OO|Y}> <P <|ZT¢E,OO —E[Z oY 2 §E[ZT¢E,OO|Y]) , (334)
and applying Chebyshev’s inequality we obtain,

E[Zf @OO\Y]

5 — 1,1
E[ZT\/E,ooly]

?

1 .
P (]Z%m E[Z, 5 ¥] | 2 LE[Z, Y] \y) < 4min
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Hence, taking expectation over Y we obtain,

1 E[Z'?'\/Eooly]
P (IZT\/E,OO - E[ZT@,OOIY] | > §E[ZT¢E,OO|Y}> <4Ey |min |—————= — 1,1
E[Z, /5 oolY]
We conclude
1 E[ZE\/EOO‘Y]
P (ZT@OO < §]E[ZT\/E700|Y]> <4Ey |min | —————= —1,1] | . (3.35)
E[Z, tslY]

Applying Proposition the assumptions of which have been verified as discussed above, we

obtain

1 .
P (ZT\/E,oo < iE[ZT\/E,ooD/}) < E[min{l,T — 1}|Y]

< k¢

Y

for some ¢ > 0. This establishes the claim (3.33)). Combining with Lemma [3.3.8, we conclude

that w.h.p. as k increases

n~'log Z e Sino = n! logE[ZT\/EOOW] —log2/n

> (1/2)log D —log 2/n.

Since n satisfying C'n > klogk increases as k increases, we conclude that w.h.p. as k increases

Z VEoo 2 D3 . This concludes the proof of the theorem. O

3.4 Proof of Theorem [3.2.1]

In this section we prove Theorem [3.2.1] The proof is based on a reduction scheme to the simpler

optimization problem Wy which is analyzed in the previous section.

To prove Theorem we will also consider the following restriction of ®,. For any S C
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Support (8*) consider the optimization problem (P, (5)):

(@2 (S5)) min n~3||Y — X8|
s.t. B e {0,1}7
18]l = k, Support (8) N Support (8*) = S,

and set ¢ (S) its optimal value. Notice that for a binary k-sparse § with Support (8) N
Support (8*) = S we have:

Y - XB=XB+W — X5

= Z Xi—f-W— Z Xi

i€Support(8*) i€Support(8)
- Y e o
i€Support(S*)—S i1€Supp(8)—S
:Y/_X,ﬁla

where we have defined Y', X', 3; as following:

1. X' € R™®=%) to be the matrix which is X after deleting the columns corresponding to

Support(3”)
2. YI = ZiESupport(ﬁ*)—S XZ + 4

3. 81 € {0,1}P7* is obtained from 3 after deleting coordinates in Support(3*). Notice that
Billo =k —[5].

Hence, solving @, (S) can be written equivalently with respect to Y', X', " as following,

(®,(S)) min nz||Y — X'
st. B e{o, 1}k
116'llo = k —|S].

We claim that the above problem is satisfying all the assumptions of Theorem [3.3.1] ex-
cept for one of the assumptions which we discuss below. Indeed, Y’, X’ are independent since

they are functions of disjoint parts of X, X’ has standard Gaussian i.i.d. elements, Y’ =
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> iesupport(s+)—s Xi + W has iid Gaussian elements with zero mean and variance (k — [S|) + o2,
and the sparsity of ' is k — |S|. The only difference is that the ratio between the variance
(k —|S]) + 0% and the sparsity k — |S| is no longer necessarily upper bounded by 3, since this
holds if and only if 02 < 2 (k — |S]), which does not hold necessarily, though it does hold in the
special case S = (), provided 0% < 2k. Despite the absence of this assumption for general S we
can still apply the lower bound of Theorem , since the restriction on the relative value
of the standard deviation of Y; and other restrictions on p,n, k were needed only for the upper
bound. Hence, applying the first part of Theorem we conclude the optimal value ¢ (S)

satisfies

P (0:(8) 2 VAT 5D T e (-

> 1—exp(—n). (3.36)

(k — |5]) log ((p — kr))))

n

Also applying the second part of this theorem to the special case S = () we obtain the following

corollary for the case 0% < 2k.

Corollary 3.4.1. Suppose 0% < 2k. For every C > 0 and every sufficiently large constant Dy,
if klogk < Cn, and n < klog(p — k)/(2log Dy), the cardinality of the set

{3 0Ap 1810 = k31" = X'8la < DoV xp (- EE2 =) )

s at least Dég w.h.p. as k — oo.

Proof of Theorem[3.2.1. Applying the union bound and (3.36) we obtain

Nl

P (gbg (0) > e

>1- 2. (E) exp(—n)

> 1 — 2" exp(—n).

V20 o2 exp <_W)’ vogﬁgk)

n

IN
~

Since klogk < Cn, we have 2¥ exp(—n) — 0 as k increases. Replacing p — k by a larger value p
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in the exponent we complete the proof of part (a) of the theorem.

We now establish the second part of the theorem. It follows almost immediately from Corol-
lary [3.4.1] Since klogk < Cn, the bound n < klogp/(3log Do) implies log k < C'logp/(3log Do)
and in particular klog(p — k) = klogp — O(%Q) and %2 converges to zero as k increases, provided
Dy is sufficiently large. Then we obtain n < exp(—klog(p — k)/(2log2Dy)) for all sufficiently
large k. By a similar reason we may now replace exp(—klog(p — k)) by exp(—klogp) in the
upper bound on n~z||Y’ — X’f]|, using the extra factor 2 in front of Dy. This completes the
proof of the second part of the theorem. O

3.5 The optimization problem o,

In this section we give proofs of Proposition and Theorem [3.2.3

Proof of Proposition[3.2.4 It is enough to study f = logI" with respect to monotonicity. We

compute the derivative for every ¢ € [0, 1],

_klogp k L (
n 20k +02  n(2Ck + 0?)

1= log p (2§k3+02) — n) )

Clearly, f"is strictly decreasing in ¢ and f (¢) = 0 has a unique solution (* = & ﬁjgp (n — o?logp).

Using the strictly decreasing property of f’ and the fact that it has a unique root, we conclude
that for ¢ < ¢*, f/(¢) > 0, and for ¢ > ¢*, f'(¢) < 0. As a result, if (* < 0 then f is a
decreasing function on [0, 1], if (* > 1 f is an increasing function on [0, 1], and if ¢* € (0, 1) then
f is non monotonic. These cases are translated to the cases n < o%logp, n > (2k + o?)logp
and n € (0%logp, (2k + 0?)logp), respectively. The minimum value achieved by f, and its

dependence on ni,g, was already established earlier. O

Proof of Theorem [3.2.5. We set

(8}

[}
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Case 1: n > (1 + €) ningo. Showing ||B2 — B*||o/k — 0 as k increases is equivalent to showing

Ap
)
[

w.h.p. as k increases. By the definition of A, we have:

P2 (Ap) < ¢2(0).

Recall the definition of function I' from (3.8)). From Theorem we have that w.h.p. as k

increases that ¢o (A,) > el (%) . Combining the above two inequalities we derive that w.h.p.:

e 2l (%) < ¢, (0). (3.37)

Now from Y = X* + W we have
92 (0) = n2||Y — XB||s = n2||[W]].

Hence,
n

1, RPIR | Wi\
LA = S wig=1 3 (5

- g
=1

where W; are i.i.d. N (0,0?). But by the Law of Large Numbers, w.h.p. 5¢3(0) = £ >" | (%)2
is less than 4E[(%)2] = 4. Hence, since I' (0) = o, this means that w.h.p. as k (and therefore
n) increases it holds:

¢2(0) <20 =2I'(0).

Combining this with (3.37)) we get that w.h.p. as k increases

or equivalently




which we rewrite as

Q—Af L1 <90
g

_3
2

Now applying n > (1 + €) njngo, we obtain,

A

p
Ap logp Ap log p 2k 2(1+e)k
2¢" n < 2eminfo(t) = 2 < 5+ 1 .

g

But A, <k, and therefore

2k 2(1Ap)k 2k 2(11 )
+e +e
g g

Combining we obtain that w.h.p. as k increases,

1
20 2k Bl
e 3 _2?+1<2(—2+1) ,
g

o =

which after squaring and rearranging gives w.h.p.,

1
2A 2k T
_P<4e3(—+1) —1,

o2

which we further rewrite as

[\]

1
A,  o? 2k a+a
P4 =41 —1]. )
Pl k<e<02+) ) (3.38)

We claim that this upper bound tends to zero, as £k — +oo. Indeed, let x, = J% By the
assumption of the theorem xy, —> +o00. But the right-hand side of (3.38]) can be upper bounded
-1 1+€ _1%‘-5

by a constant multiple of z, "z, = x, '™, which converges to zero as k increases. Therefore

from 1.) =2 — 0 w.h.p. as k increases, and the proof is complete in that case.

Case 2: %k:log k < mn < (1 —e€)ngp. First we check that this regime for n is well-defined.
Indeed the assumption max{k, 3—’; +1} <exp (\/C log p) implies that it holds

2k logp 2k logp 2
info = > > —klogk > kl k. 3.39
Tt = og (E+1) ~ Clogp ~ O o T g8 (3:39)
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Now we need to show that w.h.p. as k increases

AP
— — 1.
A —

By the definition of A,, ¢2 (A,) < ¢2 (1). Again applying Theorem we have that w.h.p.

as k increases it holds ¢, (A,) > e sl (A—kp) . Combining the above two inequalities we obtain

that w.h.p.,

e 2T <%) < ¢y (1). (3.40)

Now we apply the second part of Theorem Given any Dy from part (b) of Theorem [3.2.1]
and since k /o — oo, we have that %k log k < n < (1—€)ning furthermore then satisfies %k logk <

n < klogp/(3log Dy) for all sufficiently large k. We obtain that w.h.p. as k increases
b (1) < Dol' (1) .

Using this in (3.40)) and letting ¢ = 1/(e2 Dy) we obtain

oy (%) <TI(1),

. /2_/\210_‘_16_/\;;:@ < /%_Fle_kligp’
g g

2A +O-2 % + 1 2(Ap7k)logp
2 p _ 2| <e . 3.41
c(2k+02) C<§—§+1 = (3-41)

Now using n < (1 — €) ning and A, —k < 0, we obtain

namely,

and therefore

k—Ap

2(Ap—Fk) log p 2(Ap—k)logp 2k TkI-9
(& . n < (& (A=e)ninfo = _— —I— 1 .
>~ o2

Combining the above with (3.41) we obtain that w.h.p.,

2A, + o2 2k RO
2= ) < (224
C(2k+a2)_(a2+> ’



or w.h.p.,

2 2 T tEaog
c? ( L+ 1) < (—k + 1) : (3.42)

o2

from which we obtain a simpler bound

namely

€ A 2k
21 < (- L 1 — +1
ogc_( 1—€+k‘(1—6)) og(02+)

or

2logc

A
— 2T _(1—€)t+e< L
10g(3—]§+1)( ) ‘=%

Since by the assumption of the theorem we have k/0? — oo, we obtain that % > €/2 w.h.p. as

k — oco. Now we reapply this bound for (3.42)) and obtain that w.h.p.

ek ok \“TEtELS
02(—2+1)§<—2+1) .
ag g

Taking logarithm of both sides, we obtain that w.h.p.

(2% k A
(1 —¢)log (;—i—l log ;-I—l +2loge —f—egf.

Now again since k/o? — o0, it is easy to see that the ratio of two logarithms approaches unity
as k increases, and thus the limit of the left-hand side is 1 — € + € = 1 in the limit. Thus A,/k

approaches unity in the limit w.h.p. as k increases. This completes the proof. O

3.6 The Overlap Gap Property

In this section we prove Theorem |3.2.50 We begin by establishing a certain property regarding

the the limiting curve function I'.
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Lemma 3.6.1. Under the assumption of Theorem there exist sequences 0 < (g, <
Cokem < 1 such that imy k (Co g — Cirn) = +00 and such that for all sufficiently large k

n min lo w o5
CE(Cl,k,sz,k,n) (F (()) T (1)> > e’ Dy.

Proof. Recall that I' (0) = o and I' (1) = 2k + o2 exp (—@). We will rely on the results of
Proposition [3.2.4] and thus recall the definition of nig.

klogp
3log Do *

Assume now nig, < n < We choose (1 k., = % and (o . = %. Clearly k (Cogn — CLam) —

+00. Since n > Nyt we know that I'(0) < I' (1) and therefore it suffices to show

' ()

inf —2 > 3D,
<€(<1,k,n7<2,k,n) r (1)

Using the log-concavitiy of I" and squaring both side it suffices to establish
: T (Gan)\ (T (Grn)\ 6 12
= = > e’ Dyg.
m(( ra )\ o
But since n < klogp/(3log Dy) have

. UG\ (T (Gopn) )’ B 407 seer B A 07 sries
min | | —222 ) | 22 = min e s, e dn
T (1) (1) 2% + 02 2% 1 o2

i 1 122 9
> min <1D05 ,gDé)

> eSD2,

for all sufficiently large Dy. This completes the proof of the lemma. ]
Now we return to the proof of Theorem |3.2.5]

Proof of Theorem[3.2.8 Choose 0 < (i, ., < (3, < 1 from Lemma and we set 1, =
Dymax (I (0) ,I" (1)). We will now prove that for this value of 7, and (i pn =1 = Cyp s Cokin =
1—(j 4., the set Sy, satisfies the claim of the theorem. Applying the second part of Theoremm
we obtain * € S, since nz||Y — XB%||, = n*%m which by the Law of Large Numbers
is w.h.p. at most 20 = 2I'(0) < 7, provided Dy is sufficiently large. This establishes (b). We
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also note that (c) follows immediately from Theorem [3.2.1}
We now establish part (a). Assume there exists a g € S,, with overlap ¢ € (Cin, Cokon)-

This implies that the optimal value of the optimization problem ®,(¢) satisfies
¢2 (k(1—=¢)) <. (3.43)
Now 1 —¢ € (1= Cpmnr L = Cikn) = (¢l ns $) and Lemma imply
e* Do max{I" (0),T (1)} <T(1-).
We obtain
rp <e I (1-(),

which combined with (3.43) contradicts the first part of Theorem [3.2.1] O

3.7 Proof of Theorem [3.2.6

3.7.1 Auxilary Lemmata

Lemma 3.7.1. Fiz any C, > 0. Any vector [ that satisfies |8]|y < k — CiovVk also satisfies
18 = B*|l2 = Co.

Proof. Assume 3 satisfies || — 8*||2 < Cio. We let S denote the support of *, and let S5 € RP
be the vector which equals to § in the coordinates that correspond to S and is zero otherwise.

We have by the triangle inequality and the Cauchy Schwartz inequality,

k—11Bsllh = 11851l = 1Bl < [18s — Bsll < VE[ (8= B7)gll2 < VEIIB = 8]l < CroVE,
which gives k — CrovEk < ||Bs]l1 < |18]:- O

We also need the following immediate corollary of Theorem [3.3.1]
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Corollary 1. Let Y € R™ be a vector with i.i.d. normal entries with mean zero and abritrary
variance Var(Yy) and X € R™P be a matriz with iid standard Gaussian entries. Then for every
C > 0 there exists cog > 0 such that if ¢ < cq and for some integer k' it holds k'log k' < Cn,

k' < Var (Y]) <3k, and n < ck’logp, then there exists an exactly k'-sparse binary B such that

1 1 E'l
n"z[|Y — Xpll2 < exp (2_0) V k' + Var (Y/) exp (— ng)

w.h.p. as k' — oo.
Finally, we establish the following Lemma.

Lemma 3.7.2. Under the assumptions of Theorem [3.2.6 there exists universal constants ¢ > 0
such that the following holds. If n* < mn < cklogp then there exists a € [0, 1]P with

(1) n2|lY — Xall, <o
(2) llall =k — 2exp (2222) 5/,

w.h.p. as k — +o00.

Proof. Let
klo
Oy == exp ( 5519) . (3.44)
Let
. o2
A=1-— 401 ?
and

Acy = {A8" + (1 = N)BI6 € {0, 13", |B]lo = k/2, Support () N Support (5°) = 0}.

Ac, is the set of vectors of the form a := \G* + (1— S\)B where [ is exactly g—sparse binary with

1

support disjoint from the support of 8*. Since by our assumption n > n* or equivalently

klogp 1 2k
5n 10 Og( + 0—2)
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we conclude that for some ¢’ > 0 large enough, if C’0? < k then

1
o2 klogp o2 2k\ 1 o2
4 — =4 — <41+ — — < 1.
Ciy/ ? exp( B )\/ < +02 \/ <

In particular A > 0 and thus \ € [0,1]. Therefore Ag, C [0, 1]7. It is straightforward to see also

=

that all these vectors have £, norm equal to kX 4 k(1 — \)/2 = k(X + 1)/2. But for our choice of
A we have

k(A +1)/2 =k —2C,0Vk

Therefore for all o € A¢, it holds |||, = k — 2C10vk and a € [0,1]P. In particular, in order to

prove our claim it is enough to find o € A, with n-: Y — Xal; <o.

We need to show that for some ¢ > 0, there exists w.h.p. a binary vector 8 which is exactly

k/2 sparse, has disjoint support with 8* and also satisfies that
nEY = X8+ (1= NP < 0.
We notice the following equalities:

IV = X8 + (1= D)l = X5 + W = Ax5" = (1= 1) X5l
- -1
— (1 =Mlxg + (1-2) W= X8|
Hence the condition we need to satisfy can be written equivalently as

n"EH| X5 + (1 - X)l W — X8| < (1 - X) o,

or equivalently

1 k1
n_%HY’ — XB2 < 1 k exp <— ng) ,

5n

where for the last equivalence we set Y’ := X3* + (1 — A\)"'W and used the definition of \ for
the right hand side.

Now we apply Corollary [I|for Y X’ € R™*(P=%) which is X after we deleted the k columns
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corresponding to the support of 5*, and k' = k/2. We first check that the assumptions of the

Theorem are satisfied. For all i, Y/ are iid zero mean Gaussian with

~\ 2 1 2k logp
AN 2 o — o o
Var (Y/) =k +o (1 A) I<:(1+16exp< 0 >).

In particular for some constant ¢y > 0 if n < ¢ok log p it holds

K=" < Var (V) < 3k/2 = 3K/,

o |

Finally we need k’log k' < C'n for some C' > 0. For k' = g it holds k' log k" < klogk and also
as Co? < k < min{1, 0%} exp (C\/@) it can be easily checked that for some constant C’ > 0
it holds klogk < Clmg(kéf(égﬁ) = C'n*. As we assume n > n* we get k'logk’ < C'n* < Cn as
needed. Therefore all the conditions are satisfied.

Applying Corollary [1| we obtain that for some constant ¢; > 0 there exists w.h.p. an exactly

k/2 sparse vector 5 with disjoint support with §* and

1 1 k1 —k
n"z||Y" — XSz < exp <2—> V k' + Var (Y/) exp (—M> :
C1

n

Plugging in the value for &’ and using Var (Y;) < 2k we conclude the w.h.p. existence of a binary

k /2-sparse vector  with disjoint support with g* and

1 1 1 B
WY = Xl < exp (5 ) VERex (- TOELZH)

c1 2n

Finally we need to verify

1 1 — 1 1
exp | — ) V2kexp —M < —=Vkexp _Klogp )
2 2n 4 )

C1 n

We notice that as k/,/p — 0 as k,p — +00, which is true since we assume k < exp (C’\/logp) ,

we have

1 k1 —k 1 k1
exp <2_) V2k exp (_M) < exp (2—) V 2k exp (— 305]0) , for large enough £, p.

c1 2n c1
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Hence we need to show

1 k1 1 k1
exp | — | V2kexp | — o8P < —Vkexp|— o8P .
2cy 3n 4 on

1 1 2k logp
xp (2—) V2< jow ( o )

which is clearly satisfied if n < c3klogp for some constant c3 > 0. Therefore choosing ¢ =

or equivalently

min{cy, c3} the proof of the claim and of the theorem is complete.

3.7.2 Proofs of Theorem [3.2.6

In this subsection we use the Lemmata from the previous subsections and prove the Theorem

0.2.0l

Proof of Theorem[3.2.6 Let

k1
Cy :=exp ( ng) . (3.45)
According the Lemma it suffices to show that for C given by (3.45)),
max{||Srassonll1; | Brassomonalls < & — CroVk, (3.46)

w.h.p. as k — +o0.

To show this, we notice that since BLASSQ,\ and BLASSO(bOX),A are the optimal solutions to
LASSO, and LASSO(box), respectively, they obtains objective value smaller then any other
feasible solution. Note that a given in Lemma is feasible for both quadratic optimization
problems LASSO, and LASSO(box),. Hence it holds almost surely,

1 1
max {=IY = Xl + Npllvlli} < EIIY—Xa||§+ApIIaII1 (3.47)

vE{BLASSO,A»BLASSO(box), A }
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Hence we conclude that w.h.p. as £ — —+o0,

. . 1
Amax{||Brassoll, |BLassomon.allt < max {=IY = Xoll3+ Aoll:}

VE{BLASSO,A\»PLASSO(box), A}

1 .
< Y- Xal; + Alally , using (3.47)

<o*+ A (k — 201\/E0> , using Lemma [3.7.2

or by rearranging,

A (k — CyovVk — max{||Brasson|1, HBLASSO(box),A”l}) > <)\C1\/E — U) o. (3.48)
By assumption on A satisfying (3.9) we conclude from (3.45)) that
)\Cl\/E 2 0.

Combining the last inequality we have that the right hand side of (3.48) is nonnegative, and
therefore (3.48)) implies that

k — CioVk — max{|| frassonl1, HBLASSO(box)} >0

holds w.h.p. as kK — 400 or equivalently (3.46)) holds w.h.p. as k — +o0.
This completes the proof of the Theorem [3.2.6] O

3.8 Conclusion

In this Chapter, we study the hard regime [ninfo, nalg| of the high dimensional linear regression
model under Gaussian assumptions on X, W and * is an arbitrary fixed binary k-sparse vector.
Under sufficiently low sparsity max{k/c® + 1,k} < exp (Cy/logp) for some C' > 0 and high

signal-to-noise ratio k/0? — +0o we establish multiple results:

(1) We prove an all-or-nothing behavior for the statistical performance of the MLE of the
problem. This is similar in spirit to, and in fact was a motivation for, the phase transition

result established in Chapter[2] Yet the results are still different, as the result in Chapter [2]
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assumes a uniform prior on §*, while the result in this Chapter applies to any fixed binary

k-sparse [3*.

We establish that the first moment curve I' (¢) undergoes monotonicity phase transitions
exactly at the thresholds nint 1, info, Malg. This monotonicity behavior suggests an Overlap
Gap Property phase transition in the high dimensional linear regression model exactly at

the conjectured algorithmic threshold n = ng,.

We prove that Overlap Gap Property indeed appears in the model when n < cng, for some
small constant ¢ > 0. This is based on a potentially new result on what we call in this
Section as the Pure Noise model (Section [3.3)), which could be of independent interest (see
also Section for a relevant discussion.) In the next Chapter we present a proof that
Overlap Gap Property ceases to hold when n > Cng, establishing rigorously the desired

phase transition.

We establish that the well-studied ¢;-constrained relaxation recovery scheme LASSO prov-
ably fails in the regime n < cna, to {o-stably recover the vector 8*. With this result we
provide support to the algorithmic hardness conjecture in the regime n < n,, not only for

recovering the support of 5* but for other similar, yet not equivalent, recovery tasks of 5*.
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Chapter 4

The Computational-Statistical Gap of
High-Dimensional Linear Regression. The

Easy Regime.

4.1 Introduction

In this Chapter we continue our study of the computational-statistical gap of the high dimensional
linear regression model, which is initiated in Chapter |3} We remind the reader that we study the
model described in Subsection [1.1.1] under the assumptions that X € R™P and W € R™*! are
independent matrices with X;; "~ A(0, 1) and W;"%"AV(0, 02) for some o2 > 0, and finally 3* is an
arbitrary but fixed binary k-sparse vector. In Chapter [2| it is established that n = nj,y, defined
in [1.2] is the exact statistical limit of the problem, while computationally efficient methods are
only known to succeed when n > n,, where ng, is defined in 1'

In Chapter |3 the compuational-statistical gap when n € [Ninfo, Nalg| is studied. It is estab-
lished in Theorem that the solution space of maximum likelihood estimation indeed exhibits
the Overlap Gap Property (OGP), appropriately defined, when /* is an arbitrary binary and
k-sparse and n < cn,g for some small enough constant ¢ > 0. For this reason, and draw-
ing a correspondence with a large body of work in the literature for computational-existential
gaps mentioned in Chapter [1} Theorem [3.2.5] provides evidence of algorithmic hardness for high

dimensional linear regression when n < cn,g.

149



On the other hand, in the literature it is conjectured that when OGP ceases to hold even
simple greedy local search methods can exploit the smooth geometry and succeed (see for example
the literature on the maximum independent set in Erdés-Rényi graphs |[GSal,[RV14] and [GSb]).
To the best of our knowledge, neither OGP has been proven to be absent, nor any simple
local search algorithm is known to successfully work for high dimensional linear regression when
n > Nalg.

In this Chapter we study the Overlap Gap Property for high dimensional linear regression

when n > n,,. In that regime the questions of interest are:

Does Overlap Gap Property hold when n > nyg?

If not, is there a successful greedy local search method in that regime?

We answer both questions when n > Cnye for some sufficiently large constant C' > 0. Specifically

we establish the following result.

Contribution

We establish that if n > Cn,y for some sufficiently large constant C' > 0, then OGP indeed
ceases to hold. We base this result on a direct local landscape analysos of the maximum likelihood
estimation optimization problem. We show that in this algorithmically easy regime, the landscape
is extremely smooth: all the local minima have identical support with the hidden vector [*.
Furthermore, we prove that for these values of n a very simple Local Search Algorithm can exploit
the notably “smooth" local geometry of the solutions space and recover exactly the support of 5*.
Interestingly, the termination time of the algorithm is proven to be independent of the feature
size p.

One distinct attribute of the results of this Chapter is that they generalize much beyond the
binary case for the values of 5* and the sublinear sparsity condition k/p — 0, as p — +o00. We

make this more precise with the following two bullet points.

(1) We show that the Local Search Algorithm (LSA) can be defined and provably work in the
real-valued case for the k-sparse * under a constraint on its minimum value |5*|nim =

min{|5;| : 57 # 0} > 1. We prove that LSA outputs a vector with the same support of 5*

150



which furthermore satisfies

18 = 5"l < Coo (4.1)

for some constant Cy > 0. The notion of recovery (4.1)) is known in the literature as fo-
stable recovery of the vector of 5*. (see e.g. [CRT06] [BD09] and references therein).

(2) All the results we present in this Chapter apply to any sparsity level k < £.

Finally, at a technical level, most of the results presented in this Chapter are based on the
Restricted Isometry Property for the matrix X, the Hanson-Wright concentration inequality and

a careful net argument, which could be of independent interest (see Section [4.3|for details).

Notation

[Az|]2

Tl and its Frobenius norm

For a matrix A € R™*™ we use its operator norm ||A|| := max,
| Al = (Z” |am|2) %. If n,d € Nand A € R>P by A;,i = 1,2,...,p we refer to the p columns
of A. For p € (0,00),d € N and a vector x € R? we use its £,-norm, ||z||, := (3°F_, |xz|p)% For
p = oo we use its infinity norm ||z||s := max;—;__4|x;| and for p = 0, its O-norm ||z|jo = |{i €
{1,2,...,d}|x; # 0}|. We say that z is k-sparse if ||z||o < k and exactly k-sparse if ||z||o = k. We
also define the support of x, Support (z) := {i € {1,2,...,d}|z; # 0}. For k € Z~y we adopt the
notation [k] := {1,2,...,k}. Finally with the real function log : Ry — R we refer everywhere

to the natural logarithm.

Structure of the Chapter

The remained of the Chapter is structured as follows. The description of the model, assumptions
and main results are found in the next section. Subsection 4.3 is devoted to the proof of the
absence of the Overlap Gap Property and the success of the local search algorithm in the regime

n > Cnalg.
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4.2 Above n,, samples: The Absence of OGP and the suc-
cess of the Local Search Algorithm

Recall that according to (1.3)), when 8* is binary-valued, n,, = (2k + 02)logp. We work in this
Chapter under the assumption that n > Cn,y, for some sufficiently large C' > 0. Furthermore,
all of the results presented in this section are in the regime where the signal to noise ratio (SNR)
k/o* is at least a constant. In particular, this SNR assumption implies n,, = © (klogp). For
these reasons, for simplicity and without loss of generality, from now on, in this Chapter we use
the simplified notation 7, 2 klogp.

We establish the absence of the OGP in the case n > Cng,, = Cklogp for sufficiently large
C > 0, w.h.p. For the same values of n we also propose a very simple Local Search Algorithm
(LSA) for recovering * which provably succeeds w.h.p. In fact our results for OGP is an easy

consequence of the success of LSA.

The Absence of OGP

We now state the definition of Overlap Gap Property (OGP) which generalizes the definition
used in Chapter [3| where it focuses only the binary case for 5*.

Definition 4.2.1. Fiz an instance of X, W. The regression problem defined by (X, W, 5*) where
a vector 5* is an exactly k-sparse vector with |B*|mim > 1 satisfies the Overlap Gap Property
(OGP) if there exists 1 =1y, p 02 > 0 and constants 0 < (; < (o < 1 such that

(1) Y = X2 <,

(2) There exists a k-sparse vector 3 with Support(3) N Support(8*) =0 and ||Y — X B2 < r,

and

(3) If a k-sparse vector B satisfies ||Y — X f||2 < r then either

|Support(3) N Support(87)| < ¢k

or

|Support (/) N Support(5%)| > (k.
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The OGP has a natural interpretation. It states that the k-sparse (s which achieve near
optimal cost for the objective value ||Y — X ]| split into two non-empty “well-separated" regions;
the ones whose support is close with the support of 5* in the Hamming distance sense, and the
ones whose support is far from the support of 5* in the Hamming distance sense, creating a
“gap" for the vectors with supports in a “intermediate" Hamming distance.

In Chapterthe authors prove that under the assumption %02 < k <min{1, 0%} exp (C’ \/@)
for some constant C' > 0 if n satisfies ni,¢, < n < cklogp, for some sufficiently small constant
¢ > 0, then the OGP restricted for binary vectors holds for some r > 0 and (; = % and (o = i.
Since OGP is associated with algorithmic hardness, it is naturally expected that OGP will not
hold when n > Cklogp for some constant C' > 0, which is the regime for n where efficient
algorithms, such as LASSO, have been proven to work. We confirm this belief in the theorem

below.

Theorem 4.2.2. There exists ¢,C > 0 such that if 0> < cmin{k, log’igp}, n > Cnayg the

following holds. If the 5* is exactly k-sparse and satisfies |5*|min > 1 then the regression problem
(X, W, 5*) does not satisfy the OGP w.h.p. as k — +o0.

We now give some intuition of how this result is derived. The proof is based on a lemma on

the “local" behavior of the k-sparse (s with respect to the optimization problem

(®y) min ||Y — X
st. 118l < k.
We first give a natural definition of what a non-trivial local minimum is for ®,.
Definition 4.2.3. We define a k-sparse 8 to be a non-trivial local minimum for ®, if

e Support (3) # Support (%), and

e if a k-sparse 31 satisfies

max{|Support () \ Support (1) |, |Support (3;) \ Support (5) |} < 1,

it must also satisfy

Y = XBull2 2 [[Y = X5 2.
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We continue with the observation that the presence of OGP deterministicaly implies the

existence of a non-trivial local minimum for the problem ®s.

Proposition 4.2.4. Assume for some instance of X, W the regression problem (X, W, 5*) satis-
fies the Overlap Gap Property. Then for this instance of X, W there exists at least one non-trivial

local minimum for ®,.

Proof. Assume that OGP holds for some values r, (1, (5. We choose 3; the k-sparse vector [ that
minimizes ||Y — X ]|2 under the condition |Support(5) N Support(8*)| < (1k. The existence of
p1 is guaranteed as the space of k-sparse vectors with [Support (/) NSupport(8*)| < (ik is closed
under the Euclidean metric.

We claim this is a non-trivial local minimum. Notice that it suffices to prove that 5, minimizes
also ||Y — X ||z under the more relaxed condition |Support(3) N Support(5*)| < (k. Indeed
then since (1k < (2k, 51 will be the minimum over a region that contains its 2-neighborhood
in the Hamming distance and as clearly the support of ; is not equal to the support of 5* we
would be done.

Now to prove the claim consider a [ with 1k < [Support(f) N Support(5*)| < (k. By the
Overlap Gap Property we know that it must hold ||Y — X ]||2 > r. Furthermore again by the
Overlap Gap Property we know there is a ' with |Support(5’) N Support(8*)] = 0 < (k& for
which it holds ||[Y — X ']l < r. But by the definition of 5y it must also hold ||Y — X 3|2 <
Y — X'||2 < r which combined with ||Y — X 3|2 > r implies ||[Y — X 1|2 < ||Y — X||2. Since
the [ was arbitrary with {1k < |Support (/) N Support(8*)| < {2k the proof of the Proposition is

complete. [

Now in light of the Proposition above, we know that a way to negate OGP is to prove the
absence of non-trivial local minima for ®,. We prove that indeed if n > Cklogp for some
universal C' > 0 our regression model does not have non-trivial local minima for ®, w.h.p. and
in particular OGP does not hold in this regime w.h.p., as claimed. We state this as a separate

result as it could be of independent interest.

Theorem 4.2.5. There exists ¢,C' > 0 such that if 0> < cmin{k, log)i’g’p}, n > Cnae such that

the following is true. If the 5* is exactly k-sparse and satisfies |5*|min > 1 then the optimization

problem (®3) has no non-trivial local minima w.h.p. as k — +0o.
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The complete proofs of both Theorem [1.2.2] and Theorem [£.2.5] are presented in Section 4.

Success of Local Search

As stated in the introduction, in parallel to many results for random constrained satisfaction
problems, the disappearance of OGP suggests the existence of a very simple algorithm succeeding
in recovering (£*, usually exploiting the smooth local structure. Here, we present a result that
reveals a similar picture. A natural implication of the absence of non-trivial local minima property
is the success w.h.p. of the following very simple local search algorithm. Start with any vector 3,
which is k-sparse and then iteratively conduct “local" minimization among all 5’s with support
of Hamming distance at most two away from the support of our current vector.

We now state this algorithm formally. Let e; € RP;i = 1,2,...,p be the standard basis
vectors of RP.

Local Search Algorithm (LSA)

0. Input: A k-sparse vector § with support S.

1. For all i € S and j € [p| compute err; (j) = min, [|Y — X3+ 8;:X; — ¢ X2

2. Find (i1, 1) = argmin;cg ;e 0rr; () and g1 := argminggl|Y — X8 + 8, Xiy — ¢ X, [|2-

3. If ||Y — Xﬁ + ﬁilXil — QIXj1||2 < ||Y — X/BHQ, update the vector 6 to 5 — Bileil + qej, the
set S to the support of the new § and go to step 1. Otherwise terminate and output 5.

For the performance of the algorithm we establish the following result.

Theorem 4.2.6. There exist ¢, C > 0 so that if B* € RP is an exactly k-sparse vector, n > Cngig

and o? < c|B* 2., min{log’igp, k} then the algorithm LSA with an arbitrary k-sparse vector 5y as
—XPBoll3

mput terminates i at most A‘k”YJT iterations with a vectorﬁ such that

(1) Support (B) = Support (5*) and
(2) 18— 5 :<0,
w.h.p. as k — +00.

The complete proof of Theorem [4.2.6] is presented in subsection Various auxiliary

lemmas are established in the Subsections in between.
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4.3 LSA Algorithm and the Absence of the OGP

4.3.1 Preliminaries

We introduce the notion of a super-support of a finite dimensional real vector.

Definition 4.3.1. Let d € N. We call a set ) # S C [d] a super-support of a vector x € R? if
Support () C S.

We also need the definition and some basic properties of the Restricted Isometry Property

(RIP).

Definition 4.3.2. Let n,k,p € N with k < p. We say that a matric X € R™ P satisfies the
k-Restricted Isometry Property (k-RIP) with restricted isometric constant 6 € (0,1) if for

every vector B € RP which is k-sparse it holds
(1= a)[1Bll3n < [|IXBI5 < (1+ )| 8]I57.

A proof of the following theorem can be found in [BDDWOS].

Theorem 4.3.3. [BDDWOS] Let n, k,p € N with k < p. Suppose X € R™P has i.i.d. standard
Gaussian entries. Then for every § > 0 there exists a constant C = Cs > 0 such that if

n > Cklogp then X satisfies the k-RIP with restricted isometric constant o < 0 w.h.p.
We need the following properties of RIP.

Proposition 4.3.4. Let n,k,p € N with k < p. Suppose X € R™? satisfies the k-RIP with

restricted isometric constant 8, € (0,1). Then for any v,w € RP which are k-sparse,

(1)

[(X0)" (Xw)| < (1+ ) [[vllolfwllon < 2[[v]l2]w]2n.
(2) If v,w have a common super-support of size k then

IXwll3 + 4llv = wlla[lw]lon + 2[lv — wllzn > [|Xvll > [ Xw]3 = 4]jv — w]la[|w]|2n.
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(3) If v,w have disjoint supports and a common super-support of size k then

|(X)" (Xw)| < 0k ([[oll3 + [[w]3) n.

Proof. The first part follows from the Cauchy-Schwarz inequality and the definiton of k-RIP

applied to the vectors v, w. For the second part we write Xv = X (w + (v — w)), and we have
T
1X0[3 = [ Xwl3 +2 (X (v —w))" (Xw) + [|X (v = w)|3:

Since v, w have a common super-support of size k, the vectors v — w,w are k-sparse vectors.

Hence from the first part we have
—2[jv = wllof[w]lzn < [X (v — w)" Xw| < 2|lv - w]2]|w]l2n

0 < [[X(v—w)l < 2llv—wl3n.

Applying these inequalities to the last equality, the proof follows.

For the third part since v, w are k-sparse and have a common super-support of size k the
vectors v+w and v—w are k-sparse vectors. Hence by k-RIP and that v, w have disjoint supports
we obtain

IX (0 + w3 < (140 llv+wlzn = (1+6) (Jlv]lz + [[wlz)

and similarly

IX(w = w)llz > (1 =) ([0ll3 + [[wl3) n.

Hence
1
|(X0)" (Xw)] = [ [IIX (v + w3 = [IX (v = w)5]
1
< 71 +0) (Ivll3 + lwli3) n — (1 = 8) (I0]l3 + lwl3) n|
< ([0ll3 + [lwl3) n,
as required. O
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Finally, we need the so-called Hanson-Wright inequality.

Theorem 4.3.5 (Hanson-Wright inequality, [HW'1]). There exists a constant d > 0 such that
the following holds. Let n € N;A € R™™ and t > 0. Then for a vector X € R™ with i.i.d.

standard Gaussian components

2
P (|X'AX — E[X'AX]| > t) < 2exp {—dmin (t_Q L)] .
Al Al

4.3.2 Study of the Local Structure of (¥;)

We start by introducing the notion of an a-deviating local minimum («@-DLM).

Definition 4.3.6. Let n,p € N,a € (0,1),X € R™? and ) # S1,S52,53 C [p]. A triplet of
vectors (a,b,c) with a,b,c € RP is called an a-deviating local minimum («a-D.L.M.) with

respect to Sy, S5, 53 and to the matriz X if the following are satisfied:

o The sets S, S, S5 are pairwise disjoint and the vectors a, b, ¢ have super-supports Si, S, S3

respectively.

e Forallie S and j € Sy

2 b 2
| (Xa —a;X;) 4+ (Xb—b;X;) + Xc|5 > || Xa+ Xb+ Xl — <|\’gH!2 + %) n. (4.2)
1 2

Remark 4.3.7. In several cases in what follows we call a triplet (a,b, c) an a-DLM with respect
to a matriz X without explicitly referring to their corresponding super-sets Sy, Sa, S5 but we do

always assume their existence.
We first establish the following algebraic claim for the DLM property.

Claim 4.3.8. Let n,p, k € N with k < %p. Suppose a matrix X € R™P satisfies the 3k-RIP for
some isometric constant o3, € (0,1) and that for some a € (0,1) a triplet (a, b, c) is an a-D.L. M.

with respect to X. Then

IX (a+b) |13+ 2(X)" (X(a+b)) < (o +495) ([lalls + [1b]13) 7.
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Proof. Let Sy, S, S5 the super-sets of the vectors a, b, ¢ with respect to which the triplet (a, b, ¢)
is an a-DLM. Set m := |S;| = |Ss2|. Based on the definition of an a-DLM by expanding the
squared norm in the left hand side of (4.2)) we have that Vi € Sy, € S it holds

aFIXl3 + BFIXG 115 + 200, X X5 — 2 (Xa + Xb+ Xe)' (a:X; +b;X;)

2 b?
_QCMB+HM)W
m m

Summing over all ¢ € 51,5 € Sy we obtain

is at leasy

> (Al + RIS + 20, XT X, — 2 (Xa+ Xb+ X0)T (a:Xs + b;X;)|

1€851,J€S2

is at least

—ma ([lall3 + [[blI3)

which equivalently gives

m Y al| X3 +m ) BIXG3 + 2(Xa)" (Xb) — 2m (Xa+ Xb+ Xc)' (Xa+ Xb)

1€S] JESs

is at least

—ma ([lall3 + [[blI2)

which now after rearranging and multiplying with —% implies that the quantity

1
1 X (a+b) |5+ 2(Xe)" (X(a+ b)) +2 (1 — E) (Xa)"(XD)
5
+ || Xal3 - Za?HXiII% + [ X0l - Z b?||Xj||§]
1€51 JES2
T

is at most a (||al|3 + ||b]|3) n. To finish the proof it suffices to establish that S, T are both bounded
from below by —2ds;, (||al|3 + ||b]|3) n. We start with bounding S. The vectors a, b have disjoint
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supports which sizes sum up to at most 3k. In particular, the union of their supports is a common
super-support of them of size at most 3k. Hence we can apply part (3) of Proposition to
get

1 1
5 =2 (1= 1) (60" (x0) 2 2 (1= ) (Jalg + [018) n > =25 (lal} + 1) v,

m

For T it suffices to prove that [[|Xall3 — >, g afl|Xil3] > —20s]|al|3n and since the same

will hold for b by symmetry, by summing the inequalities we will be done. Note that as a and all

the standard basis vectors are 3k-sparse vectors by 3k-RIP for X we have || Xal|3 > (1—ds)||al/3n
and secondly || X;||3 < (1 + d31)n, for all i € [p]. Combining we obtain

IXall3 - a?HXiH%] > [(1 — 0gp)[lall3n — (1+d3x) Y ain| = =205 al3n.
1€851 1€51

The proof is complete. n

We now establish two properties for D.L.M. triplets.

Proposition 4.3.9. Let n,p,k € N with k < %p. Suppose that X € R™*P satisfies the 3k-RIP
with restricted isometric constant 0, < % Then there is no %-D.L.M. triplet (a, b, ¢) with respect

to the matriz X with ||al|3 + [|]|3 > 1/lc[I3-

Proof. By Lemma any %—D.L.M. triplet satisfies
1
I (040 + 20607 (X(a-+ ) < (5 -+ 460, ) (lal + 101E) .
But using the 3k-R.I.P. for X and that a, b, ¢ have disjoint supports with sizes summing up to

at most 3k we get the following two inequalities from Proposition (4.3.4));

o [|[X(a+b)||2> (1—0b3) ([la+0bl3)n = (1—10d3) (||a||? + ||b]|3) n, since a+ b is 3k-sparse and

a, b have disjoint supports.
o (Xo)(X(a+b)) > —ds (||cl|2 + ||al|2 + [|b]|2), from Proposition [£.3.4] (3).

We obtain
(1= d3&) (lall3 + [1115) — 203k ([lll3 + llallz + lIo3)
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is at most (1 + 4ds;,) ([|lall3 + [|b]|3) . But now, this inequality can be equivalently written as

3
(3 - 7o) (1l + 1018) < el (4.3

Now we use that for d3; < 15 it holds 2 — 783, > 283,. Using this in (4.3) we conclude that

1

Vllall3 + [[b][3 < 3]|cll2 and the proof of the proposition is complete.

The second property we want is the following.

Proposition 4.3.10. Let n,p,k € N with k < %p. Suppose X € R"*P has i.i.d. N(0,1) entries.
There exists constants c¢1,Cy; > 0 such that if n > Ciklogp then w.h.p. there is no Z—ll-D.L.M.

triplet (a,b,c) with respect to the some sets ) # Si, S, S3 C [p] and the matriz X such that the
following conditions are satisfied.

(1) |a|min := min{|a;| : a; # 0} > 1.

(2) S1USs = [k]U{p}, p € S5 and Sy = Support(a).

(3) Nl + D)3 + I1el3 < e min{ 22k},
Proof. We first choose C; > 0 large enough based on Theorem so that n > C1klog p implies
that X satisfies the 3k-RIP with d3, < 1—16 w.h.p. In particular all the probability calculations
below will be conditioned on this high-probability event.

We start with a lemma for bounding the probability that a specific triplet (a,b,c) is an

%—D.L.M. triplet with respect to X.

Lemma 4.3.11. There exists a c¢o > 0 such that for any fized triplet (a,b, c) with a # 0,

1 2+ 10]|2
P ((a, b,c) is a §—D.L.M. tm’plet) < 2exp (—con min{1, M}) :

lell3
where for the case ¢ = 0 we abuse the notation by defining % = +00.

Proof. We prove only the case ¢ # 0. The case ¢ = 0 is similar. Assume a fixed triplet (a, b, c) is

an 1-DLM. Using Claim we have that it holds

I (040 + 20607 (X(a-+) < (5 -+ 460 ) (lal + [01E) .
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. a+b = <
We set Xy = X( ||a§+||b§) and W = X <”"”2

N(0,1) entries because a, b, ¢ have disjoint supports. The last inequality can be expressed with

) and notice that Xy, W; have independent

respect to Xi, W, as,

1
1008 + 2 i < (54 a0 ) 0
CEERLE

Now we introduce matrix notation. For I,, the n x n identity matrix we set

llell2

I 1
e VlalB-+eI3
‘ lel2__j 0,

llall3+[l13

and V be the 2n vector obtained by concatenating X, W7y, that is V' := (X, W;)". Then the last

inequality can be rewritten with respect to the matrix notation as
. 1

We now bound the probability of this inequality. First note that since V is a vector with iid
standard Gaussian elements it holds that E[V*AV] = trace (A) = n. Hence,

e (viav < (1 ase) )
1

<P (|VtAV ~E[V*AV]| > (5 - 453k)n) , using E[V'AV] = n,

1 1 1
<P (|VtAV _ E[VtAV] | > %) , using that d3; < 16 implies 9 403k > 4

Now we apply Hanson-Wright inequality, so we need to estimate the Frobenious norm and the

spectral norm of the matrix A. We have

HCHQ 2}71. (44)

1Al < 3nllAll%, < 3max{l, 0o
" lall3 + 116113
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Now using that A can be represented as the Kronecker product

llell2

A o310l | o f

llell2

Vllall3+1o]13

we obtain that the maximal eigenavalue of A is the maximal eigenvalue of the 2 x 2 first product

term of the Kronecker product. In particular from this it can be easily checked that,

(13
IA] < 2max{1, ). (4.5)
lall3 + 110113

Now from Hanson-Wright inequality we have for some constant d > 0,

1 i 2 1y
P (|VtAV —E[VIAV]| > —n) < 2exp [—dmin( , =4 )] (4.6)
avliz AT TA]
Using (4 , . and noticing that max{1, Ha||HCJﬁb|| } < max{1, %} we obtain that for

the constant ¢ := 4—8d it holds

1,2 1
(3 gn o llall3 116113
dmin < 16 ,4—> > conmin{l, ————=}
LA (1Al B
and therefore using (4.6 the proof is complete in this case. ]

Now we proceed with the proof of the proposition. We define the following sets parametrized

by r,é¢ >0 and a € (0,1)

B :={(a;b,¢) R”, lallo + [1bllo + llcllo < 2k + 1, llall3 + [Ibl13 + [lell3 < 7%, |almi > ¢}

D,z equal to
{(a,b,c) € BT’5|(a, b, c) is a-D.L.M. with correspondning super-supports satisfying
the assumption (2) of the Proposition [4.3.10] }
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We call a triplet of sets () # Sy, S5, S3 C [p] good if
e 51,055,535 are pair-wise disjoint
[ ] ’Sl‘ = ’SQ‘, pE Sg and Sl USg = [k] U {p}

For € R and S C R we define the set
S—a:={s—alse S}

For i = 1,2,3 we set P, := {(i — )p+ 1,(i — )p+ 2,...,ip}. Notice that the sets P, P, Ps
partition [3p]. We define the following family of subsets of [3p],

T :={T C [3p]| the triplet TN P, T NP, —p,T NP3 —2p is good}.

It is easy to see that T C {T C [3p]||T'| < 2k + 1}. Furthermore for any 7' € T we define

B.a(T) == {(a,b,¢) € Byz|Support ((a,b,c)) € T,T N P, = Support (a)}

and

D, ,:(T) equal to

{(a,b,c) € B,+(T)|(a,b,c) is a-D.L.M. with respect to TN Py, T N Py — p, T N P; — 2p}.

We claim that

D%,r,l = U D%,r,l (7). (4.7)
TeT

For the one direction, if A = (a,b,c) € D1, (T') for some T € T then (a,b,c) is a-DLM with
corresponding super-supports T'N P, T'N P, — p,T'N P3; — 2p which can be easily checked that
they satisfy assumption (2) of the Proposition based on our assumptions. For the other
direction if A € Dy ., is an a-DLM with respect to 51,53, 53 satisfying the assumption (2) of
the Proposition, it can be easily verified that for the set "= S; U (S + p) U (S5 + 2p) it holds
T €T and furthermore A € D1 ., (T).
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Now to prove the proposition it suffices to prove that there exists ¢;,C; > 0 such that if

n > Ciklogp and r = \/cl mln{ k} then

log log p’

lim IP’( iml7é®> =

k—+o00

Using the equation (4.7)) for o = i and ¢ = 1 and the union bound it suffices to be shown that
k} then

log log p’

i 32 (D () £0) =0

for some ¢y, C; > 0 if n > Ciklogp and r = \/01 mln{

We now state and prove the following packing lemma.

Lemma 4.3.12. There exists Cy > 0 such that for any r > 0,0 € (0,1) and T € T we can find
Qr1-5(T) C B,1-5(T) with the following two properties

2k+1

o |Qr1-5(T)] <Oy (%)
o For any p € B,1(T) there exists ¢ € Q1-s(T") with ||p — qll2 < 0.

Proof. Fix r > 0,0 € (0,1) and 7" € T. Since T' C [3p] and |T'| < 2k + 1 using standard packing

arguments (see for example [BDDWOS]|) there exists universal constant Cy > 0 and a set

Qr1-5(T) C Bi(T) := {(a,b,c)[a,b, c € R?, Support ((a,b,c)) C T\ [lall3 + [[b]3 + [lellz < r*}

with the properties that |Q), 5(T)] < Cq (%)%Jr1

q € Qr1_5(T) with |[p —qfl> < 0.

To complete the proof we define

and that for any p € B,(T) there exists

Qr1-5(T) = Q.1_s(T) N By —5(T).

As Qr15(T) € Q). 5(T) it also holds

2k+1
Qus) < Qs < ()
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For the other property let p = (a,b,¢) € B,1(T). Since B,1(T) C B,(T') there exist ¢ =
(I, m,n) € Q. 5(T) with [[p —ql|]2 < 0. We claim that ¢ € B, 5(T) which completes the proof.
It suffices to establish |l|mim > 1—0 and that Support (1) = TNP. We know ||a—||oc < |la—1]]2 <
lp — ql|2 < 0. Therefore since for al i € T'N Py, |a;| > 1 we get that for all: € TN Py, |l;| > 1—0.
Since T'N P; was assumed to be a super-support of [ this implies both Support (1) = T'N P; and
|| min > 1 — 0.

]

Claim 4.3.13. Consider the sets {Q,1-s(T)}rer from Lemma defined for some r > 0
and 0 < 0 < min{z-, 1}. If X satisfies the 3k-RIP with 63, € (0,1) then for any T € T such
that D1, ,(T) # 0, we have Q.1-s(T) N Dy, (T) # 0.

Proof. To prove the claim, we consider an element A = (a,b,c) € D1 +1(T). Note that since
A e D%ml(T) C B.1(T) C B,1-5(T) the definition of @, ;-s(7) implies that for some L =
(T).
Notice that from the definition of the sets Qm_(g(T),D%,T,,l(T), the vectors a,l share the

(I,m,g) € Qr1-s(T) it holds ||A — L||2 < 6. To complete the proof we show that L € D,
set S; = T N P, as a common super-support and furthermore the vectors b, m share the set
Sy =T N P, as a common super-support. Since A € Di,m(T) we know firstly S; = Support(a),
secondly for any i € S; = Support(a), |a;] > 1 and finally that for any i € S; and j € S,

1 [ |lal|? bl|2
| (Xa—a;X;+Xb—0,X,) —|—Xc||g > ||X(a+b+c)||§ 1 (||’S|1‘|2 + %) n. (4.8)

To prove L € D 1l (T') it suffices to prove now firstly that S; = Support(l), secondly for any

7

i € Support(l), |l;] > 1 and finally that for every i € S; and j € S,

1 l 2 2
X0 = X+ X = my25) 4 Xl 2 X mot o) = 5 (12 + el ) (ao)
1 2

We start with the first two properties. This is a similar calculation as in the proof of Lemma
4.3.12L We know ||a — || < [|[A — L[] < ¢ < 1. In particular, ||a — ||« < 3. But we know that
S1 = Support(a) and |a|mi, > 1. These together imply that for all i € Sy, |l;| > % Since Sy is
a super-support of [ we conclude that indeed S; = Support(l) and that for any ¢ € Support(l),
;| > % as required. Now we prove the third property and use Proposition m By part (2) of
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this proposition we know that since X satisfies the 3k-RIP for some restricted isometric constant

03, < 1, any two vectors v, w which share a common super-support of size at most 3k satisfy

IXwll? + 4llv — wllz|wllzn + 2[jv — wl3n > [ Xvlls > [|Xw]l; — 4]v — w]lz[lw]l2n (4.10)

For our convenience for the calculations that follow we set for all i« € S} and j € S, A;; =
A — ae; — bjej and L;; == L — l;e; — mje;, where by {ei}ie[gp} we denote the standard basis
vectors of R®. In words for all i € S; and j € Sy we set A, j the vector A after we set zero its @
and j coordinates and similarly we define L; ;. Now fix ¢ € S}, 7 € S. Then we have by directly
applying for the two pairs v = L; j and w = A; j and v = L, w = A that

IX(Ai )15 < IX(Lig)l3 + 4l Liy — Aijll2llAijllan + 2] Ly — Asjll5n

and

IX (A = [ X(L)IIz — 414 = L]l L2n,
Hence || X (A;;)|3 — [|X(A)]3 is at most
IX (Ligllz + 4l Liy = Aijll2l| Aigllan + 21| Liy — Aijllzn — [ X(L)]Iz + 4[| A — Ll|2[| All2n.
But using the easy observations
[Aij — Lijlla < [|[A= L2 <0

and
[Aijllz < Al <7
we get that the last quantity can be upper bounded by || X L, ;||3— | X L||3+ (87428%)n. Therefore
combining the last steps we have established
IX (A5 = XA < N1 X Ligllz — X LIS + (80r + 25%)n.
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14

DO DO

But we know that by our assumptions || X (4;;)[13— X (A)[j3 > —1 (m% + ) n. Therefore

[S2]
1 (lall3 (1013
XL |- XL2>——( 2 1 02 ) — (861 4 20%)n.
H JHQ H HQ - 4 ’51| |S2| ( )
So to prove (4.9) it suffices to be proven that

1 (al3 Hb||§> > 1 (||l||§ ||m||§)

—— +—=)n—-(8r-+20")n>— | —=+ n. 4.11
Tl 1) =5 sl T s )

Note that |[Alls <7, ||L]]2 < 1, [][A — L||2 < ¢ implies ||a||3 — ||I||3 < 207 and ||b]|3 — ||m]]3 < 24r.
Hence from the definition of A, L and since |S;| = |Se| > 1 it holds,

1 (a3 ||b||§) 1 (||l||§ ||m||§)
- +—=)n—-=| ==+ n < 20rn.
2 ( [S1]  [S 2\ |1  [5:]

In particular it holds

1 (a3 ||b||§) 1 (||l||§ ||m||§)
-5 +—=|n>—|(757+ n —20rn.
2 ( [Si] 9] o2\ |5 ]85y

Hence using the last inequality we can immediately derive (4.11]) provided that

1 llal3 , 1613 oy 2
+ n > 26rn + (85r + 26%)n = (1061 + 20%)n.
A\ [S1]  [5

2
But now since a? > 1 for all i € Sy, lally > 1 and therefore

|51]
1 (al Hng) 1
Nt | n>-n.
4 < 151l 152] 4
so it suffices that 26% + 106r < 1. It can be easily checked to be true if 6 < min{z-,+}. The

proof of the claim is complete. n

To prove the proposition we need to show that for some ¢;,Cy > 0 if n > Ciklogp, r =
\/ ¢ min{ ~222_ £} and § = 6—[1)r then for the appropriately defined sets {Q,1-5(T") }re7 it holds

loglogp’

kgrfw;P (|Qr,1_5(T) NDy, 1 (T)] 2 1) — 0.
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But by Markov inequality for all such T" € T,

P (1Quis(T) N Dy, = 1) <E[|Qp (1) N D

1
29"

1
7T7§]

Furthermore for all '€ T, 1 < |T'N P2| < k. By the Markov inequality and summing over the

N

possible values of |T'N Py| for T € T, it suffices to show that for some ¢1,C; > 0 if n > Ciklogp
and r = \/01 min{ —2£2_ L1 then,

loglogp’

k
dm > 3 E(IQus(T) 0Dy, (7)) =0 (4.12)
m=1 TeT,|TNP|=m

Fix m € [k] and a set T € T with |T'N P| = m. Then for any A = (a,b,¢) € Qr1-6(T) N
Dy, 1(T), since Dy 1 (T) € B, 1(T), we have |a|min > 2 and |lal|3 + [|b]]3 + ||c||? < 7. Based

5,1”, 2

1(T), we also have |Support(a)| = |S1]| = |S2] = |T'N P] = m. Hence,

7T7§
lal|? > |al?;,,m > im and |[|c[|3 < |lal|3 + [|b]|3 + [|c||3 < r%. By Lemma 4.3.11| we know that

for any triplet A = (a,b,c), P (A € D%m%(T)) < exp ( conmin{1, ”a”ﬂ!b” }) Hence using the

above inequalities we can conclude that for any such A = (a,b,¢) € Q,1-5(7T") it holds

on the definition of D%

IP’(AGD;T

1
2002

(T)) < 2exp (—%lcon min{1, g}) (4.13)

Linearity of expectation, the above bound and the cardinality assumption on Q,1_s(7") imply

E|1Qu1-5(T) N Dy 3 (D] < 21Qu1-s(T)] exp (—%lcon min{1, g}) (4.14)

127\ > 1 om
< 20, ( 5 ) exp (—Zcon min{1, ﬁ}) . (4.15)

We now count the number of possible T € T with |T'N P,| = m. Recall that any 7' C [3p]
satisfies T' € T if and only if the triplet of sets TN P;,T N P, — p, T N P; — 2p is a good triplet.
That is if and only if

(1) TNPy, TNP,—p, TNP;—2p are pairwise disjoint sets and |[TNP,| = |TNPe—p| = |TNPy| =m
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(2) peTNP;—2p
(3) (TN P)U(TNPs—2p) = [k]U{p}

Since a set T" C [3p] is completely characterized by the intersections with Pj, Py, P3, it suffices
to count the number of triplets of sets T'N P;, ©« = 1,2, 3 satisfying the three above conditions.
Now conditions (1),(3) imply that 7°N Ps is completely characterized by 7'N P;. Furthermore
by checking conditions (1), (2), (3) we know that 7N P; is an arbitrary subset of [k] of size m.
Hence we have ( TIZ ) choices for both the sets T'N P, and T'N Ps. Finally for the set T'N Py we
only have that it needs to satisfy |T'N Py| = m. Hence for T'N P, we have ( 4 ) choices, giving in
total that the number of sets T' € T with |T'N P| = m equals to (:L) (7). Hence,

> E(IQuus(T)nDy1)]) < 2(:;) (f;) Cy (%)Ml exp <—}lconmin{1, %}) |

TeT,|TNP:|=m

Summing over all m = 1,2,..., k and using the bounds (:1) < 2k (f@) < p™ we conclude that

DS E (|Qra-s(T) N Dy, 4(T)])

m=1TeT,TNP|=m

127\ ! 1 ) m
203k2" _max [pm (T) exp (—Zcon min{1, ﬁ}) )

.....

1s at most

Therefore it suffices to show that for some ¢, C; > 0if n > Ciklogp, r = \/01 min{b{gﬂ%, k}

and § = ﬁ then

127\ 2! 1 m
: k m : o
klggo k2 mI:nlan [p (—5 ) exp (—Zcon min{1, 2 ) = 0.

Since this is an increasing quantity in n and in % we plug in n = éC’lk‘log pand § = =

5o (since

r — +oo) and after taking logarithms it suffices to be proven that for C; large enough but

constant and ¢; > 0 small enough but constant, if r» = \/ ¢ min{log)ig ~,k} then

max mlogp + (2k + 1) log (1000r*) — C1klog pmin{1, %}} + klog2 + logk — —oc.
T

m=1,...,
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We consider the two cases: when m < r? and when m > r%. Suppose m > r?, that is
min{1, -2} = 1. We choose ¢; small enough so that 100072 < k < p and therefore
max, [m log p + (2k + 1) log (1000r*) — Cyklog pmin{1, @2}} + klog2 + log k
>m>r T

= max [m logp + (2k + 1) log (10007“2) — C’lklogp} + klog2 + log k

k>m>r?2

IN

—(Cy —4)klogp + klog2 + log k, since mlogp + (2k + 1) log (10007"2) < 4klogp,
< _(Cl - 5)k10gpa

which if C} > 6 clearly diverges to —oo as k — +-00.

Now suppose m < r?, that is when min{1, =} =3. We have

max [m logp + (2k + 1) log (10007~2) — Ciklog pmin{1, %}] + klog?2 + log k
r

1<m<r?

= max [m logp + (2k + 1) log (1000r*) — Clklogp%} + klog2 + log k.
r

1<m<r2

We write

mlogp + (2k + 1) log (1000r2) — C’lklogpg

G m 2 Ch m
=mlogp — Z-klogp - — + (2k + 1) log (1000r*) — —klogp - 5.
But now for ¢; < 1 we have 72 < k and therefore

1
< (1-— %)mlogp < —2logp (4.16)

C
mlogp — Elk’logp- 12

for C; > 6. Now we will bound the second summand. Again assuming C; > 6 and using that

m > 1 we have

C m 1
(2k + 1) log (1000r%) — éklog P35S 3k (log (10007%) — y log p> (4.17)

Now we claim that the right hand side of the above inequalty is at most —3k, given ¢; small

enough, as k — +o0o. It suffices to prove that if r < /¢y loloigp for some ¢; > 0 small enough
glogp
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then log (1000r?) — 25 logp < —1 or equivalently 72 log (1000r%) + 7 < 1 logp. But notice that

1
4
the left hand side of the last inequality is increasing in r and it can be easily checked that if

r2 log( 100072 ) 412
7,2 _ 1 logp then ( )

S Toslosp Toap tends in the limit (as p grows to infinity) to % which is less than

Z' Therefore if ¢; < % the inequality becomes true for large enough p for this value of » and my

monotonicity for all smaller values of r as well. Now combining (4.16) and (4.17) we conclude

that for small enough ¢; > 0 and large enough C; > 0 that

1
max |mlogp+ (2k + 1) log (10007"2) — C’lkrlogp—m + klog?2 + logk
1<m<4r2 47?2
< —2logp — 3k + klog2 +logk

< —(3—=2log2)k + logk — —o0, as n,p,k — +00

which completes the proof.

4.3.3 Proof of Theorems [4.2.2} [4.2.5| and

We first prove Theorem and then we show how it implies Theorems [4.2.2] and [£.2.5]

Proof of Theorem[{.2.6, Let X' be an n x (p 4+ 1) matrix such that for all ¢ € [n], j € [p] it holds

X/, =X;;and fori € [n],j =p+1, X] ., := LW,;. In words, we create X’ by augmenting X

with the rescaled %W as an extra column. Note that X’ has iid standard Gaussian entries and
/8*

o

furthermore Y = X5*+ W = X’

Notice that the performance of our algorithm is invariant with respect to rescaling of the

quantities Y, 5%, 0, By by a scalar. In particular by rescaling ¥ = Xp* + W with we

IB |m1n
can replace Y by IB* —, £* with o | a? by ﬁ and finally Sy by W and thus we may
assume for our proof that |5*|mm = 1. Notice that in this case our desired upper bound on the

. . . Y —XBo|2 . . .o .
running time remains 4k% and our assumptions on the variance of the noise is now simply

o? < cmin{ %2k} for some ¢ > 0.
oglogp
Recall that the desired output of the algorithm are vectors B satisfying the following termi-

nation conditions.
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Termination Conditions:

(TC1) Support (B) = Support (5*) and,
(TC2) |8 - B2 < 0.

We start with the following deterministic claim.

Claim 4.3.14. Assume that the algorithm LSA has the following property. For any k-sparse (
which violates at least one of (TC1),(TC2) we have |Y — XB'|2 < ||V — X33 — gn, where
B’ is obtained from [ in one iteration of the LSA. Then the algorithm LSA terminates for any
k-sparse vector By as input in at most 4k% iterations with an output vector [ satisfying

both conditions (T'C1),(TC2).

Proof. The property clearly implies that for the algorithm to terminate it needs to satisfy both
conditions (7'C'1), (T'C2). Hence we need to bound only the termination time appropriately. But
since at every iteration that the algorithm does not terminate the quantity ||Y — X ||3 decreases
by at least ﬁn, the result follows.

O

For any vector v € R? and () # A C [p] we denote by v4 € RP the p-dimensional real vector
such that (v4); = v; for i € A and (v4); = 0 for i ¢ A. Furthermore we set vy = 0, for any
vector v. Without the loss of generality from now on we assume Support (5*) = [k]. Following
the Claim and our discussion, in order to prove Theorem [4.2.6]it suffices to prove that there
exists ¢, C' > 0 such that w.h.p. there is no k-sparse § that violates at least one of (TC1),(TC2)
and furthermore satisfies that ||Y — X8| > ||V — X33 — Z—zn, where 3 is obtained from § in
one iteration of the LSA.

Suppose the existence of such a 3. We first choose C' > 0 large enough so that X’ satisfies
the 3k-RIP with d3; < % The existence of this C' > 0 is guaranteed by Theorem m Denote
by T a super support of 3, that satisfies |T'| = k and TN [k] = Support (5) N[k]. The existence of
T is guaranteed as [Support () | < k and k& < £. Note that in particular that (TC1) is satisfied
if and only iff Support (8) = [k] if and only if 7' = [k]. We know that for all i € [p], j € T and

q€R,
2
g
|V = X8+ 8,X; — Xill; 2 IV — XBl2 — T
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or equivalently,

2

* * o . .
|XB"+W = X6+ B,X; — aXil} = | X5 + W = Xplls — Vi€ pl.j € T.g € R (4.18)

Consider the triplets (a, b, c), (d, e, g) € RPTL x RPFTT x RPFL where

Bie| . | Prwm| |~ Pwne

s =

0 0 o
and
B = Bwer O | (BT — (B)m
d:= ,f = g =
0 0 o

Lemma 4.3.15. Assume that ||(8 — *)ynrll3 > 0. Then the inequalities imply that the
triplet (d, f, g) is %-DLM with respect to the matriz X'.

Proof. We use the relation (4.18)) and we choose i = j € [k]NT , and ¢ = ] to get that

2

|XB*+W — X3+ (B; — B)Xill3 = | X8+ W — XB|2 — Z—kn, for all i € [k]NT.
But now notice that with respect to X’ € R™®+1) and the vectors d, f, g defined above this

condition can be written as

2

IX'd+ X' f+X'g—dX|2>||X (d+f+g)|2 - Z—kn for all i € [k]NT. (4.19)

But based on our assumptions we have

ldll3 + 113 _ 108 = B)werls o 0* _ o?
(K] N [(KfaT) —kNT] — k
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which combined with the inequality above gives,

1ld 2 2
| (X'd—d; X))+ X'f+X'g|l5 > [|X'd+ X'f+ X'gl||5 — Z%n, for all i € [k]NT,

(4.20)

which by definition since f = 0 says that (d, f,g) is a %L—DLM triplet with respect to [k]NT, U
and Support(g), where U is an arbitrary set of cardinality |[k] N T'| which is disjoint from [k]NT
and Support(g). O

Recall that 8 does not satisfy at least one of (TC1) and (TC2). We now consider different

cases with respect to that.
Case 1: T = [k] but || — *]|3 > o>

In that case ||(8 — B*)wnrll3 > o2, because T = [k]. In particular, from Claim we
know that (d, f,g) is a i-DLM triplet with respect to the matrix X’. From Lemma since
we assume that X' satisfies the 3k-RIP with d3;, < % w.h.p. we know that for (d, f, g) to be a
1-DLM triplet it needs to satisfy

1
il + 117112 < Zllgll3, w-h.p.

which equivalently means

* 1 *
(B = B")pgr 15 < 1 (||5[k]\TH§ + 18w I3 + o) whp.

or equivalently as T = [k]

2
% g
I8 = B3 < Zwhp.

This is a contradiction with our assumption on 3 that || — 8*||3 > o2. Therefore indeed this

case leads w.h.p. to a contradiction and the proof in this case is complete.
Case 2: T # [k].
We start by proving that in this case if we choose ¢ < 1 then the inequalities (4.18) imply

deterministically that (a,b,¢) is an 3-DLM triplet with respect to [k]\ T, T'\ [k] and ([k] N T) U
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{p + 1} and the matrix X'. Fori € [k]\ T, j € T\ [k] and ¢ = 3} (4.18) implies

2
IXB* +W — XB+ B, X; — BiX|2 > | XB*+W — XB|ls — —n, foralli € [k]\T,j € T\ [K].

4k

But now notice that with respect to X’ € R™*®+1) and the vectors a, b, ¢ defined above, this

condition can be written as

0'27’L

Ev
for all i € K]\ T,j € T\ [K] (4.22)

1X'a+ X'b+ X'c — a;X] — b; X2 > [|X' (a+ b+ ) |2 — (4.21)

Furthermore since the non-zero elements of a are non-zero elements of 5* we know |a|m, > 1.
In particular for all 7 € [k] \ T it holds a? > 1 and therefore for m = |[k] \ T'| it holds w >

|a|min > 1. Therefore the inequality above implies

2 2 bQ
HX@+X%+X%—%X}4mq@zHX@+X%+XH@—Z£(Wm;”Hﬁ, (4.23)

foralli e [K]\T,7 € T\ [k] (4.24)
Finally, since we are assuming ¢ < 1 we have 02 < k and therefore

| (X'a—a; X]) + (X'b— ;X)) + X'e||; > | X'a+ X'b+ X'c|; — n (lals + bl (4.25)
[alat? I 2 = 2 4 m ) :

foralli e [k]\T,7 € T\ [k] (4.26)

which since m = k — |[k]NT| = |[k] \ T| = |T \ [k]| is exactly the property that (a,b,c) is
1-DLM with respect to the sets [k]\ T, T'\ [k] and ([k] N T) N {p+ 1} and the matrix X’. Since
we assume that X' satisfies the 3k-RIP with d3;, < 1—12 we conclude from Proposition m that

lal|3 + [|b]|3 < 1]|c]|3 or equivalently,

(18 = B wrll3 + o) - (4.27)

1 =

1Bz + 18wl <

Now we apply Proposition [4.3.10| for the i—DLM triplet (a, b, ¢) with respect to Sy := [k]\ T,
Sy :=T\ [k] and S3 := ([k]NT) U {p+ 1}. Let ¢;,Cy > 0 the corresponding constants of the
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proposition. We choose our C' to satisfy C' > C} so that the hypothesis of the Proposition [.3.10]
applies for any }L—DLM triplet with respect to our matrix X’. In particular since (a,b,c) is a
Z—i—DLM triplet we know that it should not satisfy one of the conditions w.h.p. We have that
|a|min > 1 and it is easy to check that S; U S; = [k]U{p+ 1}, p+ 1 € S3 and S; = Support(a).
Therefore from the conclusion of Proposition it must be true that the triplet (a, b, ¢) must
violate the third condition, that is

o logp
crmin{= 28 k) < ol + B3 + el whop.
or equivalently
o logp " 5
ermin{= 28 k) < 818+ 1B + 118 = Bl +

Applying inequality (4.27)) with the last inequality we conclude

. 10 1 * *
C1 mm{logigogp’k} < Z(H(ﬁ - )[k]mT”g +oh)+ (B8 )Tﬂ[k}”% + 02,

or equivalently

4 . logp 2 >
—c; min kY —o0° < - p* ,
5 1 {loglogp } — ||(6 5 )[k}ﬂTHQ
Choosing our constant ¢ > 0 to satisfy ¢ < %cl, we can assume 202 < %cl min{ log’igp, k} and
therefore the last inequality implies
o < ||(8~ B) e [H (4.28)

This by Lemma [4.3.15 implies that (d, f,g) is also an }L—DLM triplet. In particular from

Proposition [4.3.9] we have

1
Idllz + 117115 < Zllgll3,

which equivalently means

* 1 *
| (8 = B")r I3 < 1 (Hﬁ[k}\T”g + 18wz +0?) .
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Using (4.27)) the above inequality implies w.h.p.

1
18 = B pgnr 1z < 7 (1/4(1(B = B)werllz + 07) + 07)

which implies

. 1
| (8—8 )[k]mT H% < 5‘727

a contradiction with the inequality (4.28)).

Proof of Theorem[{.2.9 and Theorem[{.2.5 Given Proposition we only need to establish
Theorem to establish both of the Theorems, that is we only need to prove that there is no

non-trivial local minimum for (®,) w.h.p. We choose constants ¢, C' > 0 so that the conclusion
of Theorem is valid. Suppose the existence of a k-sparse vector 8 which is a non-trivial

local minimum for (®,), that is it satisfies the following conditions (a),(b);

(a) Support () # Support (5*), and

(b) if a k-sparse [ satisfies

max{|Support () \ Support (1) |, |Support (8;1) \ Support () |} < 1,

it must also satisfy

Y — XBi|2 > [|Y — XB2-

We feed now f as an input for the algorithm (LSA). From condition (b) we know that the
algorithm will terminate immediately without updating the vector. But from Theorem [4.2.6
we know that the output of LSA with arbitrary k-sparse vector as input will output a vector
satisfying conditions (1), (2) of Theorem w.h.p. In particular, since S was the output of
LSA with input itself, it should satisfy condition (1) w.h.p., that is Support (8) = Support (8*),
w.h.p. which contradicts the definition of § (condition (a)). Therefore w.h.p. there does not

exist a non-trivial local minimum for (®,). This completes the proof. O
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4.4 Conclusion

In this Chapter, we continue our study of the high dimensional linear regression model under
Gaussian assumptions on X, W and sparsity assumptions on $*. In contrast to Chapters [2] [3]
this Chapter does not assume the vector 5* is binary-valued, and real values are allowed for the
entries of 8*. Our focus is on the “easy" regime, that is n > n,, where computationally efficient
methods such as LASSO are known to provably recover the support of the vector 5*.

When n > Cng, for some sufficiently large constant C' > 0, we show that the Overlap Gap
Property indeed ceases to hold. This confirms, up to the multiplicative constant C' > 0, the
behavior suggested by the first moment curve analysis, presented in Chapter 3| To establish this
we perform a direct local analysis of the maximum likelihood estimation optimization problem
of the model (Ci>2) We show that the landscape of the optimization problem is extremely smooth
at the easy regime: when n > Cn,j, all the local minima have identical support with 8*. Finally,
we show that this can be exploited by a greedy local search algorithms which successfully works

in termination time which is, in principle, independent of the growing feature size p.
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Chapter 5

The Noiseless High Dimensional Linear
Regression. A Lattice Basis Reduction

Optimal Algorithm.

5.1 Introduction

We consider the following high-dimensional linear regression model. Consider n samples of a
vector §* € RP in a vector form Y = X3* + W for some X € R"P and W € R". Given the
knowledge of Y and X the goal is to infer §* using an efficient algorithm and the minimum
number n of samples possible. Throughout the Chapter we call p the number of features, X the
measurement matrix and W the noise vector.

This Chapter is devoted to the study of the high dimensional linear regression model but
under significantly different assumptions compared to the Chapters 2, [3] and [4 For this reason,
we motivate and carefully define the assumptions on X, W * from scratch. Most results in the
literature and ourselves in the previous Chapters study the high dimensional linear regression
model under sparsity assumption on $*, which refers to 8* having only a limited number of non-
zero entries compared to its dimension [Don06], [CRT06], [FR13|. This allows valid inference of
£* with much less samples than feautres. During the past decades, the sparsity assumption led
to a fascinating line of research in statistics and compressed sensing, which established, among

other results, that several polynomial-time algorithms, such as Basis Pursuit Denoising Scheme

181



and LASSO, can efficiently recover a sparse * with number of samples much smaller than the
number of features [CRT06], [Wai09b], [FR13|. For example, as we mentioned in the Introduction
and in previous Chapters, it is established that if 3* is constrained to have at most £ < p non-
zero entries, X has iid N(0,1) entries, W has iid N(0,0?) entries for 02 = O (k), and n is of
the order klog (%), then both of the mentioned algorithms can recover 5*, up to the level of the
noise. Different structural assumptions than sparsity have also been considered in the literature.
For example, a recent result [BJPD17| makes the assumption that g* lies near the range of an
L-Lipschitz generative model G : R* — RP and it proposes an algorithm which succeeds with

n = O(klog L) samples.

A downside of all of the above results is that they provide no computationally efficient
guarantee in the case n is much smaller than £ log (%) Consider for example the case where
the components of a sparse §* are binary-valued, and X, W follow the Gaussian assumptions
described above. Then as dicsussed in the Chapter [3] the statistical limit of the model is
n = Ny = 2klog(p/k)/log (k/o? 4+ 1). Supposing that ¢ is sufficiently small, it is a straight-
forward argument that nj, trivialized to zero and therefore when n = 1, 3* is recoverable from
Y = (X, 3*) + W. This can also be verified by a brute-force method which finds g* directly,
as 0* is the only binary k-sparse vector which can satisfy Y = (X, §*) + W with probability
tending to one as p goes to infinity (whp). On the other hand, for sparse and binary-valued g7,
the Basis Pursuit method in the noiseless case [DT10] and the Basis Pursuit Denoising Scheme
in the noisy case [GZ17b] have been proven to fail to recover a binary 8* with n = o(klog (2))
samples. Furthermore, LASSO has been proven to fail to recover a vector with the same sup-
port of 8*, with n = o(klogp) samples [Wai09b|. This failure to capture the complexity of the
problem accurately enough for small sample sizes also lead to an algorithmic hardness conjecture
for the regime n = o(klog (2)) [GZ17al, [GZITh| which is described in Chapters , . While
this conjecture still stands in the general case, as we show in this Chapter, in the special case
where §* is rational-valued and the magnitude of the noise W is sufficiently small, the statistical

computational gap can be closed and * can be recovered even when n = 1.

The structural assumption we impose on * is that its entries are rational numbers with
denominator equal to some fixed positive integer value Q) € Z-, something we refer to as the

Q-rationality assumption. Note that for any @, this assumption is trivially satisfied by the
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binary-valued §* which was discussed above. The 1-rationality assumption corresponds to §*
having integer entries, which is well-motivated in practise. For example, this assumption appears
frequently in the study of global navigation satellite systems (GPS) and communications [HB9S],
[HV02], [BB99], [Borll]. In the first reference the authors propose a mixed linear/integer model of
the form Y = Ax+ Bz+ W where z is an integer valued vector corresponding to integer multiples
of certain wavelength. Several examples corresponding to regression models with integer valued
regression coefficients and zero noise (though not always in the same model) are also discussed in
the book [FR13]. In particular one application is the so-called Single-Pixel camera. In this model
a vector [ corresponds to color intensities of an image for different pixels and thus takes discrete
values. The model assumes no noise, which is one of the assumptions we adopt in our model,
though the corresponding regression matrix has i.i.d. +1/ — 1 Bernoulli entries, as opposed to a
continuous distribution we assume. Two other applications involving noiseless regression models

found in the same reference are MRI imaging and Radar detection.

A large body of literature on noiseless regression type models is a series of results on phase
retrieval. Here the coefficients of the regression vector §* and the entries of the regression
matrix X are complex valued, but the observation vector Y = X 3* is only observed through
absolute values. This model has many applications, including crystallography, see [CESV15].
The aforementioned work provides many references to phase retrieval model including the cases
when the entries of S* have a finite support. We believe that our method can also be extended
so that to model the case where the entries of the regression vector have a finite support, even
if irrationally valued, and the entries of Y are only observed through their magnitude. In other
words, we expect that the method presented in this Chapter applies to the phase retrieval problem

at least in some of the cases and this is one of the current directions we are exploring.

Noiseless regression model with integer valued regression coefficients were also important in
the theoretical development of compressive sensing methods. Specifically, Donoho [Don06| and
Donoho and Tanner [DT05],[DT10],[DT09] consider a noiseless regression model of the form AB
where A is a random (say Gaussian) matrix and B is the unit cube [0, 1]P. One of the goals of
these results was to count number of extreme points of the projected polytope AB in order to
explain the effectiveness of the linear programming based methods. The extreme points of this

polytope can only appear as projections of extreme points of B which are all length-p binary
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vector, namely one deals with noiseless regression model with binary coefficients — an important

special case of the model we consider in this Chapter.

In the Bayesian setting, where the ground truth g* is sampled according to a discrete distri-
bution [DJM13] proposes a low-complexity algorithm which provably recovers 5* with n = o(p)
samples. This algorithm uses the technique of approximate message passing (AMP) and is moti-
vated by ideas from statistical physics [KMST12|. Even though the result from [DJMI3| applies
to the general discrete case for 5%, it requires the matrix X to be spatially coupled, a property
that in particular does not hold for X with iid standard Gaussian entries. Furthermore the
required sample size for the algorithm to work is only guaranteed to be sublinear in p, a sample
size potentially much bigger than the information-theoretic limit for recovery under sufficiently
small noise (n = 1). In the present Chapter, where * satisfies the Q-rationality assumption, we
propose a polynomial-time algorithm which applies for a large class of continuous distributions

for the iid entries of X, including the normal distribution, and provably works even when n = 1.

The algorithm we propose is inspired by the algorithm introduced in [LO85| which solves, in
polynomial time, a certain version of the so-called Subset-Sum problem. To be more specific,
consider the following NP-hard algorithmic problem. Given p € Z-o and y, z1,22,...,2, € Zx
the goalisto finda () # S C [p] withy =

ses Ti when at least one such set S is assumed to exist.
Over 30 years ago, this problem received a lot of attention in the field of cryptography, based on
the belief that the problem would be hard to solve in many “real" instances. This would imply
that several already built public key cryptosystems, called knapsack public key cryptosystems,
could be considered safe from attacks [Lem79|, [MHTg|. This belief though was proven wrong
by several works in the early 80s, see for example [Sha82]. Motivated by this line of research,
Lagarias and Odlyzko in [LO85|, and a year later Frieze in [Fri86], using a cleaner and shorter
argument, proved the same surprising fact: if x;,,...,z, follow an iid uniform distribution
on [220+9P°] .= {123, .. 2:049P°} for some € > 0 then there exists a polynomial-in-p time
algorithm which solves the subset-sum problem whp as p — 400. In other words, even though
the problem is NP-hard in the worst-case, assuming a quadratic-in-p number of bits for the
coordinates of x, the algorithmic complexity of the typical such problem is polynomial in p. The

successful efficient algorithm is based on an elegant application of a seminal algorithm in the

computational study of lattices called the Lenstra-Lenstra-Lovasz (LLL) algorithm, introduced
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in [LLL82]. This algorithm receives as an input a basis {by,...,b,} C Z™ of a full-dimensional
lattice £ and returns in time polynomial in m and max;—1 2, log ||b;]|« a non-zero vector Z in
the lattice, such that ||2]|s < 2% |z||s, for all z € £\ {0}.

Besides its significance in cryptography, the result of [LO85| and |Fri86|] enjoys an interesting
linear regression interpretation as well. One can show that under the iid uniform in [22(+9%"]
assumption for x1,xs, ..., ,, there exists exactly one set S with y = >, ¢ x; whp as p tends to
infinity. Therefore if 5* is the indicator vector of this unique set S, that is g7 = 1(i € ) for
i=1,2,...,p,wehave that y = >, ;8" = (x, 8*) where x := (21,22, ..., ;). Furthermore using
only the knowledge of y, z as input to the Lagarias-Odlyzko algorithm we obtain a polynomial
in p time algorithm which recovers exactly 5* whp as p — 4+00. Written in this form, and given
our earlier discussion on high-dimensional linear regression, this statement is equivalent to the
statement that the noiseless high-dimensional linear regression problem with binary £* and X
generated with iid elements from Unif [2%(1“)7’2] is polynomial-time solvable even with one sample
(n = 1), whp as p grows to infinity. The main focus of this Chapter is to extend this result to
[£* satisfying the (Q-rationality assumption, continuous distributions on the iid entries of X and

non-trivial noise levels.

Summary of the Results

We propose a polynomial time algorithm for high-dimensional linear regression problem and
establish a general result for its performance. We show that if the entries of X € R"*P are
iid from an arbitrary continuous distribution with bounded density and finite expected value,
p* satisfies the @Q-rationality assumption, ||f*||l < R for some R > 0, and W is either an
adversarial vector with infinity norm at most ¢ or has iid mean-zero entries with variance at
most o2, then under some explicitly stated assumption on the parameters n,p, o, R, @Q our al-
gorithm recovers exactly the vector 5* in time which is polynomial in n, p, 1og(§),log R, logQ,
whp as p tends to infinity. As a corollary, we show that for any ) and R our algorithm can
infer correctly 8*, when o is at most exponential in — (p?/2 + (2 + p) log(QR)), even from one
observation (n = 1). We show that for general n our algorithm can tolerate noise level o which

is exponential in — ((2n + p)?/2n + (2 + p/n)log(QR)). We complement our results with the

information-theoretic limits of our problem. We show that in the case of Gaussian white noise
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W, a noise level which is exponential in — log(QR), which is essentially the second part of our
upper bound, cannot be tolerated. This allows us to conclude that in the regime n = o (p/logp)

and RQ = 2¢®) our algorithm tolerates the optimal information theoretic level of noise.

The algorithm we propose receives as input real-valued data Y, X but importantly it truncates
in the first step the data by keeping the first N bits after zero of every entry. In particular,
this allows the algorithm to perform only finite-precision artihmetic operations. Here N is
a parameter of our algorithm chosen by the algorithm designer. For our recovery results it is

chosen to be polynomial in p and log(2).

A crucial step towards our main result is the extension of the Lagarias-Odlyzko algorithm
[LOSK5], [Fri86] to not necessarily binary, integer vectors * € ZP, for measurement matrix X €
7P with iid entries not necessarily from the uniform distribution, and finally, for non-zero noise
vector W. As in [LOS8H| and [Fri86], the algorithm we construct depends crucially on building
an appropriate lattice and applying the LLL algorithm on it. There is though an important
additional step in the algorithm presented in the present Chapter compared with the algorithm
in [LO85| and [ETi86]. The latter algorithm is proven to recover a non-zero integer multiple \5*
of the underlying binary vector $*. Then since §* is known to be binary, the exact recovery
becomes a matter of renormalizing out the factor A from every non-zero coordinate. On the
other hand, even if we establish in our case the corresponding result and recover a non-zero
integer multiple of 8* whp, this last renormalizing step would be impossible as the ground truth
vector is not assumed to be binary. We address this issue as follows. First we notice that the
renormalization step remains valid if the greatest common divisor of the elements of 5* is 1.
Under this assumption from any non-zero integer multiple of §*, A\3* we can obtain the vector
itself by observing that the greatest common divisor of A\3* equals to A, and computing A by
using for instance the Euclid’s algorithm. We then generalize our recovery guarantee to arbitrary
£*. We do this by first translating implicitly the vector §* with a random integer vector Z via
translating our observations Y = X5* + W by XZ to obtain Y + XZ = X(*+ Z) + W.
We then prove that the elements of 5* + Z have greatest common divisor equal to unity with
probability tending to one. This last step is based on an analytic number theory argument which
slightly extends a beautiful result from probabilistic number theory (see for example, Theorem

332 in [HWT5]) according to which limy,—, o Ppgounit(1,2,...m},pro [ged (P, Q) = 1] = 7%, where

186



P 1 @Q refers to P, ) being independent random variables. This result is not of clear origin in the
literature, but possibly it is attributed to Chebyshev, as mentioned in [EL85|. A key implication

of this result for us is the fact that the limit above is strictly positive.

Definitions and Notation

Let Z* denote Z \ {0}. For k € Z-o we set [k] := {1,2,...,k}. For a vector x € R? we define
Diag,, 4 () € R*? to be the diagonal matrix with Diag,,, (z),; = x;, for ¢ € [d]. For 1 <p < oo
by L, we refer to the standard p-norm notation for finite dimensionall real vectors. Given two
vectors z,y € R? the Euclidean inner product notation is denoted by (x,7) = Zle xy;. By
log : Ryg — R we refer the logarithm with base 2. The lattice £ C Z* generated by a set of
linearly independent by, ..., by € ZF is defined as {Zle 2ibi|z1, 22, . . ., zx € Z}. Throughout the
Chapter we use the standard asymptotic notation, o, O, ©, ) for comparing the growth of two
real-valued sequences ay, b,,n € Zso.Finally, we say that a sequence of events {A,},en holds

with high probability (whp) as p — 400 if lim,, P (4,) = 1.

5.2 Main Results

5.2.1 Extended Lagarias-Odlyzko algorithm

Let n,p, R € Z~g. Given X € Z"? * € (ZN[—R, R])’ and W € Z", set Y = X3* + W. From
the knowledge of Y, X the goal is to infer exactly £*. For this task we propose the following
algorithm which is an extension of the algorithm in [LOS85| and [Fri86]. For realistic purposes
the values of R, ||IW]|« is not assumed to be known exactly. As a result, the following algorithm,
besides Y, X, receives as an input a number R € Z-, which is an estimated upper bound in
absolute value for the entries of f* and a number W e Z~y which is an estimated upper bound
in absolute value for the entries of W.

We explain here informally the steps of the (ELO) algorithm and briefly sketch the motivation
behind each one of them. In the first and second steps the algorithm translates Y by XZ where
Z is a random vector with iid elements chosen uniformly from {Z% +1,R+2,...,2R+1log p}t. In
that way §* is translated implicitly to 8 = * 4+ Z because Y1 =Y + XZ = X(f*+ Z)+W. As
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Algorithm 1 Extended Lagarias-Odlyzko (ELO) Algorithm

1

W N

=]

~

Input: (Y, X,R,W),Y € Z", X € Z"?, R, W € Z-y.

Output: 5* an estimate of §*

Generate a random vector Z € {R + 1,R +2,... ,QR + log p}? with iid entries uniform in
{R+1,R+2,...,2R+logp}
Set Y1 =Y + X Z.
For each i = 1,2,...,n, if |(Y1):] < 3 set (Y2); = 3 and otherwise set (Y2); = (Y1)

Set m = 27+151+3) (é[m + W(\/m).
Output 2 € R*"*? from running the LLL basis reduction algorithm on the lattice generated by
the columns of the following (2n + p) x (2n + p) integer-valued matrix,

mX _mDiaann (1/2) mIan

Am = ‘[po Oan Oan (5.1)
On><p Onxn In><n
Compute g = ged (241, Znt2, - - - Zntp) » Using the Euclid’s algorithm.

If g # 0, output B = %(énﬂ, Znt2s oy Znap)t — Z. Otherwise, output B = Opx1-

we will establish using a number theoretic argument, ged (6) = 1 whp as p — 400 with respect
to the randomness of Z, even though this is not necessarily the case for the original 5*. This is
an essential requirement for our technique to exactly recover 5* and steps six and seven to be
meaningful. In the third step the algorithm gets rid of the significantly small observations. The

minor but necessary modification of the noise level affects the observations in a negligible way.

The fourth and fifth steps of the algorithm provide a basis for a specific lattice in 2n + p
dimensions. The lattice is built with the knowledge of the input and Y5, the modified Y. The
algorithm in step five calls the LLL basis reduction algorithm to run for the columns of A,, as
initial basis for the lattice. The fact that Y has been modified to be non-zero on every coordinate
is essential here so that A, is full-rank and the LLL basis reduction algorithm, defined in [LLL82],
can be applied,. This application of the LLL basis reduction algorithm is similar to the one used
in [EFri86] with one important modification. In order to deal here with multiple equations and
non-zero noise, we use 2n + p dimensions instead of 1 + p in [F1i86]. Following though a similar
strategy as in [Fri86], it can be established that the n + 1 to n + p coordinates of the output of
the algorithm, 2 € Z*"*P, correspond to a vector which is a non-zero integer multiple of 3, say

MG for A € Z*, w.h.p. as p — +o0.

The proof of the above result is an important part in the analysis of the algorithm and it is
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heavily based on the fact that the matrix A,,, which generates the lattice, has its first n rows
multiplied by the “large enough" and appropriately chosen integer m which is defined in step
four. It can be shown that this property of A,, implies that any vector z in the lattice with
“small enough" £y norm necessarily satisfies (2,41, Zn42, - - - s Zntp) = AB for some A € Z* whp as

p — +oo. In particular, using that Z is guaranteed to satisfy [|Z]|s < 25" ||z||2 for all non-zero

z in the lattice, it can be derived that Z has a “small enough" £5 norm and therefore indeed
satisfies the desired property whp as p — 400. Assuming now the validity of the ged (8) = 1
property, step six finds in polynomial time this unknown integer A that corresponds to 2, because
ged (Zn41s Znt2y - - -5 Znp) = ged (AB) = A. Finally step seven scales out A from every coordinate
and then subtracts the known random vector Z, to output exactly g*.

Of course the above is based on an informal reasoning. Formally we establish the following

result.
Theorem 5.2.1. Suppose

(1) X € Z™? is a matriz with iid entries generated according to a distribution D on Z which

for some N € Z~o and constants C,c > 0, assigns at most 55 probability on each element

of Z. and satisfies E[|V|] < C2N, for V L D:
(2) B € (ZN[-R,R]))", W € Z";
(3) Y = XB*+W.

Suppose furthermore that R> R and
1 .
N > %(271 +p) |2n+ p+ 10log (R\/ﬁ + ([[Wlleo + 1) \/ﬁﬂ +6log ((1+¢)np). (5.2)

For any W > ||W||s the algorithm ELO with input (Y, X, R, W) outputs exactly 5* w.p. 1 —

0 <nip> (whp as p — +00) and terminates in time at most polynomial in n, p, N, log R and log w.
We defer the proof to Section [5.4]

Remark 5.2.2. In the statement of Theorem[5.2.1) the only parameters that are assumed to grow
to infinity are p and whichever other parameters among n, R, ||W ||oo, N are implied to grow to
infinity because of . Note in particular that n can remain bounded, including the case n =1,
if N grows fast enough.
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Remark 5.2.3. It can be easily checked that the assumptions of Theorem [5.2.1 are satisfied
2

form =1, N = (1 + 6)%2, R =1, D = Unif{1,2,3,...,20%9% ) and W = 0. Under these

assumptions, the Theorem’s implication is a generalization of the result from [LOS83| and [Fri86)

to the case p* € {—1,0,1}".

5.2.2 Applications to High-Dimensional Linear Regression

The Model

We first define the ()-rationality assumption.

Definition 5.2.4. Let p, ) € Z~o. We say that a vector B € RP satisfies the Q-rationality

(2

assumption if for all i € [p|, B} = %, for some K; € 7.
The high-dimensional linear regression model we are considering is as follows.
Assumptions 1. Let n,p,Q € Z~q and R,0,c > 0. Suppose

(1) measurement matric X € R"™*P with iid entries generated according to a continuous distri-

bution C which has density f with ||f|le < ¢ and satisfies E[|V|] < 400, where V Lc;
(2) ground truth vector 5* satisfies f* € [—R, R|P and the Q-rationality assumption;

(3) Y = XB*+ W for some noise vector W € R"™. It is assumed that either |W||w < o or W

has iid entries with mean zero and variance at most o2, depending on the context.

Objective: Based on the knowledge of Y and X the goal is to recover £* using an efficient
algorithm and using the smallest number n of samples possible. The recovery should occur with

high probability (w.h.p), as p diverges to infinity.

The Lattice-Based Regression (LBR) Algorithm

As mentioned in the Introduction, we propose an algorithm to solve the regression problem, which
we call the Lattice-Based Regression (LBR) algorithm. The exact knowledge of @, R, [|[W || is
not assumed. Instead the algorithm receives as an input, additional to Y and X, Q € Z~y which

is an estimated multiple of @), R € Z~y which is an estimated upper bound in absolute value
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for the entries of §* and W e R<o which is an estimated upper bound in absolute value for the
entries of the noise vector W. Furthermore an integer number N € Z is given to the algorithm
as an input, which, as we will explain, corresponds to a truncation in the data in the first step
of the algorithm. Given x € R and N € Z-q let xny = sign(x)%, which corresponds to the

operation of keeping the first NV bits after zero of a real number x.

Algorithm 2 Lattice Based Regression (LBR) Algorithm

Input: (Y,X,N,Q,R,W),Y € Z",X € Z"" and N,Q, R,W € Z,.
Output: /* an estimate of g*
8 Set YNA: ((}/Z>N)l€[n] and XN = ((Xij)N)ie[n],jE[p}'
9 Set (f1)* to be the output of the ELO algorithm with input:

<2NQYN, 2N Xx. OR, 20 <2NW n Rp)> .

10 Output 3* = é(ﬁ])*

We now explain informally the steps of the algorithm. In the first step, the algorithm truncates
each entry of Y and X by keeping only its first N bits after zero, for some N € Z-o. This in
particular allows to perform finite-precision operations and to call the ELO algorithm in the next
step which is designed for integer input. In the second step, the algorithm naturally scales up
the truncated data to integer values, that is it scales Yy by 2V Q and Xy by 2¥. The reason
for the additional multiplication of the observation vector Y by Q is necessary to make sure the
ground truth vector 8* can be treated as integer-valued. To see this notice that Y = Xg* + W
and Yy, Xy being “close" to Y, X imply

NQYy = 2NXN(Q6*) + “extra noise terms" + 2V QW.

Therefore, assuming the control of the magnitude of the extra noise terms, by using the Q-
rationality assumption and that Q is estimated to be a multiple of @), the new ground truth
vector becomes Qﬁ* which is integer-valued. The final step of the algorithm consist of rescaling
now the output of Step 2, to an output which is estimated to be the original *. In the next

subsection, we turn this discussion into a provable recovery guarantee.
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Recovery Guarantees for the LBR algorithm

We state now our main result, explicitly stating the assumptions on the parameters, under which

the LBR algorithm recovers exactly * from bounded but adversarial noise V.

Theorem 5.2.5.A. Under Assumption |I| and assuming W € [—o,c|" for some o > 0, the
following holds. Suppose Q s a multiple of @, R> R and

| ) )
N> (2n+p) (zn +p+10log O + 101og (2% n Rp> +20log(3 (1 + ¢) np)> . (53)

For any W > o, the LBR algorithm with input (Y, X, N, Q,R, W) terminates with 3* = 8* w.p.

1—-0 (%) (whp as p — 4+00) and in time polynomial in n,p, N, log ]%, 1ogW and log Q
Applying Theorem we establish the following result handling random noise V.

Theorem 5.2.5.B. Under Assumption[l] and assuming W € R™ is a vector with iid entries gen-
erating according to an, independent from X, distribution YW on R with mean zero and variance

at most o2 for some o > 0 the following holds. Suppose that Q is a multiple of Q, R> R, and
1 A .
N > 3 (2n + p) (Qn +p+10log @ + 10log <2N,/npa + Rp) +201og(3 (1 +¢) np)> . (54)

For any W > /apo the LBR algorithm with input (Y, X, N, Q,R, W) terminates with 3* = B*
w.p. 1—0 (%p) (whp as p — +00) and in time polynomial in n,p, N, log ]:2, logW and log Q

Both proofs of Theorems [5.2.5.A] and [5.2.5.B are deferred to Section [5.5]

Noise tolerance of the LBR algorithm

The assumptions and might make it hard to build an intuition for the truncation level
the LBR algorithm provably works. For this reason, in this subsection we simplify it and state
a Proposition explicitly mentioning the optimal truncation level and hence characterizing the
optimal level of noise that the LBR algorithm can tolerate with n samples.

First note that in the statements of Theorem and Theorem [5.2.5.B|the only parameters
that are assumed to grow are p and whichever other parameter is implied to grow because of

(5.2) and (5.4). Therefore, importantly, n does not necessarily grow to infinity, if for example
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N, % grow appropriately with p. That means that Theorem [5.2.5.A| and Theorem [5.2.5.B| imply

non-trivial guarantees for arbitrary sample size n. The proposition below shows that if ¢ is at
most exponential in —(1 + €) W +(2+ ) log (RQ)] for some € > 0, then for appropriately
chosen truncation level N the LBR algorithm recovers exactly the vector f* with n samples.
In particular, with one sample (n = 1) LBR algorithm tolerates noise level up to exponential
in —(1+ ¢€)[p*/2+ (2+p)log(QR)] for some ¢ > 0. On the other hand, if n = O(p) and
log (RQ) = o(p), the LBR algorithm tolerates noise level up to exponential in —O(p).

Proposition 5.2.6. Under Assumption[]] and assuming W € R™ is a vector with iid entries gen-
erating according to an, independent from X, distribution VW on R with mean zero and variance

at most o for some o > 0, the following holds.
; g
300 —(1+¢) 7<p+22,f>2+(2+%)10g(RQ)

(it . Then the

Suppose p > @log ( ) and for some € > 0, 0 < 2

LBR algorithm with

o input Y, X, Q:Q, R=R and Wy =1 and

E 2n

e truncation level N satisfying log (2) > N > (1 +¢) (pA20)” (2+ 2)log (RQ)] :

terminates with B* = 06" wp. 1 -0 (%p) (whp as p — +o0) and in time polynomial in
n,p, N, log I%, log W and log Q

The proof of Proposition [5.2.6|is deferred to Section [5.6

It is worth noticing that in the noisy case (0 > 0) the above Proposition requires the trun-
cation level N to be upper bounded by log(%), which implies the seemingly counter-intuitive
conclusion that revealing more bits of the data after some point can “hurt" the performance of
the recovery mechanism. Note that this is actually justified because of the presence of adversarial
noise of magnitute ¢. In particular, handling an arbitrary noise of absolute value at most of the
order ¢ implies that the only bits of each observation that are certainly unaffected by the noise
are the first log (%) bits. Any bit in a later position could have potentially changed because of
the noise. This correct middle ground for the truncation level N appears to be necessary also in

the analysis of the synthetic experiments with the LBR algorithm (see Section .
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Information Theoretic Bounds

In this subsection, we discuss the maximum noise that can be tolerated information-theoretically
in recovering a * € [—R, R|P satisfying the @Q-rationality assumption. We establish that un-
der Gaussian white noise, any successful recovery mechanism can tolerate noise level at most

exponentially small in — [plog (QR) /n].

Proposition 5.2.7. Suppose that X € R™*P is a vector with iid entries following a continuous
distribution D with E[|V|] < +oo, where V. £ D, 8* € [—R,RJP satisfies the Q-rationality
assumption, W € R" has iid N(0,0?) entries and Y = Xp* + W. Suppose furthermore that
o> R(np)3 <22p10g(2QR+1) _ 1)_;

exactly 3 with knowledge of Y, X,Q, R,o. That is, for any function 3* = 3* (Y, X,Q,R,0) we

. Then there is no mechanism which, whp as p — +00, recovers

have

lim sup P <B* = ﬂ*> < 1.

p—+00

The proof of Proposition is deferred to Section

Sharp Optimality of the LBR Algorithm

Using Propositions [5.2.6] and [5.2.7] the following sharp result is established.

Proposition 5.2.8. Under Assumptions |l| where W € R™ is a vector with iid N(0,0?) entries

the following holds. Suppose that n = o <$) and RQ = 2*W). Then for og := 9- 28R nd

€>0:

o if 0 > 0y “,then the w.h.p. exact recovery of B* from the knowledge of Y, X,Q, R, 0 is

mpossible.

o if 0 < Ué“, then the w.h.p. exact recovery of 5* from the knowledge of Y, X,Q, R, 0 is

possible by the LBR algorithm.

The proof of Proposition [5.2.8] is deferred to Section

5.3 Synthetic Experiments

In this section we present an experimental analysis of the ELO and LBR algorithms.
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Figure 5-1: Average performance and runtime of ELO over 20 instances with p = 30
features and n = 1, 10, 30 samples.

ELO algorithm: We focus on p = 30 features sample sizes n = 1,n = 10 and n = 30,
R = 100 and zero-noise W = 0. Each entry of g* is iid Unif ({1,2,..., R =100}). For 10
values of a € (0,3), specifically a € {0.25,0.5,0.75,1,1.3,1.6,1.9,2.25,2.5,2.75}, we generate
the entries of X iid Unif ({1,2,3, o ,2N}) for N = %. For each combination of n,a we
generate 20 independent instances of inputs. We plot in Figure 1 the fractions of instances where
the output of the ELO algorithm outputs exactly 5* and the average termination time of the
algorithm.

Comments: First, we observe that importantly the algorithm recovers the vectors correctly
on all a < l-instances with p = 30 features, even if our theoretical guarantees are only for large
enough p. Second, Theorem implies that if N > (2n + p)® /2n and large p, ELO recovers
£*, with high probability. In the experiments we observe that indeed ELO algorithm works in
that regime, as then a = % < 1. Also the experiments show that ELO works for larger values
of a. Finally, the termination time of the algorithm was on average 1 minute and worst case 5
minutes, granting it reasonable for many applications.

LBR algorithm: We focus on p = 30 features, n = 10 samples, ) = 1 and R = 100. We
generate each entry of §* w.p. 0.5 equal to zero and w.p. 0.5, Unif ({1,2,..., R =100}). We
generate the entries of X iid U(0,1) and of W iid U(—0,0) for 0 € {0,e %, e712 e}, We
generate 20 independent instances for any combination of ¢ and truncation level N. We plot the

fraction of instances where the output of LBR algorithm is exactly £*.
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Figure 5-2: Average performance of LBR algorithm for various noise and truncation levels.

Comments: The experiments show that, first LBR works correctly in many cases for the
moderate value of p = 30 and second that there is indeed an appropriate tuned truncation level
(2n +p)?/2n < N < log(1/c) for which LBR succeeds. The latter is in exact agreement with
Proposition |5.2.6]

5.4 Proof of Theorem [5.2.1]

Proof. We first observe that directly from (5.2)),

N >10log (vp + Vi ([Wlle +1))
> 5log (vpvn (|[W|le + 1)), from the elementary a + b > Vab

> 2log (pn (|Wlleo + 1)) -

Therefore 2V > (pn (1 + |[|[W||s))” which easily implies

(W _ 1

2N - n2p2

where we set for convenience § = 9, := n+1)2'

Lemma 5.4.1. For alli € [n], |(Ya);| > 362", w.p. at least 1 — O <i> :

np
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Proof. First if 02V < 2, for all i € [n], [(Y2);| > 3 > 362", because of the second step of the

algorithm.

Assume now that 62 > 2. In that case first observe Y} :=Y + XZ = X(8* + Z) + W and
therefore from the definition of Y, Y2 = X (5* + Z) + W for some W, € Z™ with ||[Wi]le <
|Wlleo + 1. Letting 3 = B* + Z we obtain that for all i € [n], ¥; = (X®, 3) + (W});, where X
is the ¢-th row of X, and therefore

p p
(Yo)i 2 1) XigBil = Willoo 2 1Y XigBl = [Wloe — 1.

J=1 J=1

Furthermore R > R implies 3 € 1, 3R + log plP.

We claim that conditional on § € [1, 3R +plPforalli=1,...,n, |Z§:1 XiiB;| > 302N w.p.
at least 1 -0 (%p) with respect to the randomness of X. Note that this last inequality alongside
with [|[W]|e < 02V implies for all i, |(Y3);| > 202 — 1. Hence since 62" > 2 we can conclude
from the claim that for all 4, |(Y2);| > 262" w.p. at least 1 — O (%) Therefore it suffices to
prove the claim to establish Lemma [5.4.1]

In order to prove the claim, observe that for large enough p,

P <O{| zp:Xijﬁﬂ < 352N}> < zn:]P’ <| zp:Xijﬁﬂ < 352N)

i=1 j=1 i=1 j=
n p
>y (S
i=1 kezZn[-352N,352N] J=1

C
< n(652Y + 1)2—N

1
< T7end = 0O (—) ,
np

where we have used that given 3, # 0 for i € [p] and k € Z the event {}°" | Xj;8; = k}
implies that the random variable X;; takes a specific value, conditional on the realization of the
remaining elements X, ..., X;, involved in the equations. Therefore by our assumption on the
iid distribution generating the entries of X, each of these events has probability at most c/2".
Note that the choice of f;, as opposed to choosing some (; with ¢ > 1, was arbitrary in the

previous argument. The last inequality uses the assumption 62" > 1 and the final convergence
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step is justified from § = O(n%p) and that ¢ is a constant. O

Next we use a number-theoretic lemma, which is an extension of a standard result in analytic

number theory according to which

i 6
lim Ppgounit{1,2,..m}.riq[ged (P, Q) = 1] = —

m——+00

where P 1L @) refers to P, Q) being independent random variables.

Lemma 5.4.2. Suppose q1,q2,q € Zo with ¢ — +00 and max{q, @2} = o(q*). Then

(0t) € 220 (o + 0] e+ ) s weda) = )] = (55 + 0,0

In other words, if we choose independently one uniform integer in [q1, ¢1 +q] and another uniform
integer in [q2,q2 + q] the probability that these integers are relatively prime approaches %, as

q — +00.

Proof. We call an integer n € Z-o square-free if it is not divisible by the square of a positive

integer number other than 1. The Mobius function yu : Z.q — {—1,0, 1} is defined to be

(
1, nis square-free with an even number of prime factors

f(n) = —1, n is square-free with an odd number of prime factors

0, otherwise
\

From now on we ease the notation by always referring for this proof to positive integer
variables. A standard property for the Mobius function (see Theorem 263 in [HWT5|) states that

for all n € Z+y,



Therefore using the above identity and switching the order of summation we obtain

[(a,b) € (g1, q1 + q] X [q2, 92 + ¢, gcd(a, b) = 1]

2.

(a,b)€[q1,q1+4q] % [q2,q2+4]

2.

2

1<d<ged(a,b).d|ged(a,b)

2.

p(d)

1<d<max{q1,q2}+¢

(a,b)€lq1,91+49] % [92,92+4],d|gcd(a,b)

p(d)

Now introducing the change of variables a = kd,b = ld for some k,l € Z~y and observing that

the number of integer numbers in an interval of length x > 0 are z + O(1), we obtain

2.

1<d<max{qi,q2}+q \ &

2.

1<d<max{q1,q2}+q -

2.

1<d<max{qi,q2}+q -

Now using |u(d)| < 1 for all d € Z~q, for n € Z~,

Z é = O(logn)
d=1

and that by Theorem 287 in [HWT75| for n € Z-o,

" u(d) 1 6
= o +on(l) = = +o,(1)
2 2
2@ T ™
we conclude that the last quantity equals
6 1 max{qi,q2} +¢q
¢ (5 SOlogtmax(an ) + ) + BT o ).

Recalling the assumption ¢y, g2 = 0(¢?) the proof is complete.
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Claim 5.4.3. The greatest common divisor of the coordinates of B := * + Z equals to 1, w.p.
1 —exp (—O (p)) with respect to the randomness of Z.

Proof. Each coordinate of § is a uniform and independent choice of a positive integer from an
interval of length 2f€+10gp with starting point in [}?i— R+1,R+R+ 1], depending on the value of
Bf € [-R, R]. Note though that Lemma applies for arbitrary ¢i, ¢ € [R—R+1, R+ R+1]
and g = 2R+ log p since q1, ¢2 = 0(¢?) and ¢ — +o0. from this we conclude that the probability
any two specific coordinates of § have greatest common divisor 1 approaches %, as p — +o0.
But the probability the greatest common divisor of all the coordinates is not one implies that
the greatest common divisor of the 2i — 1 and 2i coordinate is not one, for every i = 1,2,... [£].
Hence using the independence among the values of the coordinates, we conclude that the greatest

common divisor of the coordinates of [ is not one with probability at most

<1 - % + Op(1)> . =exp (—O(p)).

Given a vector z € R*"P_ define 2,41 = (Zni1, - -, Znap)-

Claim 5.4.4. The outcome of Step 5 of the algorithm, Z, satisfies

o [|Z]la <m

® Zotimtp = qB, for some g € Z*, w.p. 1 = O <nip>
Proof. Call L,,the lattice generated by the columns of the (2n + p) x (2n + p) integer-valued
matrix A, defined in the algorithm; that is £,, := {A,,z|z € Z*"™}. Notice that as Y3 is nonzero
at every coordinate, the lattice £,, is full-dimensional and the columns of A,, define a basis for
L,,. Finally, an important vector in £,, for our proof is zy € L,, which is defined for 1, € Z"

the all-ones vector as

6 0n><1
2=An| 1, | = B e L. (5.5)
Wi 4%}
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Consider the following optimization problem on L,,, known as the shortest vector problem,

(S2) min ||z

st. z€L,,

If 2* is the optimal solution of (S;) we obtain

12112 < llzoll2 = A/ 1815 + W23 < [1Blloov/P + [Willocv/n-

and therefore given our assumptions on 5, W

Ie*ll2 < (3R +10gp) B+ (IW [l +1) Vit
Using that R >1 and a crude bound this implies
I2*ll2 < 4p (RvB+ (Wl + 1) V)
The LLL guarantee and the above observation imply that

2n+p 2n+p

[2]la <272 [[27]p <272

2 (Ryp+ (Wl + 1) V) = o, (5.6)

Now recall that Wa, > max{||W||, 1}. Since m > 27543 (R\/]_? + Wm\/ﬁ>, we obtain m > mg
and hence ||| < m. This establishes the first part of the Claim.

For the second part, given and that Z is non-zero it suffices to establish that under the
conditions of our Theorem there is no non-zero vector in £,,\{z € L,|zn+1:n4p = 45,9 € Z*} with
Ly norm less than mg, w.p. 1—-0 (an> By construction of the lattice for any z € £,, there exists
an x € Z*"*? such that z = A,,z. We decompose x = (1, T, r3)" where x1 € ZP, x5, 23 € Z". Tt

must be true
m (Xz1 — Diag,,,,(Y)zs + x3)

z = X1

xs3

Note that z; = 2,41.n4p. We use this decomposition of every z € L,, to establish our result.

201



We first establish that for any lattice vector z € L, the condition ||z||s < mg implies neces-
sarily

Xz, — Diag,,,.,(Y)xs + 23 = 0. (5.7)

and in particular z = (0, z1, z3). If not, as it is an integer-valued vector, || Xz, — Diag,, ., (Y )z +

x3||2 > 1 and therefore
m < mHX:Bl - Dlagnxn(y)l? + 1’3”2 < ||Z||2 < my,

a contradiction as m > my. Hence, necessarily equation (5.7)) and z = (0, 21, x3) hold.

Now we claim that it suffices to show that there is no non-zero vector in £,,\{z € L,,,|2n+1:n+p =
qf,q € 7} with Ly norm less than mg, w.p. 1 — O <nip> Note that in this claim the coefficient
q is allowed to take the zero value as well. The reason it suffices to prove this weaker state-
ment is that any non-zero z € L,, with [|z||s < mg necessarily satisies that z,41.,4p # 0 W.p.
1-0 (nip) and therefore the case ¢ = 0 is not possible w.p. 1 — O <nip> To see this, we use the
decomposition and recall that x; = 2,11.,4,. Therefore it suffices to establish that there is no
triplet © = (0, 29, 13)" € Z*"™P with x4, 23 € Z" for which the vector z = A,,x € L,, is non-zero
and [|z]l2 < mp, w.p. 1 =0 <nlp> To prove this, we consider such a triplet x = (0, z9,x3)

and will upper bound the probability of its existence. From equation ([5.7)) it necessarily holds

Diag,,.,,(Y)zs = x3, or equivalently
for all 7 € [n],Yz(@)z = (C(]g)z (58)

From Lemma and ([5.8) we obtain that

3
for all 7 € [n], 5(52N|(I2)Z| S |(ZL’3)1| (59)

w.p. 1-0 (%p) Since z is assumed to be non-zero and z = A,z = (0,0, x3) there exists i € [n]
with (x3); # 0. Using (5.8) we obtain (z3); # 0 as well. Therefore for this value of i it must be
simultaneously true that |(x2);| > 1 and |(z3);| < mg. Plugging these inequalities to (5.9)) for
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this value of i, we conclude that it necessarily holds that
3
—52N <
p07 =

1
n2p2

Using the definition of 9, § = n%ph we conclude that it must hold 2N < 'my, or

N < 2log(np) + log my.

Plugging in the value of my we conclude that for sufficiently large p,

tp

2 .
N < 2log(np) + 2P 4 logp + log (R\/E—l—(HWHoo—l—l)\/ﬁ) :

This can be checked to contradict directly our hypothesis (5.2) and the proof of the claim is

complete.

Therefore using the decomposition of every z € L,,, equation and the claim in the last
paragraph it suffices to establish that w.p. 1 — O <$> there is no triplet (z1,xs, z3) with
(a) x1 € ZP,x9, 23 € L™;
(b) llwall + llwsll3 < mo;
(c) Xy — Diag,,,,(Y)x2 — 23 = 0;

(d) Yg € Z: 21 # qp.

We first claim that any such triplet (z1, s, x3) satifies w.p. 1 — O (%p)

mon?p?

2]l = O(CTSE)

To see this let i = 1,2,...,n and denote by X® the i-th row of X. We have because of (c),
0 = (Xz — Diag,,(Y)rs — x3); = (X, 1) — Yi(2)i — (),
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and therefore by triangle inequality
Vi(za)i| = (XD, 21) = (w3)i] < (XD, 20)| + [(w3)i- (5.10)

But observe that for all i € [n],[|X®|/e < [|X]|oe < (np)22Y w.p. 1 -0 (nip) Indeed using a

union bound, Markov’s inequality and our assumption on the distribution D of the entries of X,

1 C 1
P(IX e > (2") < P (1Xul > (002") < o BlXul < £ =0 ().

which establishes the result. Using this, Lemma and (5.10)) we conclude that for all i € [n]

_ 1
wp. 1 -0 (np> ;
|($2)i\—252N < (2Np(np)2 + 1)m0

which in particular implies

wp. 1 -0 (%)

Now we claim that for any such triplet (z1, x5, x3) it also holds

P (Xz, — Diag,,,(Y)zs — 23 = 0) < 2(;—N (5.11)

To see this note that for any i € [n] if X is the i-th row of X because Y = X3 4+ W it holds
Y; = (X@ B) + W;. In particular, Xz, — Diag,,, (Y )2y — 23 = 0 implies for all i € [n],

<X(i),l’1> - Y:i(xQ)i = (5173)z
or (X@, 1) — ((XO, 8) + W;) ()i = (),

or <X(i),$1 - ($2)i5> = ($3)z - (@%VVZ

Hence using independence between rows of X,
n

P (X; — Diag,,,(Y)zz — 23 =0) = [ [P ((X©, 21 — (22):8) = (3); — (x2)Wi)  (5.12)

=1
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But because of (d) for all i, z1 — (23);8 # 0. In particular, (X 2, — (22):8) = (z3); — (22);W;
constraints at least one of the entries of X to get a specific value with respect to the rest of

the elements of the row which has probability at most ;% by the independence assumption on

the entries of X. This observation with ((5.12)) implies (5.11)).

Now, we establish that indeed there are no such triplets, w.p. 1 — O (%p) Recall the
standard fact that for any r > 0 there are at most O(r") vectors in Z" with L.-norm at
most 7. Using this, and a union bound over all the integer vectors (x1,z,x3) with
z1 |2 + [|z3]|3 < mo, ||72]le = O(%ng) we conclude that the probability that there exist a

triplet (z1,x9, z3) satisfying (a), (b), (c¢), (d) is at most of the order

mon2p®

n,  n+p c"
% )'m [z—w] |
Plugging in the value of mg we conclude that the probability is at most of the order
2n+p

93 (2n+p)?+nlog(en®p?)+n log (5 )+(2+log p) (2n-+p) []%\/]—9+ (HWHoo 4 1) \/ﬁ]

2nN

Now recalling that § = -5 we obtain log(

n2p

%) = 2log(np) and therefore the last bound becomes

at most of the order

2n+p

2%(2n+p)2+5nlog(cnp)+(2+10gp)(2n+p) [R\/ﬁ_'_ (HWHOO + 1) \/ﬁ]

2nN

We claim that the last quantity is O (—p) because of our assumption 1) Indeed the logarithm

1
n

of the above quantity equals

1 .

5(271 + p) <2n +p+4+2logp+2log (R\/ﬁ + (|[Wleo + 1) ﬁ)) + 5nlog(cnp) — nN.
Using that R > 1 this is upper bounded by

%(271 +p) (2n+p+10log (Ry/p + (W]l + 1) v/n)) + 5nlog(cnp) — nN
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which by our assumption ({5.2)) is indeed less than —nlog(np) < —log(np), implying the desired
bound. This completes the proof of claim [5.4.4] O

Now we prove Theorem [5.2.1] First with respect to time complexity, it suffices to analyze Step
5 and Step 6. For step 5 we have from |[LLL82| that it runs in time polynomial in n, p, log || A ||
which indeed is polynomial in n,p, N and log R, log W. For step 6, recall that the Euclid algo-
rithm to compute the greatest common divisor of p numbers with norm bounded by ||2]| takes
time which is polynomial in p,log ||Z]|o. But from Claim we have that ||Z||.c < m and
therefore the time complexity is polynomial in p,logm and therefore again polynomial in n, p, N

and log R, log W.

Finally we prove that the ELO algorithm outputs exactly * w.p. 1 — O (%p) We obtain

from Claim [5.4.4{that 2, {1.,4p = ¢B for 8 = "+ Z and some ¢ € Z* w.p. 1 -0 (%p) We claim

that the g computed in Step 6 is this non-zero integer ¢ w.h.p. To see it notice that from Claim
5.4.3 ged(f) =1 wp. 1 —exp(—O(p)) =1-0 (nip) and therefore the g computed in Step 6
satisfies w.p. 1 — O < L ) ,

g = gcd(Znt1m4p) = ged(gB) = qged(B) = q.

Hence we obtain w.p. 1 — O <i>

np

2n+1:n+p = g/B =g (ﬁ* + Z)

orw.p. 1 -0 <nip>

* 1 2
p* = —Zn+lintp — Z,
g

which implies based on Step 7 and the fact that ¢ = ¢ # 0 that indeed the output of the algorithm
is B*w.p. 1 -0 (%) The proof of Theorem |5.2.1]is complete. O]
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5.5 Proofs of Theorems [5.2.5.A] and 5.2.5.B

Proof of Theorem [5.2.5.Al

Proof. We first analyze the algorithm with respect to time complexity. It suffices to ana-
lyze step 2 as step 1 runs clearly in polynomial time N,n,p. Step 2 runs the ELO algo-
rithm. From Theorem [5.2.1 we obtain that the ELO algorithm terminates in polynomial time in
n,p, N, log (QR) ,log (2@ (ZNW + f%p)) As the last quantity is indeed polynomial in n,p, N
and log R, log Q,log W, we are done.

Now we prove that B* = p* wp. 1-0 (%) Notice that it suffices to show that the
output of Step 3 of the LBR algorithm is exactly QB*, as then step 4 gives B* = % = [* w.p.
1-0 ().

We first establish that

2NQYy = 2V XNOB + W, (5.13)

for some Wy € Z" with |[Wo|leo +1 < 2Q (2Vo + Rp). We have Y = X *+ W, with | W]« < 0.
From the way Yy is defined, |Y — Yy|loo < 27V. Hence for W' = W + Yy — Y which satisfies
[W]|eo <27V + o we obtain

Y = XB +W'.

Similarly since || X — Xylloo <27V and ||*]|oc < R we obtain || (X — Xy) 5*[|ec < 27V Rp, and
therefore for W” = W’ + (X — Xy) 8* which satisfies |W" ||, <27V + 0 4+ 27"rp we obtain,

YN — XNB* + W//

or equivalently

QNYN — 2NXN5* + W”/,
where W := 2NW" which satisfies |IW"”||o < 1+ 2N + Rp. Multiplying with Q we obtain
2VQYy =2V Xy <@ﬁ*) + Wa,

where Wy := QW" which satisfies |[Wol < Q (1+2V¢ + Rp) < 2Q (2Vo + Rp) — 1. This
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establishes equation (5.13)).
We now apply Theorem 1| for Y our vector QZN Yn, X our vector 2V Xy, B* our vector
QpB*, W our vector Wy, R our QR, R our QR, W our quantity 20 (2NO' + Rp) and finally N

our truncation level N.

We fist check the assumption (1), (2), (3) of Theorem We start with assumption (1).
From the definition of Xy we have that 2V Xy € Z™*P and that for all i € [n],j € [p],

|(2Y X )] < 2] X0
Therefore for C' = E[| X 1|] < oo and arbitrary i € [n],j € [p],
E[| (2" Xn)il] < 2VE[|1 X)) = €27,

as we wanted. Furthermore, if f is the density function of the distribution D of the entries of X,

recall || f]|o < ¢, by our hypothesis. Now observe for arbitrary i € [n],j € [p],

k+1

k k+1 b b
IP’((ZNXN)M:/@):IP’(2—<XU_ > / flu du<||f||oo/ du<—

This completes the proof that 2V Xy satisfies assumption (1) of Theorem m For assumption
(2), notice that QpB* is integer valued, as () is assumed to be a mutliple of Q and 3* satisfies

Q-rationality. Furthermore clearly

1QB* |l < QR.

For the noise level we have by 1) Wy =2V QYN —2NX NQB* and therefore W, € Z" as all the
quantities 2V QYN, 2N Xy and Qﬂ* are integer-valued. Finally, Assumption (3) follows exactly

from equation ([5.13)).

Now we check the parameters assumptions of Theorem [5.2.1, We clearly have

QR < QR

and

W]l < 2Q (2V0 + Rp) = W.
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The last step consists of establishing the relation (5.2) of Theorem [5.2.5.Al Plugging in our
parameter choice it suffices to prove

(2n + p)

N >
2

<2n +p+ 10log <QR\/]_9 + 20 (QNU + Rp) \/ﬁ>> + 6nlog((1 + ¢) np).

Using that QR\/TD < Q <2N o+ Rp) vnand R < R it suffices to show after elementary algebraic

manipulations that

(2n + p)

N >
2

(2n+p+10log3+101og Q + 101og (2o + Rp) +5logn) + 6nlog((1 + ¢) np).

Using now that by elementary considerations

(2n +p) (2n + p) [

(10log3 + 5logn) + 4nlog((1 4 ¢) np) < 201og(3 (1 + ¢) np)] for all n € Z~,,

it suffices to show

(2n + p)

N >
2

<2n 4 p+10log O + 101og (2%— + }?p) +201log(3 (1 + ¢) np)) ,

which is exactly assumption ((5.3)).

Hence, the proof that we can apply Theorem [5.2.1]is complete. Applying it we conclude that
w.p. 1—0 (%p) the output of LBR algorithm at step 3 is Qﬁ*, as we wanted. n

Proof of Theorem [5.2.5.B

By using a standard union bound and Markov inequality we have

" E [W2 1
P(|Wllw < rpo) > 1= P(Wi| > /npo) > 1 —n% 21—
=1

Therefore, conditional on the high probability event [|[W||, < \/npo, we can apply Theorem

with /npo instead of o and conclude the result.
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5.6 Rest of the Proofs

Proof of Proposition 5.2.6

Proof. If we show that we can apply Theorem [5.2.5.B] the result follows. Since the model
assumptions are identical we only need to check the parameter assumptions of Theorem [5.2.5.B]
First note that we assume R = R, we clearly have for the noise 0 < W, =1 and finally Q = Q.
Now for establishing , we first notice that since N < log (%) is equivalent to 2Vo < 1, we
obtain 2V o/np+ Rp < log(np)+log(Rp) - Therefore it suffices

N> (2n2;p)2 + 222 P 100301 + np) + 2P log(RO)
Now since p > @ log (%) it holds
22(2n + p) log(3(1 + ¢)np) < %M, (5.14)
for all n € Z-¢.Indeed, this can be equivalently written as
22 < ZEllog(;g —:—i)np)
But —=42___ increases with respect to n € Z, and therefore it is minimized for n = 1. In

log(3(1+4c)np)
particular it suffices to have
2+p

€
R
41og(3(1+ ¢)p)

which can be checked to be true for p > % log <(1‘ri?2)6>. Therefore using ([5.14)) it suffices

e.(2n+p)? 2n+p
N> (14+=
( +2) 2n *

log(RQ).
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But observe

P’ P
N> (1+¢) {%+2n+2p+(2+5)log(ﬁi@)}

(2n +p)?
2n

+(

=(1+¢) [ Qn;p
€. (2n + p)?

iog (7Q)

+ (2n + p) log(RQ).

The proof of Proposition is complete. O

Proof of Proposition

Proof. We first establish that || X ||, < (np)? whp as p — +o00. By a union bound and Markov

inequality

1
P max |X;;|> (np)? ) <npP (| X11| > (np)?) < —E[|X11]] = o(1).
<i€[n],j€[p}| i (p))— pP (| X1 (p))—np [[X11]] = o(1)

Therefore with high probability || X|. < (np)?. Consider the set T(R,Q) of all the vectors
p* € [—R, RJP satisfying the @Q-rationality assumption. The entries of these vectors are of the
form & for some a € Z with [a| < RQ. In particular |T(R, Q)| = (2QR + 1)”. Now because the
entries of X are continuously distributed, all X * with §* € T(R, Q) are distinct with probability

1. Furthermore by the above each one of them has L, norm satisfies
1X8°13 < np* | X NS85 < R*n®p® < R*(np)°,

w.h.p. as p — +o0.

Now we establish the proposition by contradiction. Suppose there exist a recovery mechanism
that can recover w.h.p. any such vector g* after observing Y = Xp3* + W € R", where W has
n iid N(0,0?) entries. In the language of information theory such a recovery guarantee implies
that the Gaussian channel with power constraint R?(np)® and noise variance 0% needs to have

capacity at least
log |T(R,Q)| _ plog 2QR+1)
n n
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On the other hand, the capacity of this Gaussian channel with power R and noise variance %2 is
known to be equal to 1log (1+ £&) (see for example Theorem 10.1.1 in [CT0G]). In particular

our Gaussian communication channel has capacity %log <1 + @) .From this we conclude

plog (2QR + 1)
n

1 R?(np)°
< 5 log (1 =)
which implies

1

2plog(2QR+1) )
n

-1

o? < R*(np)°

or

1
2plog(2QR+1) -3
n —1 ,

o < R(np)? (2

which completes the proof of the Proposition. n

Proof of Proposition [5.2.8

Proof. Based on Proposition the amount of noise that can be tolerated is

51+ [% +2n+2p+(2+2) log(RQ)]

for an arbitrary e > 0. Since n = o(p) and RQ = 2*) this simplifies asymptotically to

9—(1+¢) [2 1og(RQ)]

Y

for an arbitrary € > 0. Since o < 03", we conclude that LBR algorithms is succesfully working

in that regime.

For the first part it suffices to establish that under our assumptions for p sufficiently large,

=

037¢ > R(np)? (2% _ 1>_
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Since n = o2 ) implies n = o(p) we obtain that for p sufficiently large,

log

2plog(2QR+1) plog(2QR+1)
n n

— 1> 220729

which equivalently gives

1
2plog(2QR+1) T2 _(1—lg)Plog(2QR+1)
(2 D —1) < 2717297

or

< R(np)*2

1
2p log(2Q R+1) -3 1 \plog(2QR+1)
ElosBIREL 1) (1§ et

R(np)? (2
Therefore it suffices to show

plog(2QR+1)

1%(71]9)?’2’(1’%6)T <oy ‘= 2~ (

176)1010&:7(1@13)

or equivalently by taking logarithms and performing elementary algebraic manipulations,

nlog R + 3nlog(np) < (1 - g) plog(2 + R_Q) plog RQ.

The condition n = o2 ) implies for sufficiently large p, nlog(np) < {p and nlog R < $plog QR.

logp

Using both of these inequalities we conclude that for sufficiently large p,

nlog R + 3nlog(np) < %p log QR

IN

(1 — g) plog(2 + R_Q) + plog RQ.

This completes the proof.
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5.7 Conclusion

In this Chapter, we consider the high dimensional linear regression model under exponential-
in-p small noise level. We focus on X having iid entries generated from an, almost arbitrary,
continuous distribution and 5* being an, almost arbitrary, rational-valued vector of coefficients.
We propose a lattice-based method based on the celebrated Lenstra-Lenstra-Lovasz lattice basis
reduction algorithm. The algorithms reduces the high dimensional linear regression problem
to a shortest vector problem on an appropriately designed lattice. Interestingly, we prove that
the algorithm correctly recovers exactly the vector §* with one sample n = 1 and p — +o0.
This is a significant improvement to standard compressed sensing methods, such as LASSO and
Basis Pursuit, which are provably requiring diverging number of samples to succeed. Finally, we
establish that, under mild assumptions on the range of values for the entries of 5*, our proposed

algorithm obtains nearly-optimal noise tolerance.
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Chapter 6

The Landscape of the Planted Clique
Problem:

Dense subgraphs and the Overlap Gap
Property

6.1 Introduction

In this Chapter we study the planted clique problem, first introduced in |Jer92]. In this problem
one observes an n-vertex undirected graph G sampled in two stages; in the first stage, the
graph is sampled according to an Erd&s-Rényi graph G (n, %) and in the second stage, k£ out
of the n vertices are chosen uniformly at random and all the edges between these k vertices
are deterministically added (if they did not already exist due to the first stage sampling). We
call the second stage chosen k-vertex subgraph the planted clique PC. The inference task of
interest is to recover PC from observing G. The focus is on the asymptotic setting where both
k = k,,n — +oo and the recovery should hold with probability tending to one as n — +o0
(w.h.p.).

It is a standard result in the literature that as long as k > (2 4 €)log, n, the graph G will
have only PC as a k-clique in G w.h.p. (see e.g. [Bol85]). In particular under this assumption,

PC is recoverable w.h.p. by the brute-force algorithm which checks every k-vertex subset of
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whether they induce a k-clique or not. Note that the exhaustive algorithm requires (Z) time
to terminate, making it in principle not polynomial-time for the values of k of interest. For
any k > (2 + €)log, n, a relatively simple quasipolynomial-time algorithm, that is an algorithm

Ologn) can be also proven to recover PC correctly w.h.p. as n — 400

with termination time n
(see e.g. the discussion in [FGRT17| and references therein). Note that a quasipolynomial-time

termination time outperforms the termination time of the exhaustive search for k = w (logn).

The first polynomial-time (greedy) recovery algorithm of PC came out of the observation in
[Kuc9h) according to which when & > C'v/nlogn for some sufficiently large C' > 0, the k-highest
degree nodes in G are the vertices of PC w.h.p. A fundamental work [AKS9§| proved that a
polynomial-time algorithm based on spectral methods recovers PC when k > ¢y/n for any fixed
¢ > 0 (see also [FR10], [DM], [DGGP14] and references therein.) Furthermore, in the regime
k/y/n — 0, various computational barriers have been established for the success of certain classes
of polynomial-time algorithms, such as the Sum of Squares Hierarchy [BHK™16|, the Metropolis
Process [Jer92] and statistical query algorithms [FGRT17|. Nevertheless, no general algorithmic
barrier such as NP-hardness has been proven for recovering PC when k/y/n — 0. The absence
of polynomial-time algorithms together with the absence of an NP-hardness explanation in the
regime where k > (24 €)logn and k//n — 0 gives rise to arguably one of the most celebrated
and well-studied computational-statistical gaps in the literature, known as the planted clique

problem.

Computational gaps Computational gaps between what existential or brute-force methods
promise and what computationally efficient algorithms achieve is an ubiquitous phenomenon
in the analysis of algorithmic tasks in random environments. Such gaps arise for example in
the study of several “non-planted” models like the maximum-independent-set problem in sparse
random graphs |GSal], [COEL1], the largest submatrix problem of a random Gaussian matrix
[GL16], the diluted 4-spin-model [CGPR17| and the study of random k-SAT [MMZ05], [ACOO0S].
Recently, such computational gaps started appearing in “planted” inference algorithmic tasks in
statistics literature such as the high dimensional linear regression problem |[GZ17a], [GZ17h], the
tensor principal component analysis (PCA) [BAGJ1S]|, [BR13| the stochastic block model (see
[Abb17], [BBHI1S8| and references therein) and, of course, the planted clique problem described
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above. Towards the fundamental study of such computational gaps the following two methods

have been considered.

(1)

Computational gaps: Average-Case Complexity Theory and the central role of
Planted Clique

None of the above gaps have been proven to be an NP-hard algorithmic task. Nevertheless,
in correspondence with the well-studied worst-case NP-Completeness complexity theory
(see e.g. [Kar72|), some very promising attempts have been made towards building a sim-
ilar theory for planted inference algorithmic tasks (see e.g. [BR13|, [CLR17|, [WBP16],
IBBH18] and references therein). The goal of this line of research is to show that for
two conjecturally computationally hard statistical tasks the existence of a polynomial-time
algorithm for one task implies a polynomial-time recovery algorithm for the other. In par-
ticular, (computational hardness of) the latter task reduces to (computational hardness of)
the former. Notably, the planted clique problem seem to play a central role in these devel-
opments, similar to the role the boolean-satisfiability problem played in the development of
the worst-case NP-completeness theory. Specifically in the context of statistical reduction,
multiple statistical tasks in their conjecturally hard regime such as Sparse-PCA [BR13],
submatrix localization [CLR17], RIP certification [WBP16|, rank-1 Submatrix Detection,
Biclustering [BBHI18| have been proven to reduce to the planted clique problem in the
regime k//n — 0.

Computational Gaps: A Spin Glass Perspective (Overlap Gap Property)

For several of the above-mentioned computational gaps, an inspiring connection have been
drawn between the geometry of their solution space, appropriately defined, and their al-
gorithmic difficulty. Specifically it has been repeatedly observed that the appearance of a
certain disconnectivity property in the solution space called Overlap Gap Property (OGP),
originated in spin glass theory, coincides with the conjectured algorithmic hard phase for
the problem. Furthermore, it has also been seen that at the absence of this property even

greedy algorithms can exploit the smooth geometry and succeed.

The connection between algorithmic performance and OGP was initially made in the study

of the celebrated example of random k-SAT (independently by [MMZ05], [ACORTT1]) but
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then has been established for other “non-planted" models such as maximum independent
set in random graphs |GSal, [RV14] but also “planted models" such as high dimensional
linear regression |GZ17a)], [GZ17b| and tensor PCA [BAGJ1§|. Despite the fundamental
nature of the planted clique problem in the development of average-case complexity theory,
OGP has not been studied for the planted clique problem. The study of OGP in the context

of the planted clique problem is the main focus of this work.

We start with providing some intuition on what OGP is in the context of “non-planted"
problems. Motivated by the study of concentration of the associated Gibbs measures
[Tall0] for low enough temperature, the OGP concerns the geometry of the near (opti-
mal) solutions. It has been observed that any two “near-optimal" solutions for many such
modes exhibit the disconnectivity property stating that that their overlap, measured as a
rescaled Hamming distance, is either very large or very small, which we call the Overlap
Gap Property (OGP) [ACORTT1], [ACO08|, IMRT11], [COE11], [GSa], [RV14], [CGPRI17|
IGSD]. For example, the independent sets achieving nearly maximal size in sparse random
graph exhibit the OGP [GSal]. An interesting rigorous link also appears between OGP
and the power of local algorithms. For example OGP has been used in [GSa] to estab-
lish a fundamental barriers on the power of a class of local algorithms called i.i.d. factors
for finding nearly largest independent sets in sparse random graphs (see also [RV14] for a
tighter later result). Similar negative results have been established in the context of the
random NAE-K-SAT problem for the Survey propagation |[GSb|, of random NAE-K-SAT
for the Walksat algorithm [COHH16] and of the max-cut problem in random hypergraphs
for the family of i.i.d. factors [CGPR17|, As mentioned also above, when OGP disappears
the picture changes and, for many of these problems, greedy methods successfully work
[ACO0S§|, [AKKT02]. Importantly, because of this connection it is conjectured that the
onset of the phase transition point for the presence of OGP corresponds to the onset of

algorithmic hardness.

It is worth mentioning that other properties such as the shattering property and the conden-
sation, which have been extensively studied in the context of random constraint satisfaction
problems, such as random K-SAT, are topological properties of the solution space which

have been linked with algorithmic difficulty (see e.g. [ACOO0§|, [KMRT 07| for appropriate
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definitions). We would like to importantly point out that neither of them is identical with
OGP. OGP implies for trivial reasons the shattering property but the other implication
does not hold. For example, consider the model of random linear equations [ACOGMI7],
where recovery can be obtained efficiently via the Gaussian elimination when the system is
satisfiable. In [ACOGM17] it is established that OGP never appears as the overlaps con-
centrate on a single point but shattering property does hold in a part of the satisfiability
regime. Furthermore, OGP is also not the same with condensation. For example, in the
solution space of random K-SAT, OGP appears for multioverlaps around ratio clauses to
variables about 2% log2/K (up to poly-log K factors) [GSh] which is far below condensa-
tion which appears around ratio 2% log 2 [KMRTT07]. It should be noted that in random
k-SAT the onset of the apparent algorithmic hardness also occurs around 2% log 2/ K [GSH],
[Het16]. The exact connection between each of these properties and algorithmic hardness

is an ongoing and fascinating research direction.

Recently the study of OGP has been initiated for “planted" problems as well, for example
for the high dimensional linear regression problem |GZ17al, [GZ17b]. For this “planted"
problem, the goal is to recover a hidden k-sparse binary vector from noisy linear observa-
tions of it. The strategy followed in this Chapter is comprised of two steps. First the task
is reduced into an average-case optimization task associated with a natural empirical risk
objective. Then, as a second step, a geometric analysis of the region of feasible solutions is
performed and the OGP (or the lack of it) is established. Interestingly, in this line of work
the “overlaps" considered are between the “near-optimal" solutions of the optimization task
and the planted structure itself. In the present paper we follow a similar path to identify

the OGP phase transition point for the planted clique problem.

Contribution and Discussion

In this Chapter we analyze the presence of OGP for the planted clique problem. We first turn the

inference goal into an average-case optimization problem by adopting an “empirical risk" objective

and then perform the OGP analysis on the landscape of near-optimal solutions. The first natural

choice for the empirical risk is the log-likelihood of the recovery problem which assigns to any

k-subset C' C V(G) the risk value —logP (PC = C|G). A relatively straightforward analysis of
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this choice implies that when k& > (2 + €)log, n the only k-subset obtaining a non-trivial log-
likelihood is the planted clique itself, since there are no other cliques of size k in the graph w.h.p.
as n — +oo. In particular, this perspective of studying the near-optimal solutions and OGP

fails to provide anything fruitful.

The Dense Subgraphs Landscape and OGP We adopt the “relaxed" k-Densest-Subgraph
objective of the observed graph G which assigns to any k-subset C' C V(G) the empirical risk
—|E[C]], that is we would like to solve

D(G): max |E[C]],
cCv(G),|C|=k

where by E[C] we refer to the set of edges in the induced subgraph defined by C. Notice that
D(G) is equivalent with maximizing the log-likelihood of a similar recovery problem, the planted
k-dense subgraph problem where the edges of PC are only placed with some specific probability
1 > p > 1/2 and the rest of the edges are still drawn with probability % as before (see e.g.
IBBH18] and references therein). Also, notice that, interestingly, D(G) does not depend on the
value of p; that is it is universal for all values of p € (%, 1). Now the planted clique model we
are interested in can be seen as the extreme case of the planted k-dense subgraph problem when
p — 17. In this work we analyze the overparametrized version of D(G), k-densest-subgraph

problem, where for some parameter k > k the focus is on

Di1(G) : E|C 6.1
ei(G):  max EC], (6.1)

while importantly the planted clique in G remains of size k. In this work we study the following

question:

How much can a near-optimal solution of Dy ,(G) intersect the planted clique PC?

The Overlap Gap Property (k-OGP) for the k-Densest subgraph problem would mean that
near-optimal solution of Dy, (G) (sufficiently dense k-subgraphs of G) have either a large or small

intersection with the planted clique (see Definition below for more details on the notion).
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To study the presence of k-OGP we focus on the monotonicity of the overlap-restricted

optimal values for z = L’%kj, L%j +1,...,k;

i (G)(2) = a E[C]],
ka( )(Z) CQV(G),|C|IB]_€,§VGI“1&]:)(C):Z| [ ”

where overlap(C) := |CNPC|. Note that we define the overlaps beginning from L%j as this level

of overlap with PC is trivially obtained from a uniformly at random chosen k-vertex subgraph.

Monotonicity and OGP It is not hard to see that the monotonicity (or lack of) of dj (G)(2)
might be linked with the presence or absence of k-OGP. For example, assume that for some

realization of G the curve dy , satisfies that for some 2* € (L’%kj k)YNZ,
di, 1 (G)(z") < min{dj ,(G)(0), di 1 (G) (k) }. (6.2)
then k-OGP holds. Indeed, choosing any 7 > 0 with
dix(G)(z") < T < min{d, ,(G)(0), djx (G)(k)}

we notice that (1) since 7 > djx(G)(z*) any “dense" k-subgraph with at least 7~ edges cannot
overlap at exactly z* vertices with PC and (2) since 7 < min{dg ,(G)(0), dj x(G)(k)} there exist
both zero and full overlap “dense" k-subgraphs with that many edges. On the other hand, when
the curve is monotonic with respect to overlap z, k-OGP does not hold for a similar reasoning.
Furthermore, note, that when the curve is monotonically increasing the near-optimal solutions
of Dy, 1(G) have almost full intersection with PC (hence, considered relevant for recovery), while
when it is monotonically decreasing the near-optimal solutions of Dy ;(G) have almost empty

intersection with PC (hence, considered irrelevant for recovery).

Monotonicity of the First Moment Curve Using an optimized union-bound argument
(first moment method) we obtain a deterministic upper bound function (we call it first moment

curve) I'g 1.(2) such that for all overlap values z,

di 1k (G)(2) < Tp(2), (6.3)
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Low Overparametrization k& | High Overparametrization k

o(y/n) I';. . non-monotonic I';. . monotonically decreasing
=w(y/n) 'z x non-monotonic I’y monotonically increasing

Table 6.1: The monotonicity phase transitions of I'; ; at k = y/n and varying k.

which is also provably tight, up-to-lower order terms, at the end-point z = 0 (Proposition .
For this reason, with the hope that I' ;(2) provides a tight upper bound in , we perform a
monotonicity analysis of I'z ;.(2).

We discover that when k = o(y/n), and relatively small k (including k = k) ', is non-
monotonic satisfying a relation similar to for some z*, while for relatively large k it is
decreasing. On the other hand, when k = w (y/n) for relatively small & Itk 1s non-monotonic
satisfying a relation similar to for some z*, while for relatively large k it is increasing.
In particular, an exciting phase transition is taking place at the critical size kK = y/n and high
overparametrization k. A summary is produced in Table 1. Theorem and the discussion
that follows provide exact details of the above statements.

Assuming the tightness of I'; ; in (6.3) we arrive at a conjecture regarding the k-OGP of the
landscape. In the apparently algorithmically ihard regime k = o(y/n) the landscape is either
exhibiting k-OGP or is uniformative. On the other hand, in the algorithmically tractable regime
k = w(y/n) for appropriately large k there is no k-OGP and the optimal solutions of Dy 1 (G)
have almost full overlap with PC. Of course this is only a prediction for the monotonicity of
dr. x(G), as the function I't; corresponds only to an upper bound. For this reason we establish

results proving parts of the picture suggested by the monotonicity of Ty ;.

Overlap Gap Property for k = n%%'7  We establish that under the assumption k < k = n¢,
forsome 0 < C' < C* = %_\/?g ~ 0.0917.. indeed k-OGP holds for Dy, (G) (notice k = o (y/n)) in
the regime. The result holds for all values of k (up-to-log factors) where the curve '} i 1s proven
non-monotonic (Theorem . Specifically, we establish that for some constants 0 < Dy < Dy
any k-subgraph of G which is “sufficiently dense" will either intersect PC in at most Dl\/%
nodes or in at least Dz\/% nodes. Our proof is based on a delicate second moment method

argument for dense subgraphs of Erddés-Rényi graphs. We believe that the second moment

method argument can be further improved to extend the result to the case C* = 0.5 — ¢ for
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arbitrary € > 0. We leave this important step as an open question.

The use of Overparametrization The ability to choose k > k is paramount in all the results
described here. If we have opted for the arguably more natural choice k = k, and focused solely on
k-vertex subgraphs the monotonicity of the curve I'y , exhibits a phase transition at the peculiar
threshold k = n3 (see Remark . To make this more precise, no landscape phase transition
is suggested around the apparent algorithmic threshold k& = /n if we focus on k-vertex dense
subgraphs (see for example the identical nature of Figure 1(a) and Figure 2(a) where k is chosen
near y/n from below and above respectively). For this reason, the use of overparametrization is
fundamental.

Significant inspiration from this overparametrization approach is derived from it’s recent
success on “smoothening" bad local behavior in landscapes arising predominantly in the context
of deep learning [SS17|, [VBBIS|, [LMZI18| but also beyond it (e.g. [XHMIS]| in the context of
learning mixtures of Gaussians). We consider this to be a novel conceptual contribution to this
line of research on computational-statistical gaps with potentially various extensions.
n%?~<-Dense Subgraphs of ¢ (n, %) Proposition and Theorem are based on a new

result on the K-Densest subgraph of a vanilla Erdés-Rényi model Gy sampled from G (n, %),

der,x (Go) = copimax |E[C]],

for any K < n2~¢ where € > 0. The study of dgr, x(Go) is a natural question in random graph
theory which, to the best of our knowledge, remains not well-understood even for moderately
large values of K = K,. For small enough values of K, specifically K < 2log,n, it is well-
known dgr i (Go) = (5) w.h.p. as n — +oo (originally established in [GM75]). On the other

K)l

hand when K = n, trivially dgg x(Go) follows Binom ((2 ,5) and hence for any ax = w (1),

der,x(Go) = 3(5) + O(Kak) whp. as n — +oo. If we choose for the sake of argument

ag = loglog K the following natural question can be posed;
How dgg k(Go) transitions from ([2() for K < 2logyn to %([2() + O (Kloglog K) for K =n?

A recent result in the literature studies the case K = Clogn for C' > 2 [BBSVI§| and
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establishes (it is an easy corollary of the main result of the aforementioned paper),

dersc(Go) = h™! <log2 _ Q(HTO(U)) (S) (6.4)

w.h.p. as n — +oo. Here log is natural logarithm and k™! is the inverse of the (rescaled) binary

entropy h : [3,0] — [0, 1] is defined by
h(z) = —zlogz — (1 — z)log z. (6.5)

Notice that lime_, o A1 <10g2 - w> = % which means that the result from [BBSV1S)|
agrees with the first order behavior of dgr x(Go) at “ very large" K such as K = n. The proof
from [BBSV1S]| is based on a careful and elegant application of the second moment method,

where special care is made to control the way “sufficiently dense" subgraphs overlap.

We study the behavior of dgg x(Gp) for any K < n%’e, for € > 0. Specifically, we build
and improve on the second moment method technique from [BBSV18| and establish tight results
for first and second order behavior of dggr x(Go) when K is a power of n strictly less than /n.
Specifically in Theorem we show that for any K = n® for C' € (0, %) there exists some
positive constant 5 = 3(C) € (0, 2) such that

1 log (¢
i (Go) = h™ <10g2 - fK() )> (f) -0 (K%/logn) (6.6)

w.h.p. as n — +oc.

First notice that as our result are established when K is a power n it does not apply in the
logarithmic regime. Nevertheless, it is in agreement with the result of of [BBSV18| since for

K = Clogn,

B K log (%) B 2

2

that is the argument in A~! of converges to the argument in h=! of (6.4) at this scaling.

Finally, by Taylor expanding h~! around log2: h~!(log2 —t) = % + \%\/1—5 + o0 (\/E) for
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t =0(1) (Lemma|6.8.3)), using our result we can identify the second order behavior of dggr x(Go)

3
K2 K24/log (ﬁ) ,
dER,K(GO) = T + % +o0 (K%> ,

w.h.p. as n — 4o00. See Corollary [2] for the exact statement. Note that the second order
behavior is of different order in K that in the case K = n. We leave the analysis of the behavior
of dgr k(Go) in the regime for K between nt and n as an intruiguing open question.
Connection with k-OGP Notice that our result holds for any K = © (nc), 0<C< %
but in the discussion above we only claimed of using this result to prove k-OGP for C' < 0.0917.
This happens because to establish k-OGP using our non-monotonicity arguments and this result
(for K = k) we need to make sure the error term in is 0 (K'), which from our result it can
only be established if C' < 0.0917. The reason is that to transfer the non-monotonicity of the first
moment curve ['; ;. (2) to the non-monotonicity of the actual curve di . (G') we need the error term
in our approximation gap between dy ;. (G) (2) and I't ;(2) to do not alter the non-monotonicity

behavior of I't . (z). We quantify the non-monotonicity via its “depth", that is via

min{T;, (0), Ty ()} — min IT'g . (2).

z€[0,k]

The latter “depth" quantity can be proven to grow with order similar to 2 (K) = (l;:) leading

to the necessary order for the error term to make the argument go through.

Notation Throughout the paper we use standard big O notations, e.g., for any real-valued
sequences {a, fnen and {by, bnen, an = © (b,) if there exists an absolute constant ¢ > 0 such that
1< 152 < ¢ an = Q(by) or b, = O (ay) if there exists an absolute constant ¢ > 0 such that
152 = ¢ an = w (by) or by, = o(ay) if lim, |32 = 0.

For an undirected graph G on n vertices we denote by V(G) the sets of its vertices and E|[G]
the set of its edges. For a subset S of V(G) we refer to the set of all vertices in V' (G) which are
connected with an edge to every vertex of S, as the common neighborhood of S.

Throughout the paper we denote by h the (rescaled) binary entropy given by and for
v € (3,1), we define

(7, %) :=log2 — h(y). (6.7)
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6.2 Main Results

6.2.1 The Planted Clique Model and Overlap Gap Property

We start with formally defining the Planted Clique Model and the recovery goal of interest.

Parameter Assumptions Let k,n € N with £ < n. We assume that both k,n are known.

All of our results focus on the regime where k = k,, grows with n as n — 400 with w(logn) =

k = o(n).

The Generative Process First sample an n vertex undirected graph G according to the
Erdés-Reényi G(n, %) distribution. Then choose k out of n vertices of Gy uniformly at random
and connect all pairs of these vertices with an undirected edge, creating what we call as the
planted clique PC of size k. We denote the resulting n-vertex undirected graph by G (n, k, %) or
G for simplicity.

The Recovery Goal Given one sample of GG recover the vertices of the planted clique PC.

6.2.2 The k-Densest Subgraph Problem for k > k = |PC|

We study the landscape of the sufficiently dense subgraphs in GG. Besides n, k we introduce an
additional parameter k € N with k& < k < n that will be optimized. The dense subgraphs we
consider are of vertex size k. We study overlaps between the sufficiently dense k-dense subgraphs
and the planted clique PC. Specifically we focus on the k-densest subgraph problem on G,
Dy (G) defined in (6.8).

We define the k-Overlap Gap Property of Dy (G).
Definition 6.2.1 (k-OGP). Dy, (G) ezhibits k-Overlap Gap Property (k-OGP) if there exists

Cins Con € [K] with Gy < Com and 0 <1, < (5) such that;

(1) There exists k-subsets A, A’ C V(G) with |ANPC| < (i,
|A"NPC| > (o and min{|E [A] |, |E[A]|} > 7.

(2) For any k-subset A C V(G) with |E[A]| > r, it holds,
either [ANPC| < (1, or |ANPC| > Gop.
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Here, the first part of the definition ensures that there are sufficiently dense k-subgraphs of G
with both “low" and “high" overlap with PC. The second condition ensures that any sufficiently
dense k-subgraph of G will have either “low" overlap or “high" overlap with PC, implying gaps
in the realizable overlap sizes.

To study k-OGP we study the following curve. For every z € {L%J, L%’;”J +1,...,k} let

Dy (G)(2) E[C]]. (6.8)

. max
CCV(G),|C|=k,|CNPC|=2

with optimal value denoted by df,(G)(z). In words, dj;(G)(2) corresponds to the number
of edges of the densest k-vertex subgraph with vertex-intersection with the planted clique of
cardinality z. Notice that, as explained in the previous section, we restrict ourselves to overlap
at least kk/n since this level of intersection with PC is achieved simply by sampling uniformly

at random a k-vertex subgraph of G.

6.2.3 Monotonicity Behavior of the First Moment Curve I';

The following deterministic curve will be of distinct importance in what follows.

Definition 6.2.2 (First moment curve). We define the first moment curve to be the real-valued

function Tz, : {Lk—fj, L%EJ +1,...,k} = Rog, where for z =k =k,

et = (3)
i oo 405) (-

forzE{L%’EJ,L%J +1,...,k},

and otherwise

Here the function 2! is the inverse function of h, which is defined in (6.5). We establish the
following proposition relating dj, z(G)(z) and I'y 1 (G)(2).

Proposition 6.2.3. Let k,k,n € N with k < k <n.
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(1) For any z € {L%J, L%EJ +1,...,k}
di 1 (G)(2) < Ty x(2),
with high probability as n — +o0.
(2) Suppose (logn)’ <k <k =0 (n) for C € (0,3). For any B € (0,2) with
N

525(C)>§ 5 o

7\ 5
T (0) = O ((F)” Viog ) < di 1(G)(0), (6.9)
with high probability as n — +o0.

The bounds stated in Proposition [6.2.3] are based on the first and second moment methods.
The proof of Proposition is in Section [6.4]

Remark 6.2.4. Under the assumptions of Part (2) of Pmposition we have

= 3(3) + (G o)y (5[ ()]

ne (B)Fyflog (52 3
U j< >+o((k)z@).

Here we have used Taylor expansion for h™ around log2: h™' (log2 —t) = 1 + (\% + 0(1)> Vit

n—k
(Lemma |6.8.9) for t = % =0 (1"%) = o(1) and Stirling’s approximation. The above

calculation shows that the additive error term in can change the value of T't .(0) only at the

third higher order term.

We explain here how Part (1) of Proposition is established with a goal to provide intuition
for the first moment curve definition. Fix some z € {L%’“J, L%J +1,...,k}. For v € (0,1) we

consider the counting random variable for the number of subgraphs with k vertices, z vertices
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common with the planted clique and at least (;) + ((5) — (;)) edges;

Zye = HAC V(@) 1Al =R lanpe] = =8t = () + ((5) - () )

Notice that first moment method, or simply Markov’s inequality, yields

In particular, if for some v > 0 it holds E[Z, .] = o(1) we conclude that Z,, = 0 whp and in
particular all dense subgraphs have at most (;) + (;“) — (;)) edges, that is

o= ()++(6)- )

w.h.p. as n — +o0o. Therefore the pursuit of finding the tightest upper bound using this
technique, consists of finding the miny : E [Z, ] = o(1).

Note that for any subset A C V(G) the number of its induced edges follows a shifted Binomial
distribution (%) 4+ Bin ((g) - (), %) In particular, we have

et = ()02 () () 2) 22 (G)- G)))

From this point on, standard identities connecting the tail of the Binomial distribution with the

binary entropy function h (see for example Lemma below) yield the optimal choice to be
log (%) (2—*
2

which yields Part (1) if Proposition [6.2.3] More details are in Section [6.4 The part (2) fol-
lows from a much more elaborate second moment method, the discussion of which we defer to

Subsection [6.2.5] and Section [6.3]

We study the monotonicity property of the first moment curve. We establish the following
proposition which proves that for appropriate choice of the overparametrization level of k, the

first moment curve I';, ,(G) exhibits a monotonicity phase transitions at the predicted algorithmic
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threshold k = © (1/n).

Theorem 6.2.5 (Monotonicity Phase Transition at k = \/n). Let k,k,n € N with n — 400
and € > 0 an arbitrarily small constant. Suppose k < k < n and furthermore (log n)5 <k=o(n).
There exist a sufficiently large constant Cy = Co(€) > 0 such that for the discretized interval

IT=T¢c,=4nN [LC’O%J, (1—¢) k} the following are true for sufficiently large n,

(1) if k = o(\/n) then

(1i) for anyk = o (1 glfn )) , the function 'y, ,(2), 2 € Z¢, is non-monotonic (Figure 1(a)).
og( 15 )

(1) for any k = w (1 g'E2n )) , the function 'y (), 2z € Ze, is decreasing (Figure 1(b)).
og( % )

(2) if k =w(y/n) then

(2i) for any k = o (@) , the function T'y ,(2),z € Zg, is non-monotonic (Figure

2(a)).
(2ii) for any k = w <W> , the function I'y ;. (2), 2 € L¢, is increasing (Figure 2(b)).
og( =

Furthermore, in the regime that the function is non-monotonic there are constants 0 < Dy <

Dy such that for uy == Dq] @1 and ug == Ds| @1 and large enough n the following
k k

are true.
(a) [CoBE | < uy <uy < (1—€)k and

(b)

k kk
max  Iz(2) + Q| 75 | STin([Co—)) < Trp (=€) k). (6.10)
2€TN[u1,uz] log (E) n

The proof of the Theorem can be found in Section [6.5]

Remark 6.2.6. In the special case where k = k, it can be straightforwardly checked from Theorem

6.2.5 that I'y ;. exhibits a monotonicity phase transition at k = © (n%> In particular, for k =k,

the monotonicity of I'y; obtains no phase transition around k = © (y/n).
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(a) "Low" overparametrization k = k = 700.
k' = 980000 ~ k”
Lr i (2)

1.08635 |

1.08635 -

1.08634 -

1.08634 -

200 400 600

overlap z

(b) “High" overparametrization k = 2k?> =
980000.

Figure 6-1: The behavior I'; ;, for n = 107 nodes, planted clique of size k = 700 < |/n] = 3162
and “high" and “low" values of k. We approximate I'; ;,(z) using the Taylor expansion of h~' by

f,;k(z) = % ((g) + (‘;)) + \%\/((g) — (‘;)) log [(l:) (g:f)} To capture the monotonicity behavior,

we renormalize and plot (k) 2 (Fm(z) - %(g)) versus the overlap sizes z € [L%J k.

Remark 6.2.7. Note that the monotonicity analysis in Theorem|6.2.5] s performed in the slightly
“shrinked" interval Zc, = 7 N [[Coi—kj, (1—¢) k] for arbitrarily small € > 0 and some constant
Co = Co(€) > 0. The restriction is made purely for technical reasons as it allows for an easier
analysis of the curve’s monotonicity behavior. We leave the monotonicity analysis near the

endpoints as a topic for future work.

Theorem suggests that there are four regimes of interest for the pair (k, k) and the
monotonicity behavior of I'z;(2). We explain here the implication of Theorem under the

assumption that I'y ,(2) is a tight approzimation of dj ,(G)(z).
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Let us focus first on the regime where the size of the planted clique is k = o (1/n). Assume first
that the level of overparametrization is relatively small, namely k = o (%), including the
08\ %2

case k = k. In that case the curve is non-monotonic and (6.10)) holds (the case of Figure 1(a)).
Now this implies that k-OGP appears for the model. The reason is that under the tightness

assumption, (6.10) translates to

z€IN[u1,u2] log (%)

max dg(G)(2) + O (L> < A (GO ]) < dialG) (1 = ) B).

Using that we conclude easily that for sufficiently small constant ¢ > 0 any k-vertex subgraph
with number of edges at least dz ,(G)(|Co ’%kj )— c@ must have either at most u; interesection
with PC or at least uy intersection with PC and there exist both empty and full overlap dense
subgraphs with at least that many edges.

Now assume that overparametrization is relatively large, that is k = w (%) Then the

function I'g ;. (2) is decreasing (the case of Figure 1(b)). This is a regime where E-62GP disappears
but the higher overlap z with PC implies smaller value of df ,(G)(z). In particular, in that case
one can efficiently find a sufficiently dense subgraphs but they have almost zero intersection with
PC. In conclusion, when k& = o(y/n) (and again under the tightness assumption) either the
landscape of the dense subgraphs is uninformative or it exhibits k-OGP,

Now suppose k = w (y/n). Assume first that the overparametrization is relatively small, that
isk=o m . In that regime the curve is non-monotonic (see Figure 2(a)). Then, as in
the previous case, k-OGP appears for the model.

Finally assuming that the overparametrization is relatively large, that is k = w <m>,
the function I'; ,(z) becomes increasing (see Figure 2(b)). Under the tightness assumption, it is
therefore implied that k-OGP disappears and higher overlap z with PC implies higher di 1 (G)(2).
This is an informative case where one can conjecturally find a sufficiently dense subgraphs, using a
method of local improvements. Notice that in this regime which now sufficiently dense subgraphs

have almost full intersection with PC.

Summing this up we arrive at the following conjecture based on Theorem [6.2.5]
Conjecture 6.2.8. Suppose (logn)® < k = o(n).
(1) If k = o(y/n) then
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k' = 4000 = k
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1.78380F ¢ ,
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(a) "Low" overparametrization k = k = 4000.

k' = 6250000 = n?/k?

Tk (2)
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0.61810 -
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(b) “High" overparametrization k = n?/k? = 6250000.

Figure 6-2:  The behavior T'y,;, for n = 107 nodes, planted clique of size k = 4000 > |/n] = 3162
and “high" and “low" values of k. The rest of the plotting details are identical with that of Figure
1.

1i) for any k = o (k*log (%)) there is k-Overlap Gap Property w.h.p. as n — +o00.
k

(1ii) for any k = w (k*log (%)) there is no k-Overlap Gap Property, but di,(G)(z) is
decreasing as a function of z w.h.p. as n — +oo. In particular, the near-optimal

solutions of Dy, x(G) are uniformative about recovering PC.

(2) if k=w(yn),

(2i) for any k = o (W) there is k-Overlap Gap Property w.h.p. as n — +00.
og( =

(2i1) for anyw (W) =k =o(n), there is no k-Overlap Gap Property and dj, ;,(G)(z)
og( =

1s increasing as a function of z w.h.p. as n — 4o00. In particular, the near-optimal
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solutions of Dy, (G) are informative about recovering PC.

In the following two subsections we establish rigorously parts of Conjecture [6.2.8|

6.2.4 k-Overlap Gap Property for k = n%0917

We now turn to the regime k& = o(y/n). In this regime Theorem and Conjecture [6.2.§
suggests the presence of k-OGP when k = o (k:2 log (%)), which includes k = k. We establish
here the result that k-OGP indeed holds as long as both &, k are less than n® for C' ~ 0.0917...

Theorem 6.2.9. [k-Overlap Gap Property]
Suppose (logn)5 <k<k=6 (nc) for some C > 0 with 0 < C' < % — ‘/?é ~ 0.0917.. and
furthermore k = o (k2 log (,?—2))

k

Then there are constants Co > 0 and 0 < Dy < Dy such that for uy := D] m] and
3

Ug = DQ[

— g?nﬂ and large enough n the following holds.
os\ %

(a) f00%1 <up <up < £ oand

(b) di 1(G)(2) is non-monotonic with

2 2€TN[u ,uz] log (%)

min{de(6)(0).dis(6) (§ )}~ o dk7k<G><z>:Q< ¢ ) (6.11)

with high probability as n — +oo.

In particular, k-Overlap Gap Property holds for the choice (1 = uy, (o = us and r, = [rx (0) =

© (%) , with high probability as n — +oo.
o8l %

The proof of the Theorem [6.2.9]is in Section [6.6]

6.2.5 K-Densest Subgraph Problem for G (n, %)

Of instrumental importance towards Theorem [6.2.3] and Theorem is a new result on the
value of the densest K-subgraph of a vanilla Erdgs-Rényi graph G| (n, %) In this section we
present this result. To the best of our knowledge it is the first such result for super-logarithmic-

in-n values of K (see [BBSV18| and the Introduction of the present paper for details).
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Let 1 < K < n. We study the maximum number of edges of a subgraph of Gy ~ G(n, %)
with K vertices, that is

der,k (Go) = AQV%%T%:K |E[4]]. (6.12)

We establish the following result.

Theorem 6.2.10. Suppose K = © (nc) for any constant C' € (0,3). For any fized 5 € (0, %)

with
1-C

1t holds,

! <log2 - %) (lz() ~ 0 (K%/logn) < di 1c(Go) < ™" <10g2 - %) (2()

(6.13)

with high probability as n — +oo.
The proof of the theorem is given in Section [6.3]

Remark 6.2.11. Let C. := 5/8—\/6/4 be the unique positive solution to %— (g — \/6) =¢ .
Notice that Theorem provides a qualitative different concentration result in the regime
where C < Cuiy and when C > Cqyi. In the former case it implies that for any arbitrarily small
constant [ > 0 holds, while in the latter case for to hold the exponent [ needs to

be assumed to be larger than % — (g — \/6) % > 0.

For any value of C' € (0,1/2) we can choose some 0 < 3 = 3 (C) < 2 so that Theorem ,
and in particular , holds for this value of 3. Combining with a direct applications of
the Taylor expansion of h~! (Lemma D and the Stirling’s approximation for (I’é) we obtain
the following asymptotic behavior of dgg x (G), for any K = © (n%),C € (0,1).

Corollary 2. Suppose K = © (nc) for any fized C' € (0, %) Then,

2 Kiy/log (2
dgr,x (Go) = KT + f(K) + 0 (K%) : (6.14)

with high probability as n — +o0.
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6.3 Proof of Theorem [6.2.10|

In this section we establish Theorem [6.2.10] We first provide a proof techniques section and then
establish in separate subsections the lower and upper bounds of (6.13]). Finally an intermediate

subsection is devoted to certain key lemmas for the proof.

6.3.1 Roadmap

For v € (3,1) let Zg , the random variable that counts the number of K-vertex subgraphs of
G ~ G(n, %) with edge density at least v (equivalently with number of edges at least 7(12{ )), that
is

Zkyi= Y 1(|E[A]|2fy([2()>. (6.15)

ACV(G):|A|=K

Markov’s inequality (on the left) and Paley-Zygmund inequality (on the right) give

E [ZK,V]z

E|Z >P g, > 1 > —2=.
[ K,V]— [ Ky Z ]_E[Z%(ﬁ}

(6.16)

(6.16) has two important implications.
First if for some v > 0,

limE [ZK,’y] =0

then (6.16]) gives Zx, = 0 w.h.p. as n — +o00 and therefore the densest K-subgraph has at most

w([;) edges w.h.p. as n — +o0. This is called the first moment method for the random variable
ko -

Second if for some v > 0,

then Zk , > 1 w.h.p. as n — 400 and therefore the densest-K subgraph has at least 'y(g( ) edges

w.h.p. as n — +oo. This is called the second moment method for the random variable Zj .

Combining the two observations and a Taylor Expansion result described in Lemmal6.3.3] to
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establish Theorem [6.2.10| it suffices to establish for some a < #(C) — 3 and

log (v) — O (K1
y=nh"! (logQ _ (&) ( ogn)) :

(2)

that it holds
E [ZK,W]Z

— =1
E|Z%,]

limE [Zk,] = 0,lim

We establish the upper bound provided in Theorem [6.2.10] exactly in this way, by showing

that for a = 0 and v = h™* (log 2 — 10?1%( >> it holds lim,, E [Zf ,] = 0. We present this argument
2

in Subsection [6.3.2]

The lower bound appears much more challenging to obtain. A crucial difficulty is that by
writing Zx - as a sum of indicators as in and expanding [E [Z?{ﬁ] we need to control various
complicated ways that two dense K-subgraphs overlap. This is not an uncommon difficulty in the
literature of second moment method applications where certain conditioning is usually necessary
for the second moment method to provide tight results (see e.g. [BMRT18|, [GZ17al, [WX1§],
IBPW18|, [RXZ19] and references therein).

To control the ways dense subgraphs overlap we follow a similar, but not identical, path to
[BBSV18] which analyzed the K-densest subgraph problem for K = © (logn) and also used
a conditioning technique. We do not analyze directly the second moment of Zx . but instead
we focus on the second moment for another counting random variable that counts sufficiently
dense subgraphs satisfying also an additional flatness condition. The condition is established
to hold with high probability under the Erdés-Rényi structure (Lemma [6.3.4)) and under this
condition the dense subgraphs overlap in more “regular" ways leading to an easier control of the
second moment. More details and the analysis of the second moment method under the flatness

condition are in Subsections [6.3.3] and [6.3.4]

6.3.2 Proof of the Upper Bound

Using (6.16|) it suffices to show that for v := h™! (log2 — IO?}%)), E[Zk ] = o(1).
2
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We have by linearity of expectation and (6.15))

E[Zx.) = (IZ)P {|E[A]\ > 7@)} for some A C V(G),|A| = K
(e ((5)2)=2()]

Using the elementary inequality (;) < n® we have

log ()

o o (R) =0

since by our assumption w(logn) = K.

By Lemma [6.8.3| and ([6.18) we have,

1 Q( log (%)

RN Ny

1
9 ) :§+0(1).

Therefore lim,, v = % and by Stirling’s approximation,

(-2 ) -0

Hence both assumptions of Lemma are satisfied and hence (6.17) implies

s (Do (D)0 (i)

where recall that (v, %) is defined in 1) Now notice that for our choice of 7,

1
r(v,5) =log2—h(y) = —%
2 (5)
In particular using (6.19) we conclude that

E[Zx.] = exp <—Q <, /K log %)) = o(1).

The completes the proof of the upper bound.
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6.3.3 (v, d)-flatness and auxiliary lemmas

We start with appropriately defining the flatness condition mention in Subsection [6.3.1] Specif-
ically, for K € N we introduce a notion of a (v, d)-flat K-vertex graph G, where v, € (0,1).
This generalizes the corresponding definition from [BBSVIE|, Section 3|.

For 0 </ < K let

V212 + 8y min ((5) — (5). () (log (¥) + 2log k) 0< (<2

l)K(é7 (S) =
VYt 8 min ((5) = (). (5)) (log () + 210g &) 5 < ¢ <K

(6.21)

Definition 6.3.1 ((v,d)-flat graph). Call a K-vertex graph G, (v, 9)-flat if
o |EG]| = h’([;)] and
e forall A C V(G) with ¢ =|A| € {2,3,..., K — 1} we have |E[A]| < ’_7(5)-‘ + Dk (4,0).

Notice that a (v, 0)-flat subgraph of G ~ G(n, 3) has edge density approximately v and is
constrained to do not have arbitrarily dense subgraphs. In particular, two (v, §)-flat subgraphs
of GG cannot overlap in “extremely" dense subgraphs. This property leads to an easier control
of the second moment of the random variable which counts the number of (v, §)-flat subgraphs
compared to the second moment of Zg . defined in Definition [6.15, Using the second moment
method we establish the existence of an appropriate (7, d)-flat subgraph leading to the desired
lower bound stated in Theorem [6.2.10 Even under the flatness restriction, the control of the
second moment remains far from trivial and requires a lot of careful and technical computations.
For this reason we devote the rest of this subsection on stating and proving four auxiliary lemmas.

In the following subsection we provide the proof of the lower bound.

Lemma 6.3.2. Let o € (0,1). Suppose K = O(n®) for C € (0,1).

1°g<;)_(?f)K - log")) it holds

For any ~y satisfying v = h~! <log 2 —

1 log =+ 1 logn
=—4+(1 1 K — - .
0l 2+(+0()) % 2+@< K)

Furthermore,

(114) = om2 ) = (14001 2B g (1)
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Proof. We first observe that since K = O(n®) for C' € (0, 1) by Stirling approximation we have
log (j) = (1 + o(1)) K log 2. Therefore, since C' < 1 and a < 1, it also holds

log () — O (K*logn) K log % 2log %
(&) I = (1+0(1)) = = (1+0(1)) —
(2) 2
Hence v satisfies
2log =
y=nh"! (logZ— (14+0(1)) (EK> : (6.22)
By Lemma [6.8.3 we have h™! (log2 —€) =  + (\% +o(1)) Ve Since 2%
that

== = 0(1) we have
logz 1

= -41(1 1 K — _

v=5+A+o))y +0 (

Furthermore by ((6.22) we directly have

logn
2 K |
1 LR
17 5

>=log2—h(7):(1+o(1)) KK :@(blg(n)

2 log

O
Lemma 6.3.3. Suppose w(logn) = K = o(y/n). Then for any fired a € (0,1),
1 n) —
B! <10g2 _ loe ()

(%)(K‘Hogn)) ([2() o (10g2_ log ("

i)
Proof. Equivalently we need to show that

) ()00 i)

h*l <10g2 _ log (K) _

O (K%logn)

) = (- 0

K

K
(%)
Now from Lemma we know that for € = o(1), h~! (log2 — ¢)

) ~0 (Ka*%\/@) .

= 1 + O (/). By Stirling
approximation since K = o (y/n) we have () = © ((%)K) Using o € (0, 1),

g (¢ ) =@ (108 (7)) = (Ko,
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Hence,

) - (- =0 g

The proof of the Lemma is complete.

The lemma below generalizes Lemma 4 from [BBSV1S].

Lemma 6.3.4. Let v,0 € (0,1). Suppose G’ is an Erdds-Rényi G (K, %) conditioned on having

H(I;ﬂ edges. Then G’ is (7, d)-flat (defined in Deﬁm’tz’on w.h.p. as K — +00.

Proof. For any C' C V(G), let e (C) := \E[C’H/('gl)

Consider any 2 < ¢ < K — 1 and any C C V(G) with |C| = ¢. By identical reasoning we
have from equation (4), page 6 in [BBSV18| that for any r > 0,

P <\E [C]] > v(ﬁ) " r) = <_27 ming(([g)_—l)(ﬁ)a (5))> |
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Therefore by union bound,

(5 ) (1112 (5) + De(0))

(5) r\r—
(D) 2 (it o)
)

r=Dg(£,5)

exp | lo K o Y (Dk (£,6) — 1)*

< exp <1 g <g) +log (2) 2ymin((%) - (§)>(€))>
exp | lo K o _ (Dk (¢,0) — 1)

< p<lg<f)+21gK 2vmin<(§)—(§)v(£)>>'

Therefore plugging in the value for D (¢, §) we conclude that for ¢ < 2&

(3)r (1Bn= () + D €0)) < exp-+ayton ()

and for ¢ > %,

(%) (1112 (5) + D (09) < exoi-anoe () ).

Using union bound and the above two inequalities we have that G’ is not (v, §)-flat with proba-

bility at most

K-1

5 () () )

15)

< (f)l 6+ Kzl ( ) (6.23)

=1 /= [21(]

N

Using now that for ¢ satlsfymg < (< K — K% we have

KN _( K\, LK_gz?)K*fzz%K%
¢ K- K— ¢
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and otherwise if ¢ < %, (I;) > (If) = K the right hand side of 1' is at most

N[>

) I3
KKy K352 KoK < K0 + K37 K% 4 K~

which is o (1). The proof of the Lemma is complete.

]

AssumeGNG(n l) and K <n. For2</<K-10<L< (Z) and A, B C V(G) with

72 2

|A| = K, |B| = K and |AN B| ={ let

(1) = (IELA) = [E1B] = ()1l n Bl = ) (6.21)

Lemma 6.3.5. For2</< K —1 and~ € (%, 1) let A :=exp (217__71 + v[(Kl 5)]) Then

(1) for anyr >0,

(2) for any r <0,

ge([7(3)] +r>])2 “ e ((g)m, L+ 0(1)) .

P ([E[A]l = [7(5)

Proof. This follows from the proof of [BBSV1S8, Lemma 6| for p = % and minor adjustment in the
choice of A. The minor adjustment is justified by the second displayed equation on Page 9 in the
aforementioned paper. In that equation if we apply the elementary inequality 1 + z < e” once
for x = 2—1'_%1 and once for x = m we obtain the new choice of \. With this modification,

following the proof of [BBSV18, Lemma 6|, mutatis mutandis, gives the Lemma. ]

6.3.4 Proof of the Lower Bound

We turn now to the lower bound of (6.13]).

For v € (%, 1) we again define Zy ., as in (6.15). Furthermore for any 6 > 0, let ZAKW; the
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random variable that counts the number of (v, d)-flat K-vertex subgraphs of G;

Zkns= Y 1(Ais(y,6)flat). (6.25)
ACV(G):|A|=K

Notice that clearly by definition of (v, §)-flatness we have that for any choice of K~ and any

0 > 0 almost surely

Ty > Zicr s (6.26)

We establish the following proposition.

Proposition 6.3.6. Suppose that K = ©(n®) for some constant C € (0,3). Let any o € (0,1)
satisfying

a>1—(g—\/6>% (6.27)

and set

S <1og2 _ log (r) — K*logn
(3) |

Then there exists 6 > 0 small enough such that

—1+0(1). (6.28)

In particular, Zy > ZAng > 1 with high probability as n — 4o00.

Using this proposition for o := B(C) + %

[6.3.3] we conclude the desired lower bound of Theorem [6.2.101

and the Taylor expansion argument from Lemma

Proof of Proposition[6.3.6. Notice that Z K6 > 1 with high probability as n — +oo follows by
(6.28) using Paley-Zigmund inequality. Thus we focus on establishing (6.28)).

We begin by choosing 6 > 0 to satisfy

1 - C2a—1)+4(/(1—a) +8)/C1—C) —2(1—-C) <0. (6.29)
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To establish the existence of such ¢ notice that (6.27)) by elementary algebra is equivalent with

C(l—-a)< (\/g— 1)%(1-0)

or

VC(1—a)+V1-C< 2(1—0)

which by squaring both sides yields

C’(l—a)+1—C+2\/(1—a)\/C(1—C)<;(1—0)

or equivalently by multiplying both sides by 2 and rearranging

1-C2a—1)+4y/(1—a)y/C1-C)-2(1-C) <0.

Now, since C' € (0, 1), the last inequality implies the existence of some sufficiently small 6 > 0

such that (6.29)) holds.

For an arbitrary K-vertex subset A C V(@) and linearity of expectation, (6.25]) gives

BlZicoa] = (o )P (A s (,0)-fat)
—(1-0(1) (;)P (|E[A]y - % (];)D , using Lemma [5.3.4]
_ <Z> exp (— <l2()r(% 5 - g log ([2() L0 (1)) . using Lemma 5
exp <10g (Z) _ (IQ( >r(% %) _ %logK + 0(1)) | (6.30)

Using that for our choice of v,

1) _ log (1) — K~logn
(5)

(v, 5
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we conclude that,
. 1
E[Zf 5] = exp (KO‘ logn — 5 log K + O(l)) =exp (2 (K“logn)), (6.31)

since K« = O(n“) = w(1).

We now proceed to the second moment calculation. For A C V(G) with |A| = K define the
events Fy = {Ais (v,9)-flat} and F', := {|E[A]| = h([z(ﬂ} Note

Zkas= Y, 1Ea).

ACV(G),|A|=K

For ¢ = |A N B| we have via standard expansion,

(G e

(GG T
< : ([; ) @;f;) (;) _1% + o(1), since by E[Zs. 5] = w(1)
<(1+0(1) : ([;) @_j) (Z) 1% 4 o(1), from Lemma B3

Now for fixed ¢ € {2,3,..., K — 1} and (v,0)-flat K-subgraphs A, B with ¢ = |A N B| we
have from the definition of (7, d)-flatness that the graph induced by A N B contains at most
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[v(5)] + Dx(¢,6) edges. In particular,

P(EsNEp) _ MQ%”"” P(EsN Ep, E[ANB] = L)
P(E,) yard P(E,)’

N +Dg (s
DR o By BlAA B = 1)

< , using that £, C F/,, Eg C F/,
2 P (EA)Q g A B
[v(5) | +Dx (€,6)
= Z gﬁ(l,/)Q, using notation ((6.24))
L=0 P (EA>
[v(5) |+Dx (€.6) , )
< ANPr (D) exp ((2) (7, 5) + O(l)) , using Lemma [6.3.5] and A > 1

< ()@ e ((3)rn )+ o)

~exp (DK(e, 5)log A + @ (7, 5) + Ollog e)) |

Therefore we conclude

I?E[(éi—ﬁ? <14 N @() (Z{‘j) <Z)_l exp (DK(e, §)log A + <§>r(% %) + O(logf))

We proceed from now on in two steps to complete the proof. First we show that for some

sufficiently small constant §; > 0,
61 K] 1
Dk (0,0)log A - log?) ) = o(1). 39
;(5><K—E)(K> exp( k(£,6)log +(2)r(7,2)—|—0(0g )) o(1) (6.32)
In the second step we show that for the constant d; > 0 chosen in the first step,
K—1 o
Z <€) (K B £> (K) exp (DK(€> d)log A + (2)7"(% 5) +0 (logn)) =o(1). (6.33)

(=[5, K]

Note here that for these values of ¢ for the second step we have replaced O(log/) with the
equivalent bound O (log K) = O (logn) since K = ©(n®) for C > 0.
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First Step, proof of (6.32)): For the combinatorial term we use a simple inequality derived
from Stirling’s approximation (see e.g. page 11 in [BBSV1S]),

(5) (7;(__[2) (;) T (14 o(1) (K{Y (6.34)

We now bound the terms in the exponent. Plugging in the value of A from Lemma we have

DK(& 5) i 2"}/ -1
1[G -G 1

By the definition of Dg(¢,6) (6.21]) we have

e (5 <o (V) -ow

since ¢ < 51K < K — 1, assuming §; < 1. From Lemma [6.3.2] we have v = 1 + © (V%)-
Furthermore, by li K=606 (nc) and (1@() < K* we have

Dx(£,5) = O <\/1z2 <log @() + 1ogK)> ~0 (\/m) .

Combining the two last equalities we conclude

DK(€,5) log)\: DK(g,é)

2y —1 53/210gn)
Dr(l,6) =0 ——=—| . 6.35
Do) =0 (S (6.5
Finally, again by Lemma , (7, %) = @(loig(”) and therefore
/ 1 ?logn
(2)7”(7, 5) =0 ( e ) ) (6.36)

Combining ((6.34)), (6.35)) and (6.36)) we conclude that for any ¢; > 0, supposing ¢ < 6; K we get
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(VD) e (preomonss ()rtp+otmen) 630

n 32 1ogn Zlogn
— exp |—Llog (ﬁ)+0(7g)+o( Kg )+O(log€)}

B [ 14 l log ¢ . . c
=exp |—llogn (1—20—0( ?> —O(?> _O(Elogn)>] , using K = ©(n")

< exp —€10gn(1—20—0<\/5_1> —0(51)—0(;{?;”)” , using £/ < 6 K
< exp —flogn(l—QC—O(\/é—l)—0(51)—0(1(); ))1 (6.38)
n

where we have used logl < ¢ for all £ > 1. Since C < % we choose d; > 0 small enough but

constant such that for some 9, > 0 and large enough n,

1—20—0(\/5_1) —0(59—0(10;71) > 5. (6.39)

Hence for this choice of constants d1,d5 > 0 if £ < §; K using (6.38) and (6.39) we conclude that
the expression (6.37)) is at upper bounded by

exp (=6l logn) = n~%".

Therefore we have,

[61K]

> (f) (?{j) (Z)_l exp (DK(& 0)log A + (5)7‘(7, %) +0 (log z)) <> =0 (n"").

(=2 >1

This completes the proof of (6.32)).

Second step, proof of (6.33)): For the second step we start by multiplying both numera-
tor and denominator of the left hand side of (6.33) with the two sides of ((6.30); E [Z Kmé] =
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(M) exp (—=(5)r(v.3) + O (logn)), to get that it suffices to show

i, 2 (D) e (pueomer- ((5) - (3)) 0+ otmem) <ot

Since by equation (6.31)) we have E[Zj, - 5] > exp (Do K® logn) for some universal constant Dy > 0

and K = w(1) it suffices that

[ R (AR ) e

(=[6:K]

Plugging in the value of A we have

S () () e (ot ((5) - (3)) 0 - o)

which is of the order
Kzl K\ (n—K
12 K-/

=[5, K]
ol Ao () Oy

By (6.21)) we have

o (=) o (o) oo oo

since { < K — 1. Furthermore by Lemma [6.3.2]

((5)- ()= (5)- () 0o 22

B (([2() B (5)) 210[g((%) —o((K —¢)logn) (6.41)
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Hence, combining ((6.40) and (6.41]) we conclude that it suffices to show

> exp[F(0)] = o(1) (6.42)

where F'(¢) equals

log( (f ) (7;{_5)) + 217__71 Drc(0,6)

N (<[2<> - (5)) 2lofg((%) — DoK®logn + o (K —{)logn). (6.43)

Now we separate three cases to study F'(¢).

Case 1 (large values of /) : We assume K —1 > (¢ > K — ¢;K®logn, where ¢; > 0 is a

universal constant defined below.

In this case we bound the combinatorial term using ([;) < KKt and (":K) < nf= to

conclude

(V) () = &t = exp 010 — 0. (6.44)

Furthermore,

217_—71 Dg(0,6) =0 | (2v— 1)\/ ((g) — (5)) (log (5) + log K)) , using
=0 (2y- 1)\/(K—£) (K +0-1) (log (f) +logK)>

<0 lolg(n\/(K — 0K - (K —1Y) logK) , from Lemma [6.3.2] (5) < KKt
<O[(K —¥)logn], (6.45)
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Therefore using (6.45)) and (6.46)) for ¢ with K —1 > /¢ > K — ¢; K*logn we have

F() <O((K —4{)logn) — DyK*logn
< C(K —{)logn — DyK“logn, for some universal constant C' > 0

< (Cey — Do) K logn, by the assumption on ¢

IN

D
—TOKQ logn, by choosing ¢; := Dy/2C,

which gives

K-1

> exp [F(0)] = O (exp (logK — %KO‘ log n)) =0(1) (6.46)

{=[K—c1K*logn]

where the last equality is because K = w(1).

Case 2 (moderate values of () : (1 —§)K <! < K — ¢;K%logn, where ¢; > 0 is defined

in Case 1 and % > ¢’ > 0 is a sufficiently small but constant positive number such that

1—C(2a—1)+4(/(1—a) +6)/C(1 - C) —2(1 - &)(1 - C) < 4. (6.47)

Note that such a % > §' > 0 exists because of our choice of d satisfying (6.29) and because C' < 1.

K¢
We start with the standard (Ig) < ( Ke )Kfe and ("7K) < (%) to conclude

log <(I; ) (2{__@) < (K —0)log (%) (6.48)
< (1= C2a—1)+o(1)) (K — £)logn, (6.49)

where for the last step we used K — ¢ > Q(K?®) and that K = ©(n®). Furthermore for this
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values of ¢ we have ¢ > % Therefore from (6.21)),

Di(6,8) < (1 +5)\/27 ((g) _ (5)) log (2[((’;))
< (1+5+o(1)>\/<([;) _ @) log (2[((?)) using Lemma [f32
< (1+5+0(1)))\/<([2<) _ <§>) ((K—e) 1@%) —|—210gK)

< (146 +0(1)) (K —€)\/Klog (O (K1-2)), (6.50)
f) - (5) < K(K - 0),K — 0 > Q(K*))

<(Vi—a+d+o0(1)) (K —1()/KlogK (6.51)

(where we used <

From Lemma [6.3.2] we have

Hence combining it with (6.52]),

2y —1 log &
K SD(60) < (VI=a+ 8-+ o(1) 4(K — 0 %\/KlogK

—4 (\/<1 —a)+6+ o(1)) (K —0) log(%) log K (6.52)

Now by dropping the term —DyK*logn < 0, F'(¢) is at most

1og((l;> <;‘(__}§)) + 217__711);((12, 5) — ((g) - (5)) 2102(%) +o((K - 0)logn) .
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which using (6.50)), (6.53) is at most 1 + o (1) times

(K — 1)

(1-CR2a—-1)) logn—|—4<\/ (1—a) +5>1/10g )logK—2((2[)((_K(2_))£;Og%—l—o(logn)]

IN

(K =)
X {(1 —C(2a—1))logn+4 (x/(l —a)+ 5) log(%) log K —2(1—-19¢") log% + o(logn)}

— (K — ) logn 1—0(2@—1)+4<\/(1—a)+(5> log(jc) log K 2(1_5')%“(1)],

logn

where for the last inequality we used that for £ > (1 — &8k, () — (5) > (1 =& — o (1))k(k — 0).
Using that K = © (nc) we conclude,
F() <

[(1 —C2a—1))+4 (\/(1 ~a) +5> CA—C)—2(1—8)(1—C)+o(1)] (K — 0)logn.

From ([6.48)) we know that for large n

(1—C’(2a—1))+4<\/(1—a)+(5> CA—0)—2(1—&)(1—C)+o(1) < 4.

Therefore we conclude for all ¢ with (1 —§)K </ < K —c;K*logn

F(6) < =8 (K —{)logn < —Q (K* (logn)?) .
Hence,

|[K—c1 K*logn|

Z exp [F(0)] = O (K exp (—Q(K*(logn)?)) = O (exp (logn — Q(K*(logn)®)) = o(1),
e (6.53)

where the last equality is because K = ©(n®) for C' > 0.
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Case 3 (small values of /) : § K < ¢ < (1—0)K where ¢’ is defined in Case 2 and 4; in
Part 1.

Similar to (6.49)) we have

() 5 s 855

< (1+0(1)) (K — 0)log % (6.54)

where we have used for the last inequality that ¢ = O(K).

Furthermore using ((6.21]) and Lemma we have

s tonco=o( (D) () () oe0)
o) () (0w ven)

logn

~ (K—ﬁ)@) ,using K — ¢ = O(K), (I;) (5) < K(K —10)

<0

=o((K—4¥)logn).

Combining it with (6.55) we have that F'(¢) is at most

(1+o0(1)) [(K 0) log(K) +o((K — ) logn) — M(log[()]

<& (14 0(1)) (K = 0) [log(;)—i-o(logn —2(1+51) logK]

1+6

g(K—e)logn<1—c—2< )(1—C)+0(1)>, using K = O(n°)

= (K —{0)logn (=61 (1 —=C)+o(1)), (6.55)
where to derive (*) we use that for £ > 6; K

([;) - (g) = (M)Kﬁ—@.

Since d; (1 — C) > 0 we conclude from (6.56)) that for all ¢ with §; K < ¢ < (1 —¢")K and large
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enough n,
F(l) < -6 (Klogn)
Hence,
[(1-0") K]

Z exp [F(£)] < O (K exp|(logn — O(Klogn))) < O (exp (logn — O(K logn))) =o(1).
=[5, K]

(6.56)
Combining (6.47)), (6.54]) and (6.57)) we conclude the proof of (6.33]). This completes the proof
of the Proposition and of the Theorem. O

6.4 Proofs for First Moment Curve Bounds

6.4.1 Proof of first part of Proposition [6.2.3

Proof of first part of Proposition[6.2.3. If z = k = k then trivially

B (©)(0) = |ETPCl| = (§) = Tualt)

almost surely.

Otherwise, we fix some z € {L%EJ, Lk—fJ +1,...,k}. Since z = k = k does not hold, we have

z < k. For v € (0,1) we consider the counting random variable

2= A C V() s |4l = AN PC) = 2 8141 2 () + . ((‘;) -(5))

By Markov’s inequality, P[Z, . > 1] < E[Z,.]. In particular, if for some 7, > 0 it holds
> E[Z..]=01) (6.57)

we conclude using a union bound that for all z, Z, . = 0 w.h.p. as n — 400 and in particular

for all z, di 1 (G)(2) < (3) + - ((g) - (;)), w.h.p. as n — 400. Therefore it suffices to show
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that for
v, i=h"! <log2 — bg((;ﬂ) ;
() = ()
holds. Notice that 7, is well-defined exactly because z = k = k does not hold. We fix this
choice of v, from now on.

Let us fix z. We start with bounding the expectation for arbitrary v > 0. By linearity of

()] =
D=0 (6)-0)
OO e

expectation we have

eiz.1= (1) (3 25)e ;|E[A” > (;)
~()G52 ()= (

and

we conclude

log () (ZZ_Z)) 5 (bgn) — o1) (6.59)

by our assumption w(logn) = k.

By Lemma |6.8.3] and (/6.60|) we have,

()

Therefore lim,, v, = 1 and the elementary (’,—z:k) > ((n—k)/(k - z))]}_z since z < k,

z

(=) - ) -o (e ()G2)) -0 (i),
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Hence both assumption of Lemma are satisfied (notice that the Binomial distribution of

interest is defined on population size (];) — (;)) and hence (6.59|) implies

= ()220 (o () - () op e (Y-

(6.60)

Now notice that for our choice of .,

(7, l) =log2 — h(y) =

2 ( z

In particular using (6.61)) we conclude that for any =

E(Z,,.] = exp (—Q (\/(k ~z)log - = Z)) . (6.61)

Hence,

_ Y e (—Q <\/(l€—z)log%ﬁz))
_ 3 exp (—Q (\/(k—z) logkﬁz>>

z:min{k,fc—((IOg n)2 ) }

min{k,k— ((10g n)? )}

Y e (—Q (\/(k—z)log%ﬁz))

=B
(logn)* exp <_Q <\/@>> +hexp (_Q < (1ogn)3))
< exp (=92 (Viogn) ) + kexp (—Q ( (1ogn)3>)

=o(1),

3 ‘?m

IN

which is (6.58) as we wanted. O
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6.4.2 Proof of second part of Proposition [6.2.3

Proof of second part of Proposition [6.2.5 The result follows from Theorem [6.2.10] by observing
that dj ,(G)(0) corresponds to the number of edges of the k-densest subgraph of a vanilla G(n —

k, %) random graph. H

6.5 Proofs for First Moment Curve Monotonicity results

6.5.1 Key lemmas

Lemma 6.5.1. Suppose 1 <k < k <n withn — 400, k = o0(n) and € € (0,1) arbitrarily small
constant. For z € [0,(1 —€) k| NZ let

A(2) = log ((’;) (Z - f)) . (6.62)

Then for any z € [0,(1 —€) k| NZ,

A(z) =0 (/zlog (%)) . (6.63)
and -
Az +1) — A(2) = log <$> —0(1). (6.64)

Proof. First

o) o(329)

Since, (’:) < 2% we have log ((1;;)) = O (k). Hence,

A(2) = log ((Z B k)) LOW). (6.65)

—Z

For any z € [0, (1 — €) k] since k < k we have
elz‘glz:—zglz:.

Hence, since for large n we have k < 5, by standard monotonicity arguments on the binomial
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coefficients we have

o ((°51)) e ((322)) = (")

which using Stirling’s approximation since &k < k = o(n) and € is a positive constant yields

n—=k - n
() -0+
Combining this with and k < k = o(n) we conclude (6.64)).

For the final part, simple algebra and that = = Q(1), Egz = (1) for the z of interest

yields,

A(z+1)— A(z) =log

(z+)(n—k—k+2+1)

() () () )
(_
<

(k—2) (k- 2) )

which is ((6.65)).
[l

Lemma 6.5.2. Suppose k < k < n with (logn)’ < k. Then for any z € Zq for which it holds

Li—kj < z < k we have,
Trx(2) — 2e(2)[ = O (1), (6.66)

for

or-3(()+ () o - C) -affy o

and A(z) is defined in (6.63).
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Proof. Let

Combining the elementary inequalities

(£)-

and

with
k> (logn)® = w (logn)

we conclude -
(k‘ — z) logn

620((/5_2) (zz;+z_1)> :O(lo%) =o(l).

For our choice of ¢, I'; ;. can be simply expressed as

o= (o (()- ()

Since € = 0 (1), Lemma implies

Tin(z) — B5(2) = O

where ®z(2) and A(z) are defined in (6.68) and (6.63]) respectively.

Using (E) (;—;:’;) < n2(F=%) e have

A(z) <2(k — z) logn.

Furthermore (g) — (z) > E(E_Z).

Hence, combining the last two inequalities,
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(6.68)

can be



simplified to

Tri(z) — @ (6.69)

el
—
w
-
Q
—~
-
o
|03
3
N—
I
Q
—~
—_
SN—

where the last step is due to (logn)® < k. This concludes the proof of the Lemma.
O

Lemma 6.5.3. Suppose k < k < n with (log n)5 <k and e > 0. Then for some sufficiently large
constant Cy = Cop(€) > 0, if LC’O%I“J <z<(1—ek,

1 z+1)n
Lre(z+1) =Thi(z) =2 (5 -0 (1)) -0 Tog(2) log << kkz) ) +0(1). (6.70)
Proof. First we choose Cy > 0 large enough so that so that log (%) dominates the constant

additional factor in the right hand side of (6.65)) and therefore for all z of interest

e a0 =0 (s (5 ) e (e (CED7)). oy

In light of Lemma we can prove ([6.71]) with @z (z+1) — @z (2) (defined in (6.68))) instead
of I't (2 +1) — 't (2) at the expense only of O (1) terms on the right hand sides. We write the

difference ®¢(z 4+ 1) — ®j;(z) as a summation of three parts.

s+n-ne =3 ((5)+(73) -3(()+ ()

~~
First Part

L \\/A(z—Fl) (@ - (;1)) - \/A(Z) (@ - <2)>

~
Second Part

LAy ARP
V2 I\ (B -C2)) \(B-6)

Vv
Third Part
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The first part can be straightforwardly simplified to 3.

We write the second part as follows,

oo (6)- ()0 (()-C))
- (VAG+T) - VAE) ¢ (5)-(C5")+vae <\/

(6.72)

Since z < (1 —¢€)k < (1 — €)k applying (6.64) from Lemma m, the last quantity is of the order

(7 )] o [yhcpi] e (§)-) o ()

- (A(z+1) — log(f)
e -0
_ log<%> ) [ vk ]

Y og ((Z +_1>”)] —o(2). (6.73)

where for the last equality we used (6.72) and k& = w (logn).

For the third part we write,

A+ 1) ALy
(-6 VO-0
CA(z+1)8 — A(2)b

1 1
_ A [ —— -
Jo-m <¢(§)(Z”) J(‘;)@)

Using a2 —b2 = (a® —b3)/<a%—|—b%> and a® —0* = (a — b) (a®* + b* + ab) = O ((a — b) (a® + b?))
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for a,b € R, we have that the quantity is at most

; [<A<z+ 1) = Al:)) (A + 17 +A<z>2>] Lo {A(z)g (J |

(Alz+ 1)z +A2)2)/ () = (531

which by Lemma [6.5.1] and (6.72) is at most

[log (542 R 1o (3) oy
O = +0O |(klog (=
_ /(l;)_(z-gl) ] |:< g(k>> (

ot o [ - ) e’
o| =t ]+0! D, ]

where for the last equality we used the elementary /a — Vb = (a —b) / <\/E + \/5) and that
z < (1 — €)k. Finally, the last displayed quantity is at most

(1og (2)) = (log (1)) *
o[Latp].o[batpr]
et
=0 7 ,using z < k
=o(1),

since k = w (log3 n) by our assumptions.

Combining the three parts gives

1 k (z+1)n
Dy 1) — ®p(2) = ——o(l)) — 1 = 1). .74
e+ 1) =0 == (5 -o)) 0 |y foton (0 ) vy 67
which based on Lemma implies (6.71)).
The proof of the Lemma is complete. O
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Lemma 6.5.4. Suppose k < k < n with (log n)5 <k ande>0. Let

1% AT AN
T, = wlog( w(g) ) (6.75)

For some sufficiently large constant Cy = Cy(€) > 0 and sufficiently large enough values of n the

following monotonicity properties hold in the discretized interval

=7, = [LCOZ—]CJ, (1—-e)k|NZ.

(1) If T,, = o (%) then T'g ;. is monotonically increasing on .
(2) If T, = w (k) then L'y is monotonically decreasing on I.

(3) If w <%> =T, = o(k) then I't,, is non-monotonous on I with the property that for some

constants 0 < Dy < Dy, uqy := D4 [ /@1 and ug := Do log’(“ ﬂ the following are true.
k

>3

(a) LC’OE—:j <up <ug < (1—ek and

(b)

max ', (2) +Q (

z€ZN[u1,u2)

L) <ty < -on). (670
log (%) ’ n ’

n

Proof. We start with the case T,, = o <@> which can be equivalently written as

aw(x) () )0

or using part (a) of Lemma [6.8.4]

i (@) T L), (6.77)

log (2) \ n
Using (6.71)) from Lemma we have that for some universal constant C; > 0 and large
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enough n,

_ . z k n(z+1)
Piw(z +1) = Tip(2) 2 = G mbg (T) —0(1)

T nz T T -1
:@log (n(z+ 1>) kk —4C Kk (@) —-0(1).
4n kk log (n(zzl)> log (£) \ n

The second term in the parenthesis in the last displayed quantity is o (1) from (6.78)). Now notice

that since k = w (logn), from (6.78)) we have
— =w(l). 6.78

Therefore choosing Cy > 0 large enough we have that z > LC’O%j implies that the first term
in the parenthesis can be made to be at least 1. Finally, the multiplicative term outside the

parenthesis satisfies - - -
%log n(z_+1) >kk: 4 kk
4n kk

by choosing z + 1 > LCOT"”EJ for say Cy > e*. Hence, indeed for some sufficiently large Cy > 0 if

z € I¢y,

Drr(z4+1) = Tg(2) >

"oy -on

which according to (6.79)) implies that for some sufficiently large Cy > 0 for n large enough if
z € ICO,
Frp(z+1) = Ty (2),

that is the curve is increasing.

We now turn to Part (2) where T,, = w (k) which can be equivalently written as

)

aw () (e () )~
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or using that & = o (n) and part (c) of Lemma [6.8.4]

@ (";_’“) T, <log . ) | (6.79)

%bg(%>:=w(ky (6.80)

I3

)

which simplifies to

Now using (6.71) from Lemma we have that for some universal constants U; > 0 and

large enough n,

3(2+1) k n(z+1)
palz +1) = Tia(z) < -U 1 . ol
k,k(Z -+ ) k,k(z) >~ 4 1 log (%) Og ( kk + ( )
_ 3kk o (n(z+ 1)) n(zzl) - éUl k (@)‘1 +0(1)
in kk log (221 37 Yoz () \m

(6.81)

Recall that for > e, x/log z is increasing from elementary reasoning. Therefore if Cy > e using

n(z+1)

- -1 n(z+1)
and the trivial == < 2,

- _ -1
Therefore indeed the term inside the parenthesis in (6.82) is at most —U; K (%) for

log (%)
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large enough n, which allows to conclude that for large enough n (6.82)) implies for all z € Z,

F,;,k(z + 1) — F,;yk(z) < —§U1 L) log <M) + O (1)

- 4 log (% kk
3 k
< —=U O(1 6.83

ke
conclude based on (6.84)), that indeed for some sufficiently large Cy > 0 and large enough n, if

where we have used log (M> > 1 according to (6.83). Using now that & = w (logn) we

z € Iey, Ui p(2 +1) < Tgi(2), that is the curve is decreasing.

We finally turn to Part (3) where w (’%k) =T, = o(k). By similar arguments as for (6.78
and (6.81) we conclude that in this case

@ iy (’%"") (6.84)
and

klog (%) = o (k). (6.85)

Notice that because of (6.85) and (6.86) we have that for any choice of Dy, Dy > 0 and

sufficiently large n,

kk k k
L007J<U1—D1|_ w-|<lb2—D2|— w

It suffices now to establish (6.77)) as non-monotonicity is directly implied by it.

1 < (1—e)k.

By definition of I'; ;, to establish for large n
kk
Tip (L= k) = Tra([Co—]) (6.86)

it suffices to establish that for large n,

() v =) () - ()
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is bigger than

(LOOZ%J) e (logz - 1g(<)L(;’ﬂ))) (@ ) (mz%k J)) |

Since k = w (logn) both the arguments of A~! in the displayed equations are log2 — o (1). Hence

by Lemma [6.8.3| it suffices for large n to prove

! <(’2“> + <<1 ‘26)"7)) e <\/log (((1 _kG) k;) </5 —n<1_—ke>k:)> (@ ) <(1 ;6)k>)>

is bigger than

(6)-() ()" (O-(9)

Since by (6.85)) and (6.86)) we have k = w <%> it suffices that k? is

! (\/10g Kmk—J) (;; —n@f%ﬂﬂ @ ) \/10g [((1 % k) (/% g k)] <® ) @» |

Using that (1 —€)k < k and that for large n, k < 5 by standard monotonicity arguments we

k n—k S n—k
1—ek)\k—(1—-k) = \k—£k)
Hence it suffices to show

S N N A [ R R (O RO)]

Now since for large n, k < ”T_k, using the elementary

<LCfE—,fJ) (k jtgf;;_k ) < ok (” : ’f) < (O(Fos(z4))
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and

(- (559)

we conclude that it suffices to have
E=w (((/5)g — \/E(/;; - k:)) log (n g k)) =w <\/Ek:log <n g k)) ,

which follows directly from ((6.86)). This establishes (6.87)) for large enough n.

Now using (6.71) from Lemma to conclude that for some universal constants U; > 0,

large enough n and such z,

Dip(s 1) = Tguls) 2= Uy % log (%) Lo, (6.57)

Using 2 +1 > LC’O%J for Cy > e and focusing only on LC’OE—:J <z< 4 loglzﬂ) (existence of
E

such z follows by (6.85)) ) we conclude for any such z and large enough n,

Dl 1) = Toa) S 2= Uy [+ 0M £ =3 fmes (689

where we used the fact that k = w (logn). Now set

Uy Uy
Dy =—,Dy = —.
1 4 y 172 2

Fix any Z € Z with D, /ﬁ < Z < Dof ﬁ} Focus on z € T with [Co®] < » < Z — 1.
k k

yields that the the number of such z’s for large n is at least % 1 g](‘“n). By telescopic
og( %

6.85
summation of (6.89) over these z we have

o <TG (6:59)

T (2) + D}
’ log

Since Z was arbitrary we conclude that,
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k kk
[ r(2) + 9 — | <Tx(lCo—]) (6.90)
[ } log (%) n
z€IN Dl[ n ]DQ[ n W
Equations (6.91)) and (6.87)) imply (6.77)). The proof of the Lemma is complete
[l

6.5.2 Proof of Theorem [6.2.5
Notice that £ = o(y/n)

Proof of Theorem[6.2.5, We start with the case where k = o(y/n).
together with k = o (n) trivially imply
s
log # n
which can be written equivalently as
n k n
= s ()
or
_— =W -
log (%) n
or
AN
n log (%)

<@) %@((ﬁz—k) @)zwm

n

Or —a o

where T), is defined in equation (6.76)).
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First, we consider the subcase where k = o ( L ) In that case, we have

log (7 )

>3
|
€
VN
Tl
.
)
o2
/N
Tl
N———
N——

which is equivalent with

i (e )
105(%) - ((Z_k) \/E>

(6.92)

(6.93)

Combining ((6.92) with (6.94)), according to Part (3) of Lemma we conclude the desired

non-monotonicity result in that subcase.

k‘2

Second, we consider the subcase k = w [ ——
log( %)

>. In tha case, following similar to the

derivation of (6.94)) by simply the order of comparison (in more detail, reversing the o-notation

with the w-notation and applying the other direction of part (d) of Lemma [6.8.4)), we conclude
that in this case T,, = w (k). In particular, according to Part (2) of Lemma we can conclude

that the curve is decreasing in that subcase.
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We turn now to the case k = w (y/n). In that case, together with k& = o (n) we have

logE( ) - (%)

I3

which is exactly (6.93)). Following the identical derivation following (6.93) we conclude that
(6.94) holds in this case.

First, we consider the subcase k = o (logz—)> which can be written equivalently as
k

e (e ()
==w|—log|—] ).
k n n

Since k% = w (n) according to part (d) of Lemma we have

k,2
2o —
n log %)

~ R‘\IS

or

or

(%) ORI

which according to part (b) of Lemma[6.8.4] gives

(i_k)_l @bg(@j)_l @)zw(l).

The last equality simplifies to (6.92). In particular, in this regime both (6.92)) and (6.94)) are
hence according to Part (3) of Lemma we can conclude the desired non-monotonicity result

in this subcase.

n2
Second, we consider the subcase k = w (%) Following similar reasoning to the deriva-
oe\ 3z
n2 —
tion of (6.92) under the assumption k& = o (ﬁ) one can establish 7, = o <@> from
og( 2 n

n2

k=w ﬁ) imply (in more detail, we need to reverse the o-notation with the w-notation at
%2

all places and apply the other direction of part (b) of Lemma|6.8.4))). Hence, using Part (1) of
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Lemma [6.5.4] allows us to conclude that the curve is increasing in this subcase.

This completes the proof of Theorem [6.2.5]

6.6 Proof of the Presence of the Overlap Gap Property

Proof of Theorem[0.2.9. First, we apply Theorem for e = § and we denote by Cy = Cp (3) >
0 the constant implied by Theorem [6.2.5] Notice that since under our assumptions both &, k are
o(y/n), kk = o(n), and therefore for large n, LC’OEL—ICJ = 0. In particular, the interval containg

the overlap sizes of interest simplifies to
k
Z=10,=|NZ.
3]

Furthermore according to our parameter assumptions on k, k, n we are in the case (1i) of Theorem
where I'; ;.(2), 2 € Z is non-monotonic and satisfies (6.10]). Specifically, let Dy, Dy, uy, us as
in Theorem so that for large enough n,
kk k
LC()—J =0<uy <up < — (694)
n 2
and ((6.10)) holds.

We first establish (6.11)) for Dy, Do, u1,us as chosen above. By Proposition we know
that for all z € 7, dj ,(G)(2) < T'gx(2), whp. as n — 4o0o. Combining with (6.10) we have
that for some constant c¢q > 0:

k

[7x(0) = max dgx(G)(2) + o
’ ’ log (

z€IN[u1,u2)

(6.95)

7

w.h.p. as n — +o00. Hence, to establish (6.11]) from it suffices to establish that

I3

min{dg, (G)(0), dix(G)(5)} > Tp(0) o (%) , (6.96)
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w.h.p. as n — +o00. Indeed, combining (6.97)) with implies

win{de (60 s ) > s oG+ Gt (6.7
w.h.p. as n = 400 which implies .
We first prove
B0 (G)(0) > Ty (0) — 0 (%) , (6.98)

w.h.p. as n — +oo. Notice that the exponent C' = log k/log n satisfies

1 1
C<——@:1

2 6 6—2V6

and as it can straightforwardly checked it also satisfies % — (g — \/6) % < 1. Therefore some
B(C) > 0 satisfies

;_<g_\/é)%<ﬁ(0)<1.

Part (2) of Theorem gives for this value of 5 = B(C)

Qi (G)(0) 2 T (0) = O (k)" v/logn) (6.99)

w.h.p. as n — 4o00. Since § < 1, we have (l%)ﬂ Vioegn =o <%> Hence, using ((6.100)), we
can directly conclude (6.99)).

We now proceed with proving

dr 1 (G) (g) > I't(0), (6.100)

w.h.p. as n — +oo. Note that (6.101) combined with imply (6.97). First, denote by
Gy := G \ PC the graph obtained by deleting from G the vertices of PC and notice that Gy

1

is simply distributed as an Erdgs-Rényi model Gy ~ G (n —k, 5). Second, we fix an arbitrary

%—Vertex subgraph S; of PC and then optimize over the N := (g__g) different (k — g)—vertex
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subgraphs Sy of G to get

k

dg 1 (G) (g) > max B (S U S)| = (g) + max{[E(S1, 52)] + [E(s2)]}. (6.101)

where we used the fact that S; is a subset of the planted clique and by E(S], S3) we denote to
the set of edges with one endpoint in S; and one endpoint in S;. We now index the subsets S5 by

St i=1,2,...,N and set X; = |E(S1,S")| and Y; = |E(S?)|. It is straightforward to see because
of the distribution of Gy that

(1) for each i € [N], X; ~ Bin ((’”/2), l)
(2) Y;,i € [N] are i.i.d. Bin ((k — %)%, 1)

(2) the sequence X;,i € [N] is independent from the sequence Y}, j € [N] and

(4) maxen{Xi} = dERJ—%g(GO), where dgr i (+) is defined for any K € [|[V(Gy)|] in (6.12]).

Hence, combining ((6.102)) and the above four observations with Lemma we have

di 1(C) <§) > (g) +max (X0} + max{% - \/ i 5)% log log N, 0}
(k—1%)

k _
> (;) + dER,E—g(GO) + max{T — 1/ kkloglog N,0}
k (/;; — ) _
= (;) + dER,;;,g(Go) + maX{T Y (\/ kklog n) 0}, (6.102)

where for the last equality we have used that N = (Z:i) < 2n=F < 27 and therefore loglog N =
O (logn) .

x>

NS
N

NI
I

Since by our assumption k = © (nc) for C < % and k < k we have £ < k — £ < Lk and

therefore k — g =0 (no) Hence Theorem [6.2.10| can be applied, according to which for any
B>0with 2 — (2 —V6) 12¢ < 8 < 1 it holds,

[ SIES]
&)



Hence, using ((6.103]),

di. (@) (g) > (g) +h! (logZ - M) (’“ ; §>+U€_T§)k—o (\/l;:klogn + (k)’ \/@) ,
(6.103)

w.h.p. as n — +oc.

Using Lemma for Taylor expanding h~! the lower bound of (6.104)) simplifies and yield

that dz;(G) () is at least

L(k—s 5 (k—35)k n—k E—*k - .,
5( 9 2) + (;) +T+@ logKlg_@)} ( 2> —O<\/@+(l€) w/logn>
which since 5 < 1 and k < k is at least

R (I [GR) RUE

Furthermore, Lemma [6.8.3| implies

D (0) = %@ ‘e (\/log K” - ‘“)} @) | (6.105)

Hence, to establish (6.101)) using (6.105]), (6.106)) it suffices to show that

(139 () o (2D (59)
A o () -

By direct computation we have

() () P
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Hence, it suffices to have

s ([ ONQ) D) o).

Now using the elementary ("ik) < (%)% and (g::) > (@)E*k and the fact that k = © (n%)

for C' < 1/2 we conclude for (6.107) to hold, it suffices to have

B = w(((B)} = (k= 1)) Viogn) +w (ky/logn) .

Using the elementary inequality, implied by mean value theorem, that for 0 < a < b, az — b2 <
3Va(a —b) it suffices

K=w (\/ka/logn) +w <Z:\/logn>
which now follows directly from our assumptions k% = w (l;: log k%) and k < k =n¢ for C < 1/2.

The proof of (6.101)) and therefore of (6.98) and (6.11]) is complete.
We now show how , and ((6.101)) established above imply the presence of OGP

w.h.p. as n = 400. We set

K
210g(%)'

C1 :=uy, G = ug and r := [t ;(0)
We start with the second property of k-OGP. By the definition of (;, (s, and we have

max di(G)(z) <,
omax re(G)(2)

w.h.p. as n — +oo. Using now the definition of dj ;(G)(z) the last displayed equality directly
implies that there is no k-vertex subset A with |E[A]| > r with [ANPC| € [¢1, ], as we wanted.

For the first part, notice that , (6.101)) and the definition of r imply
: k
min{di x(G)(0), i (G)(3)} > 1,

w.h.p. as n — +o0. Using the definitions of dj;(G)(0), d; ,(G) (%) respectively we conclude the
existence of a k-vertex subset A with [E[A]| > 7 and |[ANPC| = 0 and of a k-vertex subset B
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with [E[B]| > r and |[BNPC| = £, w.h.p. as n — +o0. Since (6.95) holds, we conclude the first
property of k-OGP. This completes the proof of the presence of k-OGP and of Theorem [6.2.9]
]
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6.7 Conclusion and future directions

The work presented in this Chapter studies the OGP for the planted clique problem. We focus

on the way dense subgraphs of the observed graph G (n

1

'3 k’) overlap with the planted clique and

offer first moment evidence of a fundamental OGP phase transition at k = © (y/n). We establish

part of the conjectured OGP phase transition by showing that for any k, k satisfying for large n,

k< k= 0 (n"%7) OGP does hold. All of our results are for overparametrized k-vertex dense

subgraphs, where k > k. Introducing this additional free parameter is essential for establishing

our results.

Our work prompts to multiple future research directions.

(1)

(2)

The first and most relevant future direction is establishing the rest parts of Conjecture

6.2.8. We pose this as the main open problem out of this work.

Our result on the value of the K-densest subgraph of an Erdés-Rényi model G (n, ) shows

1

2

tight concentration of the first and second order behavior of the quantity dgr x (Go) defined
in (6.12)), and applies for any K < n®*~¢ for € > 0.

Improving on the third order bounds established in Corollary [2| is of high interest. If the

0-5=¢ (currently established only

third order term can be proven to be o (K) for any K <n
for K < n®%17) then the first part 1(a) of Conjecture can be established by following

the arguments of this Chapter.

Studying the K-densest subgraph problem for higher values of K appears also an interesting
mathematical quest. According to Corollary |2| the second order term behaves as © (K %>
(up-to-logn terms) when K < n2=¢. The identification of the exact constant in front of
K is interesting. When K = © (n) the constant is naturally expected to be related to
the celebrated Parisi formula (see e.g. [JS1§| for similar results for the random MAX-CUT

problem and [Sen| for a general technique).

In this Chapter, we use the overparametrization technique as a way to study the landscape
of the planted clique problem. Overparametrization has been used extensively in the litera-
ture for smoothening “bad" landscapes, but predominantly in the context of deep learning.

To the best of our knowledge this is the first time it is used to study computational-
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statistical gaps. Without overparametrization the first moment curve obtains a phase
transition at the peculiar threshold k£ = ng, far above the conjectured onset of algorith-
mic hardness threshold k& = /n. Can the technique of overparametrization be used to
study the OGP phase transition of other computational-statistical gaps? An interesting
candidate would be the 3-tensor PCA problem. In this problem, a landscape property
called free-energy wells, which is similar to OGP, seems to be appearing in a different place
from the conjectured algorithmic threshold (see [BAGJ1S8| and the discussion therein). It
would be very interesting if the free energy wells-algorithmic gap could close using the

overparametrization technique.

Last but not least, our work suggests an algorithmic direction. As explained in the in-
troduction, the presence of OGP is rigorously linked with the failure of local methods in
multiple problems in the literature. We consider an interesting direction to rigorously show
the failure of various fundamental local search methods for finding the planted clique, for
example MCMC methods such as Metropolis-Hastings algorithm or the Glauber dynamics,
using the presence of k-OGP as defined in this Chapter.
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6.8 Auxilary lemmas

Lemma 6.8.1. Let M, N € N with N — +oo. Let X1, Xs,..., Xxn abritrary correlated random

variables and Y1,Ys,..., YN t.2.d. Bin (M, %), all living in the same probability space. We also

assume (Yi),_, oy are independent of (Xi),_,, - Then

1=1,2,...,

77777

w.h.p. as N — 4o00.

Proof. It suffices to show that for i* := argmax;—1 2. n X,

M
Y« > CH v/ M loglog N

w.h.p. as N — +o0o. The result now easily follows from standard Chernoff bound and indepen-

dence between (Y;),_,, , and i*. O

For the following two lemmas recall that h is defined in (6.5) and for v € (3,1), r(7, 3) is
defined in (6.7).

Lemma 6.8.2. Let N € N growing to infinity and v = vy > % with limy vy = % and
lim (7N - %) VN = +o0.
Then for X following Bin(N, 3) and N — 400 it holds
1 log N

P(X = [N]) = exp (~Nr(r )~ 5 0 (1)

and
1 1
P (X > [yN]) = exp (—NT(%§) - Q <log ((7 - 5) W))) :

where r (”y, %) s defined in .
Proof. We have by Stirling approximation

( N ) (Nh( )= Liog (N4 (1 ))+0(1)) (6.107)

= exp ) — 5 log (N7 (1 -~ :
[YN] 2
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In particular, using 7 (v,3) = h (3) — h(v) =log2 — h(7) and that v = 1 + oy (1) we conclude

P X = o) = () g = espl-Nr(r. ) - Jlog N +O 1)

Now using standard binomial coefficient inequalities (see e.g. Proposition 1(c) in [KIa00]) we

have that for any 1 < k < N/2,
N ik N
PlX>|—+Ek < 2 Pl X=|—+4+k .
(r= 5 ]) s e (x =[5 +4])

%) N we have,

[\

Hence for large enough N if we set k = (7 —

2y -1
= (277_ : + 0(1)) exp(—Nr(y, %) - %IOgN +0(1))

1 1 1
) exp(=N7(7,5) = 5 log N + O (1)), since limyy = 5 >0

szwan(”’+wm)MX=wm>

= (1+0(1)) (27'7_ -
= exp (—NT(’y, %) + log ((27—2%) + O(1)>

o ()0 (e (5 1) V).

The proof of the Lemma [6.8.2] is complete.

Lemma 6.8.3. For e =¢, — 0, it holds

1 1 1 3 5
h_l(logQ—e)zi—i—E\/g—G—ﬁe? —I—O<65>.

Proof. Let ®(x) := \/log2 —h(3+2),2 €[0,1]. We straightforwardly calculate that for the
sequence of derivatives at 0, a; ;== ®@(0), i € Zx¢ it holds ag = 0,a; = Vv/2,a5 = 0,a3 = 2v/2

and a4 = 0.

Notice that for all € € (0,log2) and ®~! the inverse of P,

h~'(log2 —€) = % + &1 (V).
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Lemma follows if we establish that Taylor expansion of ®~! around y = 0 is given by

> (y) = % — %y?’ +0 (y°). (6.108)

Clearly ®1(0) = 0. For b; := (@*1)(“ (0), i € Z>¢ by standard calculations using the Lagrange

inversion theorem we have by = 0,

1 1
b= — ==,
! ai 2
a2

by =——"-=0

2 2(11 )

. 1 a3+3<a2)2 . 1
¥ 2v/2 ai ax V2

and

From this point, Taylor expansion yields that for small y

b b b
O (y) = bo + bry + 523/2 + gyg + 2—1y4 +0 (y5)

which given the values of b;,7 = 0,1, 2, 3,4 yields (6.109). The proof of the Lemma is complete.
O

The following elementary calculus properties are used throughout the proof sections.

Lemma 6.8.4. Suppose (an), oy (bn),en are two sequences of positive real numbers. The fol-

lowing are true.

(a) The sequence a,loga, converges to zero if and only if a, converges to zero.

(b) The sequence a,loga, diverges to infinity if and only if a, diverges to infinity.

(c) Suppose b, diverges to infinity. Then a,loga, = w (b,) if and only if a,, = w <1olénbn) .

(d) Suppose b, diverges to infinity. Then a, = w (b, logb,) if and only if e =W (by) -
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Proof. Both properties (a), (b) follow in a straightforward way from the continuity of the mapping
z € (0,00) = zlogx € R,
and the limiting behaviors

limzlogz =0, lim zlogx = 4o00.
z—0 T—+00

Regarding property (c): For the one direction, assume

n 1 n
lim % = +oo (6.109)
and ¢, is defined by a, = lf)iébb’; It suffices to show ¢,, diverges to infinity. By (6.110)) we know

log (ﬁ;ébg; )
lime,—————%

= . A1
I g b, +o0 (6.110)

Assuming liminf,, ¢, < +o0 it follows since lim,, b, = 400 that

Cnbn
log <1og b ) log ¢,, + log b,

< liminfe, < liminf ¢, < oo,
n log b, n

a direct contradiction with (6.111)). This completes the proof of this direction.

For the other direction, assume

. aylogh,
im ——— =

; +00 (6.111)

and ¢, is defined by a,loga, = ¢,b,. It suffices to show ¢, diverges to infinity. By (6.112]) we

know

Cn

IOg (anlogan)

lim ¢,
n

= : 112
log +o0 (6.112)

Note that since b,, diverges to infinity (6.112)) implies that a,, diverges to infinity as well. Assuming
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liminf,, ¢, < 400 it follows since lim,, a,, = +oc that

n 1 n
log <a sfa > . log a,, + loglog a,, — logc,
——— = < liminfe,
log Qp, n log anp,

liminf ¢, < liminfe¢, < oo,
n n

a direct contradiction with (6.113)). This completes the proof of this direction.

Property (d) follows by similar reasoning as in the case of property (c).
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Chapter 7

Conclusion

In this thesis, we study the computational and statistical challenges of two well-established high
dimensional statistical models; the high dimensional linear regression model and the planted
clique model. We establish multiple results regarding their statistical and computational limits.
From a statistical perspective, in Chapter [2| we identify, under certain assumptions, sharply the
statistical limit of high dimensional linear regression revealing an all-to-nothing phase transition.
From a computational perspective, in Chapter [5| we propose a new polynomial-time algorithm
for noiseless high dimensional linear regression using lattice basis reduction, which can provably
recover the vector of coefficients with access to only one sample, n = 1.

A large focus of this thesis is dedicated to studying the property that for both these models,
statistical inference using unbounded computational power becomes possible in regimes where
no computationally efficient method is known to succeed, a property known as a computational-
statistical gap. In Chapters |3 and [4] we study the computational statistical gap of high di-
mensional linear regression, and in Chapter [6] we study the computational statistical gap of
the planted clique model. In both cases we offer a possible explanation to this phenomenon
by providing a rigorous link between the computational statistical gap and the presence of a
certain Overlap Gap Property. The Overlap Gap Property find its origin in spin glass theory
and is known to be linked with algorithmic hardness. We conjecture that this connection is of
fundamental nature and the study of the Overlap Gap Property can provide a rigorous generic
explanation for the appearance of computational-statistical gaps in high dimensional statistical

models.
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