An Introduction to
Computational-Statistical Tradeoffs
in High-Dimensional Statistics

Ilias Zadik

Draft monograph
June 2026



ii

Preface

This draft monograph grew out of lecture notes for a graduate course I have taught twice at Yale
University on computational-statistical tradeoffs in high-dimensional statistics, an exciting, emerging
research area at the intersection of mathematical statistics, information theory, theoretical computer
science, and mathematics. Because the draft version is based on classroom lectures, they may still
contain many typos and still lack the ultimate polish of a textbook publication. Nevertheless, my
hope is that they provide a helpful introduction to the fundamentals, allowing researchers new to the
area to quickly bridge the gap to state-of-the-art research in the field. The only assumed prerequisites
for this introductory monograph are a first-year graduate-level understanding of probability theory
and mathematical statistics/information theory. Some maturity around algorithms, computational
complexity and real analysis at an advanced undergraduate level is also beneficial.

The draft monograph begins with an introduction to the information-theoretic limits of high-dimensional
statistical tasks, and survey old and new results on the topic. From there, we explore how to argue
for the computational barriers of detection problems, showing how one can analyze the performance
of low-degree polynomials, the statistical query framework, and average-case reductions to obtain
rigorous predictions for them. Finally, we pivot to the computational limits of estimation/recovery tasks,
discussing low-degree polynomials and Markov Chain Monte Carlo (MCMC) methods.

The collection of topics covered here is by no means exhaustive and it is not meant to be a survey
of all relevant results or papers in the large and growing literature of the topic. For instance, due
to the semester’s time constraints, several highly impactful directions could not be included, such
as Approximate Message Passing (AMP) analysis (see e.g., [FVR+22]), the Franz-Parisi potential (see
e.g., [ZK16; BEH+22]), cryptographic connections (see e.g., [BRS+21; LZZ25]), the Sum-of-Squares
(SoS) hierarchy (see e.g., [Kun22]) but also some thought-provoking counterexamples that shaped the
development of the area [HW21; ZSW+22; DK22; BHJ+25; JV26] .

This draft monograph would not have been possible without the immense help of the CFIS-Polytechnic
University of Catalonia undergraduate student Aleix Artigas Moré, who, while visiting my group
at Yale, meticulously cleaned, organized, and improved the text. They are built upon the initial scribe
notes taken by an exceptional group of Yale graduate students: Siyu Chen, Isay Katsman, Shuchen Li,
Hugo Latourelle-Vigeant, Max Lovig, Katerina Mamali, Conor Sheehan, Abby Spears, Kostas Tsirkas,
Haiyang Wang, Leda Wang, Ruixiao Wang, Xiuyuan Wang, Zijian Wang, and Peiyuan Zhang. I am
deeply grateful to all of them for their dedication and hard work.
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Chapter 1

Statistical Models, Inference Tasks, and
the Computational Perspective

1.1 Introduction

The central objective of high-dimensional inference is to recover, estimate, or merely detect hidden
structure from noisy observations. In many modern problems, the ambient dimension is large and the
space of possible parameters is itself combinatorially or geometrically complicated. As a consequence,
two distinct questions arise naturally:

1. Statistical question: is the hidden structure in principle recoverable from the data?
2. Computational question: even if recovery is statistically possible, can it be achieved by a
time-efficient algorithm?

These notes are devoted to the tension between these two questions. Before studying computational
barriers, however, we must first formalize the statistical models, the inference tasks, and the criteria by
which success is measured. The present chapter introduces this general framework.

The material in this chapter is introductory. We define the Bayesian model underlying much of the notes,
discuss the main inference tasks —exact recovery, approximate recovery, and detection— and present
two canonical examples: sparse regression and planted clique. Although the chapter is introductory, it
already contains the seeds of the main themes of the notes.

In particular, it will become clear that exact recovery and detection are fundamentally different tasks
and may exhibit distinct thresholds. Moreover, some problems are more naturally formulated as
estimation tasks, while others are better understood through the lens of hypothesis testing. The choice
of error metric is not merely a technical detail, but rather determines the type of phenomenon one can
meaningfully capture. Finally, we will see that the statistically optimal procedure is often straightforward
to define, yet computationally intractable.

1.2 A General Bayesian Model for Inference

We begin with the most basic formalization.

Definition 1.1 (Bayesian statistical model). Let S be a parameter space and let () be an observation
space. A Bayesian statistical model consists of a prior distribution ;1 on S, and for each 0 € S, a probability
distribution Ig’ on ().
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A random parameter 0 is first drawn according to
0~ p,
and then the observation Y is drawn according to

Y ~P.
0

The hidden object 8 will often be referred to as the signal or parameter. The observed data Y may be a
vector, a matrix, a graph, a tensor, or a collection of i.i.d. samples, depending on the problem under
consideration.

The Bayesian viewpoint is especially natural in the problems studied in these notes because in planted
and random inference problems, the signal itself is often random by design. Moreover, the viewpoint
leads naturally to canonical optimal procedures, such as the posterior mean estimator and the MAP
estimator, which will later serve as information-theoretic benchmarks.

Remark 1.2. Throughout this chapter, and often throughout the notes, we do not initially impose any
computational restriction on the inference procedure. Thus, when we ask whether a task is possible, we
mean possible by some measurable procedure, not necessarily an efficient one.

Remark 1.3. The choice of prior u is part of the model. It encodes the structural assumptions one is willing
to make about the signal. In particular, sparsity, low rank, and planted combinatorial structure are all
common assumptions we will make on the prior.

1.3 Estimators and Inference Procedures

An inference procedure is a rule that maps data to an output. The precise codomain depends on the
task.

Definition 1.4 (Estimator). An estimator is a measurable map
A:Q—S.

Given an observation Y € (, the estimator outputs A(Y') as a guess for the hidden parameter 0.

In some problems the aim is not to recover the parameter itself, but to distinguish between two possible
data-generating mechanisms. In such settings the relevant object is a statistical test.

Definition 1.5 (Test). Let P; and Py be two probability distributions on (). A test is a measurable map
T:Q— {Pl,Pg}.

Given an observation Y, the test outputs one of the two hypotheses.

The distinction between estimation and testing is basic but important. Estimation attempts to reconstruct
a hidden object, whereas testing attempts only to determine which of two models better explains the
data. In general, testing is the weaker task and is therefore often statistically easier.

1.4 The Main Inference Tasks

We now formalize the tasks that will appear throughout the notes.
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1.4.1 Exact recovery

The strongest notion of successful inference is exact reconstruction of the hidden parameter.

Definition 1.6 (Exact recovery). An estimator A : () — S achieves exact recovery with high probability
if
P AY)=0)—1
by, AT =10)
as the problem dimension tends to infinity.

More generally, one may require

= > 1 —
pn B (AY)=0)>1—¢

for arbitrarily small fixed ¢ > 0.

Exact recovery is appropriate when the parameter space is discrete or combinatorial. Typical examples
include recovering a planted subset, a sparse support, or a hidden graph structure.

Intuitively, exact recovery requires enough information in the data to resolve the parameter uniquely
among all candidates in the support of the prior. In many high-dimensional models, this is much
stronger than merely producing a correlated estimate.

1.4.2 Approximate recovery

In many continuous models, or even in discrete models in regimes where exact recovery is impossible,
it is natural to aim for partial reconstruction rather than exact.

Definition 1.7 (Approximate recovery). Suppose S is equipped with a metric d(-,-). An estimator
A : Q — § achieves approximate recovery with high probability at accuracy e > 0 if

ewfmg (d(A(Y),0) < ) — L.

In Euclidean models, the most common metric is the £3 norm. One then often studies the mean-squared
error instead of a high-probability criterion.

Definition 1.8 (Mean-squared error). For an estimator A : Q — R%, its mean-squared error is

MSE(A) := onl b, [JA(Y) = 0]I3] -

Approximate recovery is particularly well-suited to problems where the signal lives in a Euclidean
space and exact identification is either impossible or not the relevant notion of success.

At an intuitive level, exact recovery asks
“Can we identify the signal exactly?”
whereas approximate recovery asks
“Can we estimate the signal nontrivially well?”

The latter is often possible in regimes where the former is not.
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1.4.3 Detection and hypothesis testing

A weaker but fundamental task is to determine whether the data contain signal at all.

Definition 1.9 (Detection problem). Let Py and Py be two distributions on 2. In the detection problem,
one observes Y € () sampled from either Py or Py and seeks to decide which of the two distributions
generated the observation.

Remark 1.10. Typically P, represents a structured model and Py often represents pure noise.

Atest T : Q — {IP1,[P2} incurs two kinds of error: it may label a sample from Ps as structured (type-I
error), or label a sample from IP; as noise (type-II error).

Definition 1.11 (Two-sided error). The two-sided error of a test T is

er(T) = P (T(Y)=P2)+ P (T(¥)=Py).

This error criterion will be used repeatedly throughout the notes.
Definition 1.12 (Strong and weak detection). We say that detection is possible in the sense of
« strong detection if there exists a test T such that
err(7) — 0,
« weak detection if there exists a test T' such that
err(7) < 1

for all sufficiently large dimensions.

The threshold err(7) = 1 is natural: a completely uninformed test that flips an independent fair coin
has error exactly 1. Thus weak detection means doing strictly better than random guessing, while
strong detection means asymptotically reliable distinction.

These three tasks will reappear throughout the notes, often with different thresholds and levels of
difficulty.

1.5 Canonical Example I: Gaussian Sparse Regression

We now illustrate the general framework with a first example.

Let p be the ambient dimension and let &k be a sparsity parameter. Consider the prior
p = Unif ({v € {0,1}7 : [|vflo = k1),

where
[ollo == [{i : vi # O}
denotes the number of nonzero entries of v. Thus, a parameter 6 ~ p is a binary k-sparse vector in RP.

Given 6, we observe n ii.d. samples of the form

(%a?/i), 7::1,2,...,71,
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where
Ty~ N(07Ip) ) Y = <x7,79> + w;, Wy ~N (0702) )
and all randomness is independent across .
Equivalently, the data are
Y:{(xuyl) tl= 1""7”} nga

where
Ig’: (xz ~N(0,1), yi = (z,0) + w; where w; ~ N (0,02))®n.

This is one of the most basic models in high-dimensional statistics. The signal 6 is sparse, the covariates
x; are Gaussian, and the responses y; are linear measurements of the signal corrupted by Gaussian
noise.

The goal is to use the data Y to estimate the hidden vector 8. Depending on the regime of parameters and
the notion of success, one may seek to recover the support of § exactly, to approximate 6 in Euclidean
norm, or merely to determine whether any signal is present in the data.

Remark 1.13. The recovery problem becomes easier as the number of samples n increases. Much of
high-dimensional inference is therefore concerned with identifying the critical sample size or signal-to-noise
ratio at which a qualitative change in behavior occurs.

The same model also leads naturally to a detection problem. Under the structured hypothesis, the data
are generated as above:

Observe that here z; and y; are correlated through the hidden vector 6.

A natural null model is obtained by removing the signal and keeping only noise:
:L'Z'N./\/’(O,Ip), yizwiNN(O,UQ),

with x; and y; independent.

Thus the detection problem asks whether the responses carry any signal-dependent correlation with
the covariates, or whether they are pure independent noise.

This example already exhibits a phenomenon that will recur throughout the notes: the same statistical
model gives rise to multiple tasks of different difficulty. Recovery and detection are not interchangeable
questions.

1.6 Canonical Example II: Planted Clique

Our second example is graph-theoretic, and it will also play a central role throughout the notes.

We work on the space of simple undirected graphs on n labeled vertices. Let k be a positive integer,
and let
w="Unif ({S C [n]:|S|=k}).

A random set 6 ~ p is called the hidden clique or planted clique.

Given S, the graph G ~ ]g is generated as follows:

« every pair of vertices in S is connected by an edge;
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« every other pair of vertices is connected independently with probability 1/2.

Thus the induced subgraph on S is a complete graph, while the rest of the graph behaves as an Erdos-
Rényi random graph with probability parameter 1/2. The inference task is to recover S from the

observed graph G.

Planted clique is a model of hidden dense structure inside random noise. Unlike sparse regression,
where the signal is a vector in Euclidean space, here the signal is a subset of vertices. The model is
discrete and combinatorial.

This problem will become one of the main running examples in the notes because it exhibits a striking
gap between what is statistically possible and what is known algorithmically.

When it comes to the detection version, the following question arises:

Question 1.14. What is a natural pure-noise distribution for the planted clique model?

The answer is the Erdos-Rényi model
]PQ — gn,%7

namely the random graph obtained by including each edge independently with probability 1/2. This is
the appropriate null because it matches the background randomness of the planted model after removing
the deterministic clique structure.

1.7 From Statistical Formulation to Phase Transitions

One of the striking features of high-dimensional inference is the emergence of sharp transitions. As a
parameter such as the sample size, sparsity level, or signal-to-noise ratio changes, the behavior of the
problem can shift abruptly from impossible to possible.

Already from the examples above, one should expect threshold phenomena of the following kind:

+ below a critical regime, no method can recover or detect the signal;
« above that regime, an appropriate procedure succeeds with high probability.

These thresholds may differ depending on the task. Understanding this layered picture is one of the
main goals of the text.



Chapter 2

Optimal Procedures for Exact Recovery,
Detection, and Estimation

2.1 Introduction

In Chapter 1 we introduced the general Bayesian framework

b~ H, Y ~P,
0
together with the three main inference tasks that will be studied throughout these notes: exact recovery,
approximate recovery and detection. The purpose of the present chapter is to identify the statistically
optimal procedures associated with these tasks.

At this stage, as in the previous chapter, we impose no computational restriction on the inference proce-
dure. Our goal is instead to determine what an optimal algorithm would do if computational resources
were irrelevant. These optimal procedures will later serve as information-theoretic benchmarks against
which efficient algorithms can be compared.

There are three canonical objects that arise in this way. For exact recovery, the optimal estimator is
the maximum a posteriori estimator, or MAP estimator. For detection, the optimal test is given by the
Neyman-Pearson rule, which compares the two likelihoods pointwise. For approximate recovery under
mean-squared error, the optimal estimator is the posterior mean. The first two are developed in this
chapter, while the third will play a central role in Chapter 4. We nevertheless state it here already, since
it completes the parallel between the three inference tasks.

2.2 The posterior distribution

The notion of optimality in Bayesian inference is expressed through the posterior distribution of the
hidden parameter given the data.

Definition 2.1 (Posterior distribution). Let @ ~ p and Y ~ Py. The posterior distribution of 6 given Y’
is the conditional law of 6 given the observation Y .

Formally, if the model is discrete, then for each v € § we have

E0Y) u)B()
VY =555 = 3wy

9
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Thus, up to the normalizing factor P(Y"), the posterior mass assigned to a candidate v is proportional to
p()B(Y).

This expression is fundamental. It shows that the posterior combines two sources of information: the
prior weight p(v) assigned to the candidate v, and the likelihood P, (Y) of the observed data under
that candidate. In other words, the posterior favors parameters that are both plausible a priori and
statistically compatible with the data.

2.3 Exact recovery and the MAP estimator

We now return to the problem of exact recovery. Recall that the goal is to construct an algorithm
A: Q-8
such that
9N#’IE;NP9 AY) =0)

is as large as possible.

Definition 2.2 (MAP estimator). The maximum a posteriori estimator, denoted by Anap, is defined by

Aniap(Y) € arg max {9|Y(V | Y)}
Equivalently, by Bayes’ rule,

Aviap(¥) € argmax {u(v) B(Y) }

The definition is natural: after observing Y, the MAP estimator outputs a parameter value with maximal
posterior probability. Thus, among all possible candidates, it chooses the one that is most likely to be
the true signal in light of the data.

The key point is that this intuitive rule is in fact optimal for exact recovery.

Theorem 2.3. The MAP estimator is the information-theoretically optimal estimator for exact recovery.
More precisely, for every measurable algorithm A : Q) — S,
P (AY)=6)< P (Auap(Y)=90).

O~p, Y~Py O~p, Y~Py

Proof. Consider any algorithm .A. Its probability of success equals to

P LAY =0= 3 B(00Y)

fropsn YRy (60,Y0) : A(Yo)=0g
— Z Yo)
= ZP Yo) P (A(Yo) | Y0)
<ZIP> (Yo) maXP (v | Yo)
= Z]P’ Yo) P (Awiap(Yo) | Y0)

=5 P (Avap(Y) =10),
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Equality holds if and only if for any Yj, A(Y)) € arg max 9]|P;(U | Y0),ie, A(Y) = Amapr(Y). O

The theorem has an important conceptual consequence. If exact recovery is impossible for the MAP
estimator, then it is impossible for every estimator. Thus the MAP rule is the correct benchmark for
information-theoretic exact recovery.

2.4 Detection and the Neyman-Pearson test
We now turn to detection. Let I’y and P> be two probability distributions on €2, where IP; typically
represents structured reality and P represents pure noise. The task is to construct a test
T:Q— {]P)l, PQ}
that minimizes the two-sided error

err(T):= P (T(Y)=Py)+ P (T(Y)=P).

YNPl Y"‘PQ

The optimal test is given by a pointwise comparison of the two likelihoods.

Theorem 2.4 (Neyman-Pearson). An optimal test is obtained by declaring P1 whenever
Pi(Y) = Po(Y),

and declaring Py otherwise. Equivalently,

Tne(Y) =P <= Pi(Y) > Pao(Y)

Proof. The proof will be given for the discrete setting for simplicity. It holds
errf(A) = P (AY) =Pq) + YIP’P (AY) =Py)
~Pp

Y ~Py
= B (A =B +1- P (AY) =)
- BA(Y) ~ Ba¥)) + 1.
Y:A®Y)=P,

To minimize the last quantity it suffices to set A(Y) = Py < P1(Y) — Po(Y') < 0. Thus, our algorithm
always gives the minimum possible error and the proof is complete. O

This test is the exact analogue, for detection, of the MAP estimator for exact recovery. Both are obtained
by selecting the hypothesis that is most plausible after observing the data. In the detection setting,
however, the decision is between two distributions rather than between many possible parameter
values.

2.5 Posterior mean and the mean-squared error benchmark

Although the main focus of this chapter has been exact recovery and detection, it is useful to record
already the corresponding optimal procedure for mean-squared error.

Suppose now that 6 takes values in R?, and consider the problem of minimizing

MSE(A)ZQ E  [JAY)-0]3].

~p, Y Py
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Theorem 2.5. The estimator minimizing the mean-squared error is the posterior mean:

A) = E[0]Y].

Proof. For any algorithm A4,
E[|IA(Y) - 0l3] =E[IIAY) —E[0 | Y] +E[¢ | Y] - 6]3]

=E || A(Y)-E[0|Y][5| +E[|E[F|Y]-0|l3]
=:B(Y)

+2E[(A(Y) - E[0 | Y]E[f | Y] —6)]

>E [IIEW | Y] —0|I3] +2E [<B( ),E[0|Y]—0)]

_ZE El6; | Y] —6;)? +QZE El6; | Y] - 6;)]

d

=Y E[E[f; | V] - +QZE[ [E6: | Y] - J]

=1

d

= E[(E[p; | Y] - 6;)? +QZE[ ([GIY]H)!Y]}
=1

d

=> E[E[6|Y]- —I—QZE Eg; | Y]~ E[g; [ Y])]
=1

d
= ZE [(E[6: | Y] —6:)?]
O

This theorem is the exact analogue, for approximate recovery under quadratic loss, of the optimality
results proved above for exact recovery and detection. Together, the MAP estimator, the Neyman-
Pearson test, and the posterior mean form the three canonical Bayesian benchmarks that will guide the
rest of these notes.

2.6 Discussion

The main message of this chapter is that, once the statistical model is fixed, the correct information-
theoretic benchmark is usually canonical. For exact recovery, one should study the MAP estimator. For
detection, one should study the Neyman-Pearson test. For quadratic estimation, one should study the
posterior mean.

The difficulty is therefore not conceptual but computational. These procedures are easy to define, yet in
many high-dimensional problems they involve posterior maximization or averaging over a very large
space of candidate signals. Later in the notes, this will be precisely the source of the gap between what
is statistically possible and what is achievable by time-efficient algorithms.

In the next chapter, we turn from optimal procedures to statistical thresholds. Once the correct
benchmark has been identified, the next question is to determine when it succeeds and when it fails.



Chapter 3

Information-Theoretic Thresholds for
Exact Recovery and Detection

3.1 Introduction

In Chapter 2 we identified the canonical statistical procedures associated with the main inference
tasks. For exact recovery, the relevant benchmark is the MAP estimator Ayap; for detection, it is
the Neyman-Pearson test Typ. Once these optimal procedures have been identified, the next natural
question is when they succeed.

There are two guiding principles throughout the chapter. The first is that, for exact recovery, one may
restrict attention to the MAP estimator. The second is that, for detection, one may restrict attention to
the Neyman-Pearson test, whose performance is governed by the total variation distance between the
two competing distributions. In practice, total variation is often difficult to compute directly, so one
uses more tractable divergences such as the Kullback-Leibler divergence and the x?-divergence.

We will illustrate these ideas on two basic examples. The first is a simple Gaussian signal-plus-noise
model, where the exact recovery and detection thresholds can be computed explicitly. The second is
the planted clique problem, where exact recovery is possible information-theoretically at clique size of
order log n.

3.2 A Gaussian signal-plus-noise model
We begin with the simplest nontrivial example. Let
= Unif ({14, ~14})
where 1; € R? denotes the all-ones vector, and suppose that we observe

Y=M+2  Z~N(OI).

The parameter A > 0 plays the role of a signal-to-noise ratio, and may depend on d. The problem is to
determine for which values of A = \; exact recovery is possible.

13
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Computation of the posterior

Fix 6y € {14, —14}. Since the prior is uniform, Bayes’ rule gives

P(6y|Y)xP(Y).
(00| Y)x P(Y)
Under 6 = 6y, the random vector Y has density proportional to

exp (I = 2l3).
Expanding the square,
1Y = Xol3 = Y15+ X*[160]3 — 2X(60,Y).
Since ||0p||3 = d, we obtain
L, o MNd
B0y |Y) exp<—2||Y||2 B A<90,Y>) x exp(\{fo, ).

Therefore
Ayvap(Y) € arg max  {(v,Y)}.

Ve{ldz_ld}

Thus the MAP estimator simply chooses the sign whose correlation with the observation is larger.

Exact recovery threshold

Suppose that the true signal is 6. Then
Y =M+ Z,
0]
0,Y)=X0,0)+(0,Z) = d+ (0, 7).
Moreover,
0,2) £VdX, X ~N(0,1).
Since Anap outputs 6 if and only if
0,Y) > (—=0,Y),
it follows that
Avapr(Y) =0 <<= (0,Y) >0.

Hence

P (Awap(Y)=6)= P (X>—A\/&).

Orops, Y ~Py X~N(0,1)

We have therefore proved the following.
Proposition 3.1. In the Gaussian signal-plus-noise model
Y =X+ Z, 0 ~ Unif ({14, —14}), Z ~N(0,1y),
exact recovery with high probability is possible if and only if
MWd — oco.

Equivalently, the information-theoretic exact recovery threshold is of order
1
Vd
This is a useful toy example. The posterior can be computed explicitly, the MAP estimator has a simple

geometric interpretation, and the recovery threshold is determined by the competition between the
deterministic term A\d and the Gaussian fluctuation of size v/d.

Ae X<
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3.3 Planted clique and uniqueness of the posterior maximizer

We now turn to the planted clique model introduced in Chapter 1, where
= Unif ({S € [n] : 18] = k}).,

and for 6 ~ u, the graph G ~ Ig’ is generated by planting a k-clique on the vertex set 6, while every
other edge is present independently with probability 1/2.

The exact recovery problem is to reconstruct the planted clique 6 from the observed graph G.

Posterior structure

Fix a k-subset C' C [n]. MAP gives

P (PC=C|G)x P (PC=C,G)
PC|G PC.G
=P () P (G|C
PC< )PC’\G( ’ )
1
=-— P (G|C
(e 1
1

— —o=(3)+()
(%)

X 1{0 is a k-clique in G} -

’ 1{C is a k-clique in G}

Thus, the posterior is uniform among all k-vertex cliques in G. If G has more than one k-clique we get
P(A(G) = PC|G) <1/2,

and we cannot achieve exact estimation with high probability.

Consequently, exact recovery is possible if and only if the planted clique is the unique k-clique with
high probability. Using this the following theorem can be relatively easily proven via a second moment
method analysis (see [AS92] for a canonical introduction to the second moment method).

Theorem 3.2. Let G ~ G,, 121, and let P C V(G denote the planted clique. For every fixed € (0,2),
the following hold as n — oo:

LIf
k> (2+4¢)logyn,

then P is the unique k-clique in G with high probability.

2. If
k< (2—¢)logyn,

then P is not the unique k-clique in G with high probability.

The theorem, the proof of which can be found in Section A.1, shows that the information-theoretic
threshold for exact recovery in planted clique is of logarithmic order. As we are going to see later, this
is one of the first places where the difference between statistical feasibility and algorithmic feasibility
becomes visible for such problems: exact recovery is possible information-theoretically as soon as k is
slightly larger than 2 log, n, yet as we are going to discuss no polynomial-time algorithm is known in
that regime.
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3.4 Detection and total variation distance

We now move to detection. Let P; and P2 be two distributions on the observation space €2, where Py
represents structured reality and Py represents pure noise. A test is a measurable map

T Q= {Pl,PQ},
and its two-sided error is

ert(T)= P (T(Y)=Py)+ P (T(Y)=Py).

YNPl Y’VPQ

Chapter 2 showed that the Neyman-Pearson test minimizes this quantity. In order to determine when
detection is possible, we therefore need to compute the minimum possible error.

Definition 3.3. The total variation distance between P1 and Py is
1
TV(PLP2) =5 Y [P1(Y) = Po(Y))
YeQ

in the discrete setting.

A standard calculation gives the exact relation between total variation distance and optimal detection
error.

Proposition 3.4. The minimum of err(T ) over all tests T is

1 — TV(Py, Py).

Proof. Let T be any test. Then
err(T)= P (T(Y)=Po)+ P (T(Y)=Py).

Y ~P; Y ~Po

Since

BT =P =1 P (T(Y) =Py,

we may rewrite
err(T) =1+ Y (Pi(Y)—Pa(Y)).
Y:T(Y)=P2
This quantity is minimized by choosing 7 (Y') = Ps exactly when
PI(Y) - PQ(Y) S 07
that is, exactly when Po(Y") > P1(Y"). Therefore
min{err(7)} =1 - Y (P(Y) = Pa(Y).
Y:P1(Y)2P2(Y)
Since
Y (B(Y) —Pa(Y)) =0,
YeQ
the last sum equals
1
3 D PL(Y) = Py(Y)| = TV(Py, Py),
YeQ
which proves the claim. O

This proposition shows that the total variation distance fully characterizes the information-theoretic
difficulty of detection. In particular, if TV (P1,Py) — 0, then every test has error tending to 1, and even
weak detection is impossible.
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3.5 KL divergence and Y*-divergence

Although total variation is the right quantity conceptually, it is often difficult to compute directly. It is
therefore useful to introduce other distances between probability distributions that can be easier to
evaluate.

Assume that P; is absolutely continuous with respect to Po. The Kullback-Leibler divergence is defined
by

KL(P1||F2) := E [log Eg;] ’

and the x2-divergence is defined by

’(P1,Py) := E — 1.

Y ~Po

(B0’

The following inequalities relate these quantities.

Theorem 3.5. For any two distributions P1 and Py,

TV (P1,Py) < VKL(P1[[P2) < v/X2(P1,Py).

Proof. Let

denote the likelihood ratio. Then

P (Y
KL(Py[[P) = B [log 1Y)

and

X*(P1,Py) = E [L(Y)*] -1

~I2

We first prove that
KL(PlHPQ) < XZ(]P’h]P)Q).

Using the elementary inequality
loge <z —1, x>0,
we obtain

LlogL < L(L—1)=L* - L.

Taking expectation with respect to Py, and using

VE Lo =1,

we get
KL(P{||Py) = E [LlogLl< E [L?—Ll= E [L?]—1=%(P,Ps).
(P1[|P2) YNPQ[ 0g }_Y%[ ] Y%[ ] X~ (P1,Po)

We now prove that
TV(Py,Py) < /KL(P1||P2).
Recall that

V(LB = 5 B (L)~ 1],
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We use the inequality

(z—1)°

A 0.
2w+1) U7

zlogr —xz+1>

Therefore

L+1

~Po ~P

1 (L —1)?
KL(Py||Po) = E [LlogL]= E [LlogL—L+1]>5 E |>=——|.
Py
On the other hand, by Cauchy-Schwarz,

(YNPQHL—H])Q <Y§P2 [pﬁb <,E [(LL;?Q] VB L+1]

Since E [L] =1, we have

Y ~Pg

E [L+1]=2,

Py

<YLEP2[|L _ 1|1)2 <25 [w] |

Combining this with the previous bound gives

SO

2
(B, 1L -10) < 4KL(Ei|P
Multiplying by 1/4, we conclude that

2
TV(Py, Py)? = i ( E, [IL- 1\]) < KL(P, ||Py).

Hence
TV(IP’l, Pg) < \/KL(]PH HPQ).

Putting the two inequalities together, we obtain

TV(P1,P2) < /KL(P1[[P2) < v/X2(P1, Py).

d

The role of these inequalities is straightforward. If one can show that the y2-divergence tends to zero,
then the total variation distance also tends to zero, and detection is impossible.

3.6 Detection in the Gaussian signal-plus-noise model
We now revisit the Gaussian signal-plus-noise model, this time as a detection problem. Consider
Pi: Y=MN+2Z2, v ~ Unif ({14,-14}), ZNN(O,Id),

and

IP)QZ Y:Z, ZNN(O,Id)

The question is to determine for which values of A = \; one can strongly detect between P; and PP.
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Computation of the likelihood ratio

Under P, the density of Y is proportional to

1
exp (3 IVIR)-

Under Py, the distribution is the equally weighted mixture of the two shifted Gaussians centered at A1y
and —\1,. Therefore

Pi(Y) AP(Y =Alg+2)+iPY =214+ 2)

Py(Y) exp (—3[IY]3)
_ Lexp (<[]Y = MLg|*/2) + exp (=[|Y + ALa]*/2)
2 exp (—3[Y13)

Texp (“ 3V — A2/2 + MY, 1) + exp (— [ V[3 — A2d/2 — A(Y, 1))
exp (—3[[Y]3)
1 (ef)\zd/QJr)\(Y,ld) X ef)\zd/ZfA(Y,ld)>

[\)

[\

—A2d/2
_€ AMY1q) -MY,1g)
2 (e te ) '

The Y?-divergence

Squaring and taking expectation under [Py, we obtain

Py (Y))?
2 1
P, Py) = —
X~ (P1,P2) s <IP2(Y)>
o\
— E <62/\<Y,1d> 422 Y1) 2) 1
Y~N(0,1) 4
—A\2d
_¢ 9 [ewxm] 12) -1
4 Y~N(0,14)
—A2d
¢ <2e”2d + 2) 1
4
=0 (e’\2d> — 1.
In particular, if
1
AL —,
Vd

then
X2(P1, Pg) — 0,

and therefore

TV (P, Ps) — 0.

Hence weak detection is impossible in that regime.
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A matching upper bound

We now show that if .

AS> —,
Vd
then strong detection is possible.

Consider the test T that declares Py if either

(Y,14) > % or (Y,-1y4) > %,

and declares Py otherwise.
Under P, we have Y = A\v + Z for some v € {14, —14}, so
(Y,v) =Xd+ (Z,v).

Since (Z, v) is Gaussian of variance d, it is of order v/d with high probability. If \d >> /d, equivalently

A > d1/2 then

(Y,v) > %

with high probability. Thus the type-I error tends to zero.

Under Py, both (Y, 14) and (Y, —1,) are centered Gaussians with variance d, so both are of order v/d
with high probability. If Ad > \/d, then neither exceeds A\d/2 with high probability. Thus the type-II

error also tends to zero.
We have therefore established the following threshold.
Proposition 3.6. In the Gaussian signal-plus-noise model
Py: Y=MN+Z, v ~ Unif{1,, —14}, Z ~N(0, 1),

Versus
Py: Y =2, Z ~N(0,1,),

the information-theoretic threshold for detection is of order

1
Ae X —=.
©TVd
More precisely, if \ < d~1/2, then even weak detection is impossible, while if \ > d~'/2, then strong
detection is possible.

It is worth emphasizing that in this model the exact recovery and detection thresholds coincide, both
being of order d~1/2. This is not a universal phenomenon, but it provides a useful first benchmark.

3.7 Discussion

The results of this chapter establish the basic information-theoretic picture for exact recovery and
detection.

For exact recovery, the relevant object is the posterior maximizer. In simple Gaussian models this
leads to explicit threshold calculations, while in combinatorial models such as planted clique it leads
to random graphs questions about uniqueness of the clique. For detection, the Neyman-Pearson test
reduces the problem to comparing two distributions, and the total variation distance becomes the
central quantity. Since total variation is often difficult to handle directly, the x?-divergence and the
Kullback-Leibler divergence provide useful upper bounds.



Chapter 4

Information-Theoretic Thresholds for
Approximate Recovery

4.1 Introduction

In the previous chapters, we studied exact recovery and detection. Both tasks are naturally governed by
canonical statistical procedures: the MAP estimator in the first case and the Neyman-Pearson test in
the second. Approximate recovery is different. Here the goal is not to identify the signal exactly, but
rather to estimate it as accurately as possible under a quantitative loss function.

4.2 The mean-squared error and the posterior mean

Let

GNM’ YN%D,

where now 6 takes values in R?. For an estimator
A: Q- RY
we defined its mean-squared error by

MSE(A) = B [IA(Y) - 0[]

and proved

MMSE := inf {MSE(A)}

is achieved by E [0 | Y], ie.
oy

Apnt = 91%/[9 | Y] € arg 13f {MSE(A)}

Besides the optimal estimator, it is useful to record a trivial benchmark. The estimator that ignores the
data altogether and always returns the prior mean,

Atrivial(Y) =K [H]a

21
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2
2
This is the error level one obtains from the prior alone. In many problems, the relevant question is not

whether one can estimate the signal perfectly, but whether one can do substantially better than this
trivial benchmark, this is why it is canonical to normalize with the performance of the trivial estimator

satisfies

MSE(Auwiv) = E

00— E |6
o 2o

Atrivial .

4.3 A two-point Gaussian model

We begin with a warm-up example in which the posterior mean can be computed explicitly. Let
0 ~ Unif ({14, —14}), Y =M+Z, Z ~N(0,1y).

As in Chapter 3, A > 0 plays the role of a signal-to-noise ratio.

Computation of the posterior mean

Since the prior is supported on the two points £14, the posterior mean is

EO|Y|=1,P(1,|Y)—1,P(—-1,|Y).
G\Y[| ] daly(d\ ) daly( alY)

Using the same calculation as in the exact recovery setting, one finds that

B exp (£A(14,Y))
eﬁ(ild 1Y) = exp(M14,Y)) +exp (=X (14, Y))

Therefore
exp (A(14,Y)) —exp (—A(14,Y))

Apm(Y) =14 exp (M14,Y)) +exp (—A(14,Y))

= 1,tanh (A\(14,Y)).

The corresponding MMSE

By symmetry, it is enough to condition on the event § = 1,. In that case,
Y =A,;+ Z, ZNN(O,Id),

and hence
M1, V) = Nd+A1g, Z) = X2d+ \WdAT, T ~N(0,1).
Therefore
Apni(Y) = 14 tanh ()\2d VA T) :
and the minimum mean-squared error is

2

1 exp ()\<1d,/\1d+Z>) —exp(—)\(ld,)\ld+Z>)
MMSE = _E ||[14—1 =1
27 U T exp (M1g, Mg + Z)) + exp (=M (14, Mg + 2)) | ¢
1 exp (M1g, =Alg + Z)) — exp (=A(Lg, —A1g + Z)) ||?
+ -E —1;—1y4 =14
2z exp (M(1g, =Ala + Z)) + exp (AL, —A1lq + Z)) ||

=d, E [(1 — tanh (/\2d n A\/&T)f] .

TN (
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Since

Atrivial(Y) = 0, MSE(AtriVial) = da

the MMSE expression shows explicitly how the nontrivial improvement over the trivial estimator
depends on the effective parameter A/d (see Figure 4.1).

Trivial , 9 S 2
E | — tanh (¢® + T
1 ! T~N(0,1) ( wh ( T))
i |
) I
2| ;
= |
E~ | |
i i Almost exact
0 .
0 (%i) A= (c=0(1)) w (%)

Figure 4.1: Normalized MMSE in the two-point Gaussian model

4.4 Reduction to a one-dimensional model

The preceding formula already suggests that the problem is effectively one-dimensional: only the scalar
statistic (14, Y") matters. This can be made exact.

Write
9:001d7 90 NUnif({—l,l}),

and observe
Y; = My + Z;, 1=1,...,d.

Define the normalized sum

=

1 d
d
=1
Then
y=\db+ z, z ~N(0,1).
Thus the original d-dimensional model reduces to the scalar Gaussian channel
0o ~ Unif ({=1,1}),  y=A\db+ 2.
The converse direction is also true: from this scalar channel one can reconstruct a full d-dimensional
observation with the same statistical content.
Lemma 4.1 (Gaussian cloning lemma). Given an observation
y=\db + z, 2z ~N(0,1),
one can generate random variables Y1, ..., Yy such that

Yi=Mo+Zi,  Zi...,Za FN(O,1).
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Proof. Choose
to,...,tq i.w.N(O,l)
and let
= (y,ta,...,tq)" € Ry.
Then
Tr = A\/g90€1 + (Z,tg, e ,td)T, (Z,tg, e ,td)T ~ N(O, Id).

Letu = %Li, and U unitary (UU " = I;) with the first column of U being u. Then

Y:Ux:)\\/gOOUel—I—U(z,tg,...,td)T

1

= MoVd—
"V

= ()\(90+21,...,)\(90+Zd)T

1d+(21,Z2,...,2d)T 2 1}\(41 N(O, 1)

The Gaussian cloning lemma shows that the scalar model and the vector model are statistically equivalent.
As a consequence, the MMSE in dimension d is just d times the scalar MMSE at effective signal-to-noise

ratio A\V/d.
Proposition 4.2. Let MMSE,()) denote the minimum mean-squared error in the model
Y =X+ 7, 0 ~ Unif{14, —14}, Z ~N(0, 1),
and let MMSE () denote the minimum mean-squared error in the scalar model
y =6y + 2, 0p ~ Unif{—1,1}, z~N(0,1).

Then
MMSE4()) = d MMSE; (A\@ .

Proof. By the Gaussian cloning lemma, 37 : R x R¥! — Re T (y,€) = (y1,...,yq) ", where
E~N(0,14-1). Let Y =T (y,£). Then
MMSEq4(\) = E [[|6o14 — E[6o14 | ]3]
— dE | (60— Eldo | y] + Elfo | y] ~Eldo | Y)°]
(60— Eldo | y])*| +E [ (El60 | ) — Eldo | V)]
—2E [(60 — E[f0 | y]) (E[f0 | ] — E[bo | Y])]
= dE (6 —Elfy | 3))°]

— dMMSE, (A\/&)

=dE

where the last step follows from Y = T (y, &) and the Tower Property. d
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4.5 Spiked matrix estimation

We now turn to the first genuinely high-dimensional model of the chapter. Let v € R™ be a random
vector with independent entries

ii.d. 2
V; 0, 2~ Py [‘T] ) ~Py ['I ] ’
and consider the observation
Y =Moo + W,

where W is a symmetric Gaussian matrix, with upper-triangular entries distributed as independent
N (0, 1) random variables.

The object one wishes to estimate is the low-rank signal vv ", or equivalently the underlying spike v up
to the natural symmetries of the model. Since the observation is a Gaussian additive perturbation of a
rank-one matrix, this problem fits into the general framework of approximate recovery. At the same
time, it exhibits much richer behavior than the two-point model.

It is customary to parametrize the signal strength as

where ¢ is kept fixed as n — oc.

Motivation from Principal Component Analysis (PCA)

A natural first attempt is principal component analysis. Since
Y =X o' +W

is a rank-one perturbation of a random matrix, one may hope that the leading eigenvector of Y captures
the signal direction.

Let

Umax(Y) := arg max {uTYu}
ueSn—1

denote the top eigenvector of Y. Then a classical random matrix result, known as the BBP transition
[BBPO05], gives the asymptotic correlation between upmax(Y") and the signal.

Theorem 4.3 (BBP transition). Assume

; .
Y:\/>UUT+VV, Uil.léi.POa E [z] =0, I [xQ}:l'
n

mNPO JCNPO

Then, with high probability,

max 9
M —

[vll2 J1-1 >

Moreover, for the natural rank-one estimator induced by PCA, one has

. MSE(PCA) _ MSE(PCA) ]! t<1
lim —————~ = lm —————= =
n—00 MSE(Atrivial) n—00 % % (2 . l) > 1.
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Remark 4.4. This is the Wigner analogue of the BBP transition; see [FP07] for the largest eigenvalue of
rank-one deformed matrices and [BN11] for eigenvalue/eigenvector limits of finite-rank perturbations.

Thus PCA exhibits a phase transition at ¢ = 1. Below that threshold, the leading eigenvector is
asymptotically orthogonal to the spike and the corresponding estimator is no better than the trivial one.
Above the threshold, PCA becomes positively correlated with the signal and yields nontrivial recovery.

A natural question now arises. Is PCA information-theoretically optimal? Equivalently, does the
threshold ¢ = 1 coincide with the MMSE threshold for approximate recovery? The answer depends on
the prior Py, and understanding this dependence leads to the replica-symmetric formula.

4.6 The replica-symmetric formula

To state the formula, one first introduces the scalar Gaussian channel

y=+cx+ z, x ~ Py, z ~N(0,1),

and defines
ic) := I(x;y),
the mutual information between x and .
A useful explicit representation is
i(c) = I(z;y)
g o212
zy p(y)
1 _—y?/2 2
. orsd v/ exp (vexy — Sa?)
= g E 7
Ty [p(y | 2')]
z'~Py

L e=v*/2exp (VVery — Sa?
= K log 1 _227r/2 ( / 20),2
Ty = e~y x'LEPo [exp (\ﬁx y— 5(z') )]

™

= E [Very - 52°| -E [log o8 [eXp <*/Exy - cw2>”

z,y 2

= (¢~ 3)E[+*] + VeElaz] - E [log oir, [exp <my - f)”

C C.’L‘2
= - — 1 —_——
gl oo (e D)

The remarkable fact is that the asymptotic MMSE in the matrix model can be expressed entirely in
terms of this one-dimensional quantity.

Theorem 4.5 (Replica-symmetric formula, [BDM+16; LM19]). Assume

t iid.
Y =4/—vo + W, v; K Py, E [z] =0, I [xQ]:l’
V n

z~ Py z~FPy

wheret > 0 is fixed. Define

q*(t) € arg max {th (1 — g) - i(tq)} .

q=>0
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Then MMSE
lim — =1-q¢"(t)%

n—00 n-

Remark 4.6. This formula was first conjectured in the statistical physics literature and later proved
rigorously (see [BDM+16], [LM19] and references therein). It provides a precise information-theoretic
characterization of the spiked matrix model and shows that the asymptotic behavior of a high-dimensional
matrix problem is controlled by a scalar optimization problem. The connection between mutual information
and MMSE is governed by the I-MMSE identity of [GSV05].

The formula is powerful because it allows one to compare algorithmic thresholds with information-
theoretic thresholds in a way that depends explicitly on the prior Py. We now discuss three important
examples.

4.7 Applications of the replica-symmetric formula

Gaussian prior

Assume first that

c cx?
i(c)=<—Ellog E e
i(c) 5~ E ngwj\/’(ﬂ,l) [exp Vexy 5 )”

c z? ca?

c
= -+ -log(l+c)— E [y?
3 talosl+9 =53 B Y]
1
= —log(1+¢)
2
and then one can also explicitly compute the replica-symmetric formula: let
tq g\ _1 / tq(t—1-1q)
=4 Lu)—711 ¢ _tatm 1ty
o) =7 (1-3) —5loa(+10) = dia) =37
¢+(q) is nonincreasing on [0, 0c0) = ¢*(¢) =0 t<1,
—
¢¢(q) is increasing on [0, 1 — %) and decreasing on (1 -1 oo) = ¢t)=1-7 t>1
0 t<1
— ¢ (t) =
1-1 t>1
Therefore
MMSE 1 t<1
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This coincides with the performance of PCA. Hence, for Gaussian priors, principal component analysis
is information-theoretically optimal (see Figure 4.2).

1 Trivial
| MMSE  MSE(PCA)
L{}).] : n2 = n2 = % (2 - 1)
= &l ! 2z 7
= |
Ee |
l _ ]t
0 1 o ")

Figure 4.2: PCA Optimality for Gaussian prior

Rademacher prior

Assume now that

Py = Unif ({~1,1}).

Then
i(c) = g [logziEpo [GXP < e )”
_ g Ig [log (e 2 cosh (ﬁy)ﬂ
= ¢~ E [log cosh (v/ey)]
— e [logcosh (¢ + ¢ Z)] ,

Z~N01

where the last equality follows from the symmetries of cosh and Fj.

Then the replica-symmetric formula yields not a closed expression, but a fixed-point relation that allows
to end up proving the non-optimality of PCA for ¢ > 1 (see Section A.2 for the proof). PCA is only
optimal for 0 <t < 1; although it succeeds above ¢t = 1, it does not attain the information-theoretic
minimum mean-squared error (see Figure 4.3).

Sparse prior with fixed sparsity level
Consider next the sparse prior

0 with probability 1 — p
v; = % with probability &
1

7 with probability &

where p € (0, 1) is a fixed constant. Then the expected number of nonzero coordinates is about pn, so
the spike is sparse.

The replica-symmetric formula applies in this setting as well. One of its consequences is that if p is
sufficiently small (p < 0.09) then there exist values of ¢ < 1 for which ¢*(¢) > 0. In other words,
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Trivial

MSE(PCA)

n?
2

Figure 4.3: PCA Non-optimality for Rademacher prior

nontrivial information-theoretic recovery is already possible below the BBP threshold ¢ = 1 (see [LL18]
for more details). Thus PCA is suboptimal even at the level of the recovery threshold (see Figure 4.4).

Trivial

MSE(PCA)

n-
2

J¥a

Figure 4.4: PCA suboptimality for fixed sparsity level prior (p < 0.09)
These examples illustrate a general principle: whether PCA is optimal depends not only on the signal-
to-noise ratio, but also on the geometry of the prior. The Gaussian prior is a special case in which the

PCA and information-theoretic thresholds coincide. As soon as one moves to more structured priors,
they may separate.

4.8 The all-or-nothing phenomenon

We now let the sparsity level vanish with the dimension. Consider again the sparse prior

0 with probability 1 — p,,
v; = \/% with probability £ pn — 0,
—\/% with probability £

and the model
Y = v +W.
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In this regime the behavior changes qualitatively. Instead of a continuous transition as in the dense
case, one observes an abrupt one: either the MMSE is essentially equal to the trivial error, or it is
asymptotically negligible compared to it.

Theorem 4.7 (All-or-nothing phenomenon, [NZ20a]). There exists a critical value )., of order

Pn
)\c = )
n

such that for every fixed e > 0,

MMSE 0 A>(1+e)A
lim —————— =

n—oo MSE(Atyivial) I A< (I-¢g)A.

The theorem, which was proven in [NZ20a], says that there is essentially no intermediate regime
(the first all-or-nothing phenomenon has been discovered in the context of sparse high dimensional
linear regression [GZ22; NZ20b] and it has also been discovered in a plethora of models since). Below
the critical threshold, the observations are useless from the MMSE point of view: one cannot do
asymptotically better than the trivial estimator. Above the threshold, one can almost recover the spike,
or equivalently the rank-one signal vv ', in a much stronger sense than in the dense case.

This is why the phenomenon is called all-or-nothing. The MMSE does not decrease gradually through
the transition; it jumps from the trivial level to a near-perfect recovery regime (see Figure 4.5).

Trivial (nothing)

[

MMSE
n2
2

o)

|

|

|

|

|

|

|

|

|

|

|

|

|

|

|

:
&

(Almost) exact recovery (all) N
0
Ae

Figure 4.5: The all-or-nothing phase transition in sparse spiked matrix estimation

The contrast with the BBP transition is striking. In the classical dense setting, the correlation between
the spectral estimator and the true spike increases continuously above threshold. In the sparse vanishing-
density regime, by contrast, the information-theoretic behavior becomes discontinuous.

4.9 Discussion

The central message of this chapter is that approximate recovery is governed by the posterior mean and
the MMSE, just as exact recovery and detection are governed by the MAP estimator and the Neyman-
Pearson test. In simple Gaussian models, this leads to explicit formulas and effective low-dimensional
reductions. In the spiked matrix model, however, the problem becomes much richer and reveals several
layers of structure.
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First, the BBP transition shows that PCA has a sharp algorithmic threshold at ¢ = 1. Second, the
replica-symmetric formula shows that the true information-theoretic threshold depends on the prior
and may coincide with or differ from the spectral one. Third, in sparse models one encounters the
all-or-nothing phenomenon, where approximate recovery undergoes a discontinuous transition.
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Detection
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Chapter 5

The Low-Degree Likelihood Ratio

5.1 The Computational Question for Detection

In the previous chapters, we studied the information-theoretic limits of exact recovery, detection, and
approximate recovery. In particular, in the setting of detection, to which this part of the notes is devoted,
we observe Y € () drawn either from a structured distribution P or from a null distribution P, and
we seek to determine which of the two generated the data.

At the purely statistical level, this question is completely understood. By the Neyman-Pearson lemma,
the optimal test declares P; if and only if P;(Y) > Po(Y'), or equivalently if the likelihood ratio
(assuming it is well-defined) P1 (Y) /P2 (Y") is at least 1. However, this does not solve the computational
problem. In many examples of interest, the likelihood ratio is, in principle, an intractable object.

Example 5.1. This difficulty already appears in very simple Bayesian formulations. Suppose that 6 ~ p
is a random signal on R?, and conditionally on § we observe Y ~ Py. Then the planted distribution is the
mixture
P1(Y) = E [Py(Y)].
O~

If the prior y is supported on a very large set, this average may be very costly to compute. In many relevant
problems, the support of 1w grows exponentially with the ambient dimension. For instance, if the signal set
is {—1,1}% then the mixture already involves 2% terms.

This is the point at which the computational question enters. Rather than asking only whether detection
is possible in principle, we now ask:

Question 5.2. Can one find a polynomial-time computable test that achieves weak or strong detection?

Of course, the most direct way to formalize the computational question would be to optimize over
all polynomial-time tests, for instance over all tests computable in time at most 1n'°°. However, this
class is too broad and unstructured to analyze directly. It includes arbitrary algorithms with branching,
adaptivity, randomness, memory, and model-dependent subroutines. Unlike a linear space of functions,
it has no convenient basis, no inner product structure, and no projection theorem that identifies the
best possible polynomial-time test.

The low-degree framework replaces this intractable class by a structured proxy. Instead of optimizing
over all polynomial-time tests, we restrict attention to low-degree polynomial functions of the data. This
class is still rich enough to capture many natural algorithmic statistics, but it is also a finite-dimensional
linear space. As a result, one can use Hilbert-space geometry: the best low-degree approximation to

35
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the likelihood ratio is its orthogonal projection onto the space of low-degree polynomials. This is the
low-degree likelihood ratio.

The philosophy of the method is therefore not that every efficient algorithm is literally a low-degree
polynomial. Rather, the low-degree method provides an analyzable proxy for efficient computation.
Its predictions have been remarkably accurate in many high-dimensional inference problems; see, for
example, [Hop18; KWB19].

5.2 Inner Products Between Functions

Before introducing low-degree polynomials, we first need a convenient functional-analytic language.
Let f, g : 2 — R be two real-valued functions on the observation space ().

Definition 5.3. The inner product between f and g with respect to the null distribution Py is defined by

(f:9)p, = E [f(Y)g(Y)].

YR,
This is the natural inner product on L?(€2, Py), the space of square-integrable functions with respect to
the null model.
Lemma 5.4. The map (-, -)p, defines an inner product on L*(),Py).

Proof. In order to show that (-, -)p, is an inner product, we need to show that it satisfies the symmetry,
linearity, and positive-definiteness properties of inner products.

1. Symmetry: For any functions f, g : 2 = R, we have

(fr90p, = E [f(V)g(Y)] = E [g(Y)f(Y)] = (9, f)e

Y ~Psy N Y~ P2

2. Linearity in the first argument: For any functions f, g, h :  — R and any scalars a, 5 € R, it
follows from the linearity of the expectation that

(af +Bg, b, = LB [(af(Y)+Bg(Y)h(Y)] = E [FY)AY)]+5 E [g()h(Y)]
= Oé<f, h>P2 + 5(97 h>P2‘

3. Positive-definiteness: For any function f : Q) — R, we have

(f e = E [f(Y)!] >0

YR,

by monotonicity of the expectation. Moreover, we have equality if and only if f = 0 almost
surely under Ps.

As usual, the associated norm is given by

l2,py = V{f5 flp, = MYLEPQ [F(Y)2].

When no confusion is possible, we will simply write || f||2.

I/

The usefulness of this norm is that it allows us to compare candidate test functions under the null model.
In the end, the likelihood ratio will appear as a distinguished vector in this Hilbert space.
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Lemma 5.5 (Cauchy-Schwarz inequality). For any functions f,g € L*(Q,Py),

(£ 9)ma| < I l2llgll2,
with equality if and only if f = \g for some scalar A € R.

Proof. By definition of the inner product and the induced norm,

JE, U] < B,

‘<fvg>]P’2‘ =

Y ~Po Y ~Po

< E [If(Y)g(Y)HS\/ E Y2 E [9(Y)*] = [Ifll2llgll2-

Here, the first inequality follows from the triangle inequality (or also Jensen’s inequality), and the
second inequality follows Cauchy-Schwarz inequality for expectations. Equality holds if and only if
f = Mg for some scalar A € R by the equivalent properties of the Cauchy-Schwarz inequality for
expectations. O

5.3 A Closer Look at the Likelihood Ratio

Recall that the likelihood ratio is
_Pu(y)

( ) T PQ(Y)’

whenever IP; is absolutely continuous with respect to Ps.

The 2-divergence can be written directly in terms of L:

(P, P) = E [L(Y)’] -1

~I2
In particular, the quantity || L||2 is exactly the square root of 1 + x2(PP1, Ps).

Claim 5.6. The x2-divergence is nonnegative.

Proof. Using the change-of-measure identity,

Pl(Y> o Pl(Y) _ B

Applying the Jensen’s inequality to the convex function = — 22, we get

YNPQ YNPZ

E [L(Y)*] > ( E [L(Y)])2 =1

Hence
YV(P1,Py) = E [L(Y))]-1>0.

Y ~Poy

O]

The significance of this observation is that if the likelihood ratio has very small L? norm, then the
planted and null distributions are close, and (weak) detection should be impossible. More precisely, the
bounds from Chapter 3 imply that

TV(Py, Py) < /X2(P1,Py) = /||| — 1.

Thus if || L||2 = 1 + o(1), then total variation tends to zero, and even weak detection is impossible.

A slightly weaker but still useful criterion is the following form of Le Cam’s method.
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Lemma 5.7 (Le Cam’s method [KWB19, Lemma 1.13]). Let (Py,) and (P2,,) be two sequences of
distributions. If

XZ(Pl,na PQ,n) = O(l),

then strong detection is impossible.

Proof. Suppose, by contradiction, that there exists an algorithm A such that lim,, . (P1 ,(A(Y) =
Py) + Py, (A(Y) = IP1)) = 0. But, by the change of measure trick and Cauchy-Schwarz inequality,

Pra(AY)=P1) = E [I(AY) = P1)]

~E1n
Py, (Y)
Y~Poy | Pon(Y)

(Fe)’

— \/XQ(PLn, Py,) + 1\/IE”2,”(A(Y) =P)).

I(AY) = IPH)]

VP2 (AY) =Py)

Y~Po oy

Since x%(P1,,P2,) = O(1) and we are supposing P2 ,(A(Y) = Py1,) — 0, then Py ,(A(Y) =
[P1) — 0. This contradicts the assumption that P ,(A(Y) = P2) + P, (A(Y) = P1) — 0, and the
lemma follows. O

5.4 A Variational Formula for the y?-Divergence

We now explain why the likelihood ratio is the optimal test function from the L?(P;) point of view.
Theorem 5.8 (Variational formula). For every square-integrable function f : @ — R,

Py
(5B, g HPl
17 = IIPs

2
Moreover,

<f’%>ﬂbz

P
H Ll = max —_—
o FOoR [l

Py

and equality holds if and only if f is proportional to Py /IP.

Proof. This is an immediate consequence of Cauchy-Schwarz in L?($2, P;), applied to f and P1/Py. [

This theorem says that the likelihood ratio is the best possible test statistic with respect to this variational
formula if one is allowed to optimize over all square-integrable functions. The computational issue is
that this optimization takes place over far too large a class, including many potentially computationally
intractable functions. The low-degree method will instead restrict attention to a much smaller space of
functions.
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5.5 The Low-Degree Likelihood Ratio

Suppose from now on that the observation Y is encoded as a vector in R™. For a multi-index o € N,

we write
n

Y .= HYio"', la] = iai.
i=1

i=1
A polynomial f(Y) = > coY“ is said to have degree at most D if ¢, = 0 whenever |a| > D. We
denote the space of such polynomials by R<p[Y].

A low-degree analogue of the variational formula is then
Py
<f’ P2 >]P2
max ——————.
rereply] I fll2

By the projection theorem in finite-dimensional inner-product spaces, this maximum is attained by the
orthogonal projection of the likelihood ratio onto R<p[Y].

Definition 5.9. The orthogonal projection of P1 /Py onto R<p[Y'] is denoted by

()
P/ p

and is called the (degree-< D) low-degree likelihood ratio.

(5.
Py)<p

Proof. By Cauchy-Schwarz inequality, (v, v*)/||v|| < ||v*||. In particular, the supremum over v € L
is finite and, as every finite-dimensional subspace is closed, it is attained at some v € L. The rest
of the proof follows from the properties of the orthogonal projection. Write v* = Proj; (v*) +
(v* — Proj;(v*)), and note (v,v*)/[|v|| = (v,Proj;(v*))/||v] < ||[Proj;(v*)| with equality for
v = Proj,(v%)/[|Proj, (v*)]. O

Lemma 5.10.

f Py
> Py P,
max

, sekeo) [fllz

Thus the low-degree norm measures how much of the Lo-norm of the likelihood ratio can already be
captured by a polynomial of degree at most D.

5.6 Why Low-Degree Polynomials?

We have motivated low-degree polynomials as a structured proxy for polynomial-time computation.
We now explain why this proxy is plausible. The answer is not that all efficient algorithms are literally
polynomial statistics. Rather, many natural statistics that arise in algorithm design are low-degree, or
admit good low-degree approximations.

For example, the empirical mean is a degree-one statistic, and the empirical variance is a degree-two
statistic. More interestingly, in matrix models the top eigenvalue can often be approximated by a
low-degree polynomial. Suppose that the eigenvalues of a symmetric matrix Y satisfy

M(Y) < < QoY) < (L— )M (Y)
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for some fixed € > 0. Then

n

tr (Y[clogrﬂ) _ Z)\i(y)fclogn]

i=1

o n >\z % [clogn]
— Ay (¥)fetosn] (1+Z (Al((y))) )
< )\ ( clogn] (1+Z [clogn)
< )\I(Y)(clogn] (1+ancloglls> .

=2

If c > —2/log(1 — ) and [clogn] is even, then
Al(y)[clogn] <tr (chlogn'\) < Al(y)[clogn] (1 + 0(1))’

so the contribution of the smaller eigenvalues is negligible. Thus, this degree-O(log n) statistic essen-
tially recovers the top eigenvalue.

This example is one of the main motivations for the low-degree method: even nonlinear spectral
statistics can be well-approximate by low-degree polynomials.

5.7 The Low-Degree Conjecture

The previous discussion leads to the following guiding principle, discussed in [Hop18, Conjecture 2.2.4]
and [KWB19, Conjecture 1.16], among others.

Conjecture 5.11 (Low-degree conjecture). For sufficiently nice detection problems (see [KWB19, Section

4.24]), if

=1+o0(1)
2

H Py <D
for some degree D = (logn)'*¢

algorithms. Similarly, if

,€ > 0, then weak detection should be impossible for polynomial-time

(=)
Py/<p

then strong detection should be impossible for polynomial-time algorithms.

= 0(1),

While this conjecture remains open, it has been remarkably successful as a predictive principle across a
wide range of high-dimensional inference problems. In these notes, we will not explicitly define what
constitutes a "nice” detection problem; instead, we intentionally assume that the conjecture applies
to most of the tasks presented here. Delineating the exact family of tasks to which the low-degree
conjecture applies remains an active area of research, shaped by both informative counterexamples
[HW21; ZSW+22; DK22; BHJ+25; JV26] and partial proofs in specific settings [HKK+26]. Our primary
focus in these notes is to explore the implications of this conjecture, assuming it holds for our models
of interest.
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5.8 Strong Separability

To support the conjectural picture, it is useful to formalize a notion of statistical separation discussed in
[BEH+22] that can be ruled out by bounded low-degree norm.

Definition 5.12 ([BEH+22, Definition 1.8]). A function f : ) — R strongly separates P1 and Py if

VB, V)= B ()] = <\/mx {ygﬂgl<f<y>>,y$2<f<y>>}) .

The intuition is that if a statistic strongly separates the planted and null models, then its typical values

under the two distributions are far enough apart that thresholding yields strong detection. We prove
this fact in the following lemma (stated in [BEH+22, Section 1.2.]).

Lemma 5.13. If f strongly separates P and Py, then f also strongly detects.

Proof. Set
Y ~P; S\ Y~

Since f strongly separates P; and [Py, we have

[m1 — ma|
——— — 00.
max {o1,09}

Without loss of generality, assume that m; > mao.

Then
mip —ma
—= — 00,
o1+ 09

because 01 + 02 < 2max {01, 02}. Hence, for all sufficiently large dimensions and for every fixed

C > 0, we have

mi — mo > C(O’l —|—0’2).

In particular, we may choose a threshold 7" such that
ml—Col 2T2m2+002.

Now define the test 7 by
P, if f(Y) > T,
Ty = B fY) =
P, if f(Y)<T.

We bound its two error probabilities using Chebyshev’s inequality.
Under P, we have

BT =Ba) = B (f(Y)<T).

Since T' < m; — Coy, the event { f(Y) < T'} implies
|f(Y) —m| 2 m —T > Coy.

Therefore, by Chebyshev’s inequality,

VBT =P < B (V) == Con) < 505 =
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Similarly, under Po,
P J(Y)=P)= P Y)>T).
Y~IP>2( (Y) 1) Yw%(f( )=>T)

Since T' > mgy + Coo, the event { f(Y) > T'} implies
lf(Y)—ma| >T —mg > Cos.

Hence, again by Chebyshev’s inequality,

2

o 1
Y[NPPQ(T(Y) =P < YLI?%(V(Y) —mg| > Coy) < CTQO'% =&
Thus
2
erl“(T) = YLPM(T(Y) = [PQ) + YED%(T(Y) _ ]P)l) < @

Since C > 0 is arbitrary and the strong separation assumption guarantees that such a threshold exists
for arbitrarily large C' when the dimension is large enough, it follows that err(7) — 0. Therefore f
strongly detects. O

We illustrate the concept of strong separability in Figure 5.1.

Density

E [f(Y)] E [f(Y)]

Y ~Pyp Y ~Po

Figure 5.1: Illustration of strong separability.

The following theorem is the main rigorous statement of the chapter.

Theorem 5.14 ([BEH+22, Proposition 6.2.]). If

(5.)
P2/ <p

then no polynomial of degree at most D strongly separates P and Ps.

=0(1),
2
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Proof of Theorem 5.14. Assume by contradiction that there exists a d-degree (d < D) polynomial p that
strongly separates P; and P. Then, by definition of strong separability,

VB, )] = B, (1)

\/max {}}@Pl;l (p(Y)), }}@IP% (p(Y)) }

Consider f(¥) :=p(¥) ~ |E, [p(V)}. Then, E [f(V)] = E, [p(Y)]~ E, [p(V)]and

— OQ.

waox{ W (p(0), Y (00 } 2 Vor (V) = B, [F0P).

Hence, by changing the measure and applying Lemma 5.10,

BRI EDON B0 ()"
STUR T e S |\R)
waoe{ Ve (1), Vo (V) }

The right hand side is O(1) by assumption, but the left hand diverges to infinity by strong separability.
This is a contradiction, and the theorem follows. O

Hence, this theorem shows that a bounded low-degree norm implies a natural and concrete family of
“low-degree” tests fails.
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Chapter 6

Detection for Gaussian Additive Models

6.1 Introduction
Recall from the previous Chapter 5 that the quantity

(=)
P>/ <p

plays a central role in the low-degree approach to detection. Under the low-degree Conjecture 5.11, if
this norm remains bounded for a sufficiently nice problem, then polynomial-time detection should be

2

impossible.

The next natural question is whether one can actually compute low-degree norms in interesting models.
This chapter addresses that question in the setting of Gaussian additive models. These models are
important for two reasons. First, they include several central examples in high-dimensional inference.
Second, their Gaussian structure makes it possible to write explicit formulas both for the full likelihood
ratio and for its low-degree truncation.

The workflow of the chapter is the following. We begin with sparse PCA as a motivating example. This
serves to illustrate, before any general formalism is introduced, the kind of computational-statistical
gap that we want to understand. We then derive general formulas for Gaussian additive models, first
for the full likelihood ratio and its L% norm, and then for the low-degree likelihood ratio. Finally, we
return to sparse PCA and combine these formulas with an overlap estimate to obtain a low-degree
lower bound.

Thus the chapter has a double role. It both motivates the Gaussian additive framework and shows, on
a concrete model, how the low-degree method is actually used. The proofs of the low-degree lower
bounds for this Chapter are often following similar or identical results from the survey [KWB19].

6.2 Gaussian Additive Models

Let 1 be a prior on RV, A Gaussian additive model is a detection problem of the form
P Y=XX+7
where X ~ u, Z ~ N(0,Iy), and A > 0 is a signal-to-noise ratio parameter, versus the null model
Py: Y =272

45
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where again Z ~ N (0, Iy).

Many examples of interest fit into this framework. In particular, spiked matrix and tensor models can
often be rewritten as Gaussian additive models after vectorization or flattening. The first example we
treat is sparse PCA in detection form.

6.3 Sparse PCA as a motivating example

Consider the detection version of sparse PCA. We observe a symmetric matrix Y € R"*", and we want

to distinguish between

A
P Y =-"2200" +W,
1 \/§

where W is a symmetric Gaussian noise matrix and the spike § € R" has i.i.d. coordinates distributed
as
0 with probability 1 — £ =1 — p,

0; = % with probability %,
—4/7% Wwith probability %,
versus

PQ! Y =W.

Here k = pn is the sparsity level, and we should think of p as a small constant. Since the coordinates of

k
||9H0 ~ Bin (nv > )
n

1613 ~ 1.

0 are i.i.d., we have

so ||0]lo ~ k + vk, while

The parameter A controls the signal strength. The basic question is to understand for which values of A
one can distinguish the planted matrix from pure noise.

6.3.1 The spectral benchmark

A first natural idea is to apply principal component analysis and look at the top eigenvalue or top
eigenvector of Y. As discussed earlier in the notes, when

\ = ty/n,

with ¢ constant, one has the BBP-type transition Theorem 4.3

| o \2 0 t <1,
im ( Umax(Y), —— =
< ) ||9||2> Y

n—00
t2

with high probability, where v (Y') denotes the leading eigenvector of Y.

Similarly, for the leading eigenvalue one has, with high probability,
Amax(Y) 2 t <1,

lim Z2mat /) 1
oo /n tr7 o>,
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under the planted model (see [FP07, Theorem 1.1.]); hence, taking ¢ = 0, under the null model

)\max Y
i max(Y)

Thus PCA gives a polynomial-time test for sparse PCA detection once ¢ > 1, that is, once A is larger
than \/n up to constant factors (see Figure 6.1).

? PCA works

t (A=tyn)

Figure 6.1: Spectral detection threshold in sparse PCA

This gives the first algorithmic threshold in the problem. The natural next question is whether one can
do better if one is willing to use an exponential-time procedure that explicitly exploits the sparsity of
the spike.

6.3.2 A stronger statistic

To use sparsity, consider!
OPT(Y) := max v Y.
UE{O,i%} , [lvllo<2k

This is not a polynomial-time computable statistic, in fact it is NP-Hard; however it gives information
about the information-theoretic detection threshold.

Under the planted model,
v Yv=0v" (AQGT + W) v= A (0,0)* + v Wo.
V2 V2

If we take v = 6, then

0TYH = \% 0,0 +0TWo ~ \ji +0TWe.

Since W is Gaussian and ||#]|3 ~ 1, the random variable 6 T W@ is approximately A/(0, 1). Hence

OPT(Y)> - +T, T ~N(0,1),

Sl >

under the planted model.

Under the null model, we need to control

max v Wo.
ve{o 21", lvlo<2k

For each fixed v, the quantity v ' Wv is a centered Gaussian with variance of order one. The relevant
tool is the following elementary bound (which we prove at the end of this section).

'In the proof of Theorem 6.7 we’ll see we can assume ||[v||o < 2k
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Lemma 6.1. If Zy, ..., Zyr are possibly correlated standard Gaussian random variables, then, for M —
00,
Z; < 10+/log M
122}}(\/[ i < 104/log

with probability at least 0.999.

Applying this lemma, which is proven in Section A.3, with
M = v e {-1,0,1}": [[v]lo < 2k},

we obtain, under the null model,
OPT(Y) < 20+/log M

with probability at least 0.999.

It remains to estimate M. A crude bound gives

2k
n\ _. n k>3 n n\ -
M = 2 < (2k+1 92k 2 ok 22k — 23k
j;) (;) < (@k+ )<2k> = 2k 2k ’

SO
log M < 2kzlogg—z + 2k log 2.

Hence, using (:1) < (%)m V1 < m < n, we conclude

OPT(Y) < 20\/log ((272) 23k> < 20\/2klog % + 3klog 2 < 40V'ky [log %

with probability at least 0.999 under the null.

Combining the planted and null estimates, we conclude that OPT(Y") strongly detects whenever

ne

> 1 .
A > 50Vk 0g o

Since k = pn, this becomes

1
A > 50./py/log = /n.
p

When p is small, the factor \/plog(1/p) is much smaller than 1. Thus exhaustive search detects
below the PCA threshold. This can be seen as a first indication that sparse PCA exhibits a genuine
computational-statistical gap (see Figure 6.2).

? (OPT) works | PCA works

t (A=tyn)
0 504/ plog(1/p) 1

Figure 6.2: Sparse PCA: spectral threshold versus exhaustive-search threshold
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6.4 The Likelihood Ratio for Gaussian Additive Models

We now return to the general Gaussian additive model
P: Y=XX+7Z, X ~p, Z ~N(0,Iy),

versus
Py: Y =72

The first step is to derive an explicit expression for the likelihood ratio.

Lemma 6.2. For the Gaussian additive model,

P (Y) B 22
IP’;(Y) =&, [GXP (—QHX!% + A (X, Y))] .
Proof. Note:
Po(Y) = =z e (I I3/2)

( 27‘() N/2
Further, note:

Pi(Y) = E [Pa(Y —AX)

1
XI%M [(27T)N/2 €xXp (—HY - )\XHg/?)]

exp (—[IY[13/2 = A XI3/2 + A (Y, X))

E |1
XNM[ (2m)N/2

Computing the ratio, we have:

)\2
- E, oo (-5 1xB+ A7) |
as desired. O

This formula is the starting point for all subsequent calculations. It expresses the likelihood ratio as an
average over the prior of a simple exponential function. In particular, it shows that the structure of the
planted model enters only through the prior on X.

The same Gaussian computation also gives a closed formula for the full L2 norm of the likelihood ratio.

Lemma 6.3. For the Gaussian additive model,

[exp (A (X1, X2))] .

HI%

2 XX iﬁkfl.u
Proof. Note:
Bl )
2 Y~[P’2 Py (Y)
A 2
- Y ~Py XI?E# [exp <2|XH2 + A (X, Y))}
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Now we make use of the “replica trick”.

Replica Trick. Recall, it holds for any f that:

2
(E[f(:r)]> =B (X0

X~p thzm&dﬂ

Using this trick, we have:
Py
Py

By swapping the order of expectations, we obtain:

Py
Py

ii.d.

2 2
A
- E E [exp(—2<HX1H§+HXQH%>)exp<A<<X1,Y>+<X2,Y>>>}
2 YPay i,

2 2
A
= E [exp (—2 (HX1H%+HX2H%>> E [exp(A<Y,X1+X2>)J]
2 X XL}A\SL YN]PQ
1,482 14

2

9 Xl,XQi'i;fdAp,

=  E_ [exp (N (X1, X2))]

Since the inner expectation is a Gaussian MGF, we have:
ii.d.

‘ 5
X1,X2 '~

A2 2
= = E exp (=S (I1X1]l5 + [ X2[3) ) exp | T 1 X1 + Xo 13
Py 2 2
as desired. O

This identity is extremely useful. It reduces the full x2-divergence to an overlap computation involving
two independent samples from the prior.

In the sparse PCA model defined at the beginning of Section 6.3, this formula gives the following result.
Proposition 6.4. Assume that p € (0,1/4) is fixed. If

/ 1
A <0.014/nplog —,
p

then strong detection between P and Py is impossible.

The proof of the previous theorem is given in Section A 4.

Thus the picture of the sparse PCA phase diagram can already be sharpened: one now sees an
information-theoretically impossible regime, an information-theoretically possible but conjecturally
hard regime, and the spectral regime where PCA succeeds (see Figure 6.3).

Impossible | (OPT) works | PCA works

t (\=tyn)
0 ~ +/plog(1/p) 1

Figure 6.3: Sparse PCA: information-theoretic, exhaustive-search, and spectral regimes

At this point, however, the main computational question remains open: is there a faster algorithm in
the region between the information-theoretic threshold and the PCA threshold? This is exactly the
type of question for which the low-degree likelihood ratio is designed to provide evidence for.



6.5. THE LOW-DEGREE LIKELIHOOD RATIO FOR GAUSSIAN ADDITIVE MODELS 51

6.5 The Low-Degree Likelihood Ratio for Gaussian Additive Models

The low-degree norm can also be computed explicitly in Gaussian additive models.

Theorem 6.5. For the Gaussian additive model,

2 D
P (A \f
|5)..] - 3PN e
2/ <D||y X17X2 ~u La=0 d
Proof. The proof will be given in Section 7.3 using Hermite polynomials. O

This theorem is the main tool of the chapter. It shows that the low-degree norm is controlled by
the moments of the overlap (X7, X2). In other words, the question of low-degree hardness is very
conveniently reduced to the overlap distribution of the prior.

6.6 Back to Sparse PCA

We now return to sparse PCA and apply the general low-degree formula. In this model,
X =060",

where
0 with probability 1 — % =1-—p,

% with probability %, p a small constant,

— \/g with probability %,

so for two independent draws 61, 65,

(X1, Xa) = (61,65)° .

S A/xf v
91,92 [Z 91’02>2d] ’

d=0

Hence
< >
2 <D

Thus, as in the full x? calculation, everything reduces to understanding the overlap (61, 62).

The key estimate is the following local-Chernoff bound.

Lemma 6.6 (Local-Chernoff bound). For every n > 0, there exist ¢, > 0 such that for all n and all
0<t§cnp:cn%,

01,02

1 _
P (|(61,62)] > £) < Coxp (—2%) |

The proof can be found in Section A.5

The proof of the low-degree lower bound then proceeds by splitting the expectation into a small-overlap
contribution and a large-overlap contribution. The former is controlled by the truncated exponential,
and the latter by the local-Chernoff tail estimate.
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Theorem 6.7. Letn > 0. If

and D = (logn)'9!, then

Proof. We already know

[Z A/f (/v (00, 60

D
=14+ E [Z )‘/\[) <91’92>2d

,0
01,02 —

We first condition on the event £ := {|61]]o, [|62]lo < 2k} = {[|61]]2, [|62]|> < v2}. By union bound

and Chernoff, we know Py (£¢) < 267%16 = 267%/)". Thus, using Cauchy-Schwarz and a crude bound,
we get

n

{61, 02)] < 101l 1162]l> <

so on £¢ we have

d

D D
)\/\[) 2d n n\ 2d
91,92 Z (01, 02) 1ee 9}?92 ;dmd (E) Le

d=0

D
Z n3dlgc]
d=0
n3(D+1) _ 1

- 31 Py (&) < n3Hp, (&°)

1
< 2exp <3 <(logn)1'01 + 1) logn — Spn) = o(1).

Thus, we can work on £ without affecting the aimed result.

Further, with the intention to take advantage of Lemma 6.6, for any 0 < € < ¢;,p, we have

Ry

A/@ (01,02)*" 1161, 02)] < =) 1

I
—_
+
)
=
_l_
ol
M@

R>

A

- D 2d
Wf) (01,0:)*1(|(61,02)] > £) 1

_l._

s}
z%ﬁ
™

To bound Rj, considering that A = €2 (y/n) in the information-theoretic regime and that we are now
conditioned on &, by Cauchy-Schwarz we know |(6;, 62)| < 2, so

PLAALI (\/V2)*

d!

2 (Vo)™

2°T1(|(61, 602)| > e)] = Pr((61,02)] > ) d!

ms g 3
1,92 d—1

2D
Lemma 6.6 — 2
< (Cexp (— L n52n> D(\[D') < Cexp <—
r=6(vn) 2 !

d=1

"2 4D log (2)\2)> = o(1).
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For R;:

Ry =
01,02

d
)\2
< 2 2 N 2y _
_0}?62 1 ((91,92> _5) GXP(2 (01,02) > 1”
(01,02)% )2 22

_ 2 2 / A A

911%2 1 ((91,02> <e ) ; 5 exp 5 z | dz
- E /AQ » 1(<9 9>2<2)1(<<9 0>2)d
002 | Jo 2 P\ 2” Lo = e !

g2 )\2
< E -
T 61,02 /0 2 °xp

2

g2 _2
A A
= /0 5 oxXP <2x> P, (:1: < (91,92)2> dz

Lemma66 )2 [ A2 1—
‘ §a C? exp (a: - nnx) dz
0

)\2 +oo

= C? ; exp (—gnzz:> dx

_ 6;722 ) (A:) =) oy,

O]

This theorem is the main conclusion of the chapter. It says that the low-degree norm remains bounded
below the spectral threshold. Under the low-degree conjecture, this is strong evidence that polynomial-
time detection should fail there. Thus, the phase transition diagram should be the one depicted in
Figure 6.4

Impossible Hard? PCA works

t (A=tyn)
0 ~ +/plog(1/p) 1

Figure 6.4: Sparse PCA: phase transition diagram

6.7 Discussion

This chapter had two main goals. The first was to show, through sparse PCA, that the computational
and information-theoretic thresholds need not coincide. The second was to derive general formulas for
Gaussian additive models that reduce low-degree computations to overlap calculations under the prior.

The next chapter will provide the missing technical ingredient behind these formulas. It will introduce
the Hermite-polynomial machinery that completes the missing proofs above, and will then use it to
study also the computational-statistical gap for Tensor PCA.
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Chapter 7

Hermite Analysis and Tensor PCA

7.1 Introduction

In Chapter 6 we derived the low-degree likelihood ratio formula for Gaussian additive models:

F 2 D

! _ E A2 .
Py — (X1, X .
||< Q)SD 9 X1,Xo~p Lz: d! < 1 2>

This formula reduces the analysis of low-degree tests to a question about the overlap distribution of

two independent samples from the prior.

The purpose of this chapter is twofold. First, we provide the Hermite-polynomial machinery that justifies
the Gaussian additive formula used in the previous chapter. Second, we apply the same framework
to tensor PCA. Tensor PCA provides another fundamental example of a Gaussian additive detection
problem with a computational-statistical gap.

7.2 Background on Hermite polynomials

The purpose of this section is to introduce Hermite polynomials as a convenient orthonormal basis for
low-degree polynomials under the standard Gaussian measure. This is exactly the structure needed to
understand the low-degree likelihood ratio in Gaussian additive models.

7.2.1 Orthonormality in the univariate case

We begin with the one-dimensional case.

Definition 7.1. The k-th Hermite polynomials are defined recursively by

ho(x) =1, hit1(z) = zh(x) — hi(z).

In particular, /i;k is a polynomial of degree k.

55
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The basic fact is that Hermite polynomials form an orthonormal basis under the standard Gaussian
inner product.

Proposition 7.2. The set {ﬁk(a}) ke N} is an orthonormal basis of L?>(N(0,1)) under the inner
product

(=, B [ADRD)L
Proof. See [KWB19, Proposition B.4.]. O

Orthonormality means that for every &k, £ € N,
~ ~ 1 ifk=4¢
hi,he) = ’
< : €> {0 otherwise.

Moreover, any f : R — R with || f||2 = \/(f, f) < 400 admits an expansion

= anhi(y)

£>0
and the coefficients are given by
vy = <f ; hz>
Indeed,
<zakﬁk,m> =S () =
k>0 k>0
Therefore

Since each hy, has degree k, it follows that if p € R<p[y], then

<p,ﬁk> —0 forallk > D.

Hence {ﬁk k< D} is an orthonormal basis of R< p[y].

The next lemma identifies the orthogonal projection onto the degree-< D polynomial space.

Lemma 7.3. Forevery f € L2(N(0,1)), the minimization problem

. 2
min |[p—f
PER<py] | I3

has a unique minimizer, given by

=3 (53 it

k=0

Proof. We use Parseval’s identity, which states that for every f € L2(N(0,1)),

1713 =3[ (B £

k>0
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Indeed,

1£13 = (£, ) = <Z <f,ﬁk>ﬁk,; <f,ﬁe>m>
)

K
= Z<fﬁk> <f,ﬁz> @kﬁe = Z<fjlk>2-
kol p

y

Now let p € R<p[y]. Then

IF ol =3 ()"

k>0
Since p has degree at most D, we have <p, ﬁk> =0forallk > D, so

7ol =3 () + SR h) — (p )
k<D

k>D

The first term is independent of p, so the minimum is achieved exactly when

<p,Ek> - <f,ﬁk> for all k < D.

Thus the unique minimizer is

zD:<f,hk> hus(y

k=0
O
In particular, if we denote by f<p the orthogonal projection of f onto R<p[y], then
D —~ ~
fen(y) = 3 (£l ) Buw),
k=0
and
D 0\ 2
If<nly =3 (£ he) -
k=0
7.2.2 The multivariate case
We now extend the previous discussion to the multivariate Gaussian measure.
Definition 7.4. Let« = (a1, ..., ay) € NV, The N-variate Hermite polynomial associated with o is
N
=[] 7ei(x
i=1
Its normalized version is HA(X
I/-ja(X) = 706( ) )
041! RN N!

Let Y ~ N(0,1Iy), so that Y1,..., Yy are i.i.d. N(0,1). By independence and the univariate orthonor-
mality,

~

YN/\/'HEZO,IN) Ha(Y)Hﬁ(Y)} =1(a=p).

The multivariate analogue of the univariate basis theorem is then the following.
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Proposition 7.5. The family {ﬁa(X) ta € NN} is an orthonormal basis of L? (N (0, Iy)).
Proof. The proof is analogous to the univariate case. O

The corresponding projection theorem also carries over.

Proposition 7.6. Fix f € L?(N(0, Iy)). Then the orthogonal projection

min f|p — fll2

pER<p[Y]
is uniquely attained by
f<p = Z <Ha,f> H,.
aeNY | |a|<D
Moreover, )
If<ol3= > (Haf)
aeNV | |a|<D

Proof. Again, the proof is the same as in the univariate setting, using Parseval’s identity and orthogo-
nality. O

7.3 Proof of the low-degree ratio for Gaussian additive models

We now return to the Gaussian additive model from the previous chapter. Recall the setting:
P:Y=MX+7Z7 X ~u, Z ~ N(0,Iy),

and
Py: Y =727

2.,

The Hermite basis provides the correct way to do this. By Parseval’s identity in the multivariate

(B).),~ 2 ()

Py
2 aeNN, |a|<D
Since the inner product is with respect to Po,

<IP’1 ﬁa>: E [Pl(y)ﬁa(y)]: E |Ha(V)].

Our goal is to compute
2

2

Gaussian space,

Therefore

Under Py, we have Y = AX + Z with X ~ pand Z ~ N (0, Iy). Hence

N ~
[T 70X + Z3)

=1

£ [ﬁa(y)]_ E

= E
Y ~Pq X~p

Z~N(0,Iy)

At this point we use the following identity.
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Lemma 7.7 (Translation identity, [KWB19, Proposition 2.9.]). IfY ~ N(u, 1), then

E [ﬁkm} -

Proof. 1t is enough to prove that

since le = hi/VE.

We argue by induction on k. For & = 0, we have ho(z) = 1, so

E  [ho(Y)=1=u°.
YNNW)[ o(Y)] 0

Now assume that

for some k > 0. We want to prove that

By the defining recursion,
B () = oy (@) — Hy(a),

hence

E [n(V))= E [Y(¥))- E [W()].
vl )= B W)= B k()]

Now write the expectation with respect to the density of Y ~ N (i, 1):

1

E  [Yh(Y) = /R i) =

e~ W=m?/2 gy
Y~N(p,1)

Since
y=p+(y—pn),
this becomes

1 2
E [Yhy(Y)] = E hY+/ — ) hg(y)——=e~W=W/2 gy
YNNW)[ k(Y)] MYNNW)[ k(Y)] R(y w)hi(y) ¢ y

For the second term, observe that

d 2 2
e W2 = (= e~ —w7/2
a (e ) (y — pe :

Hence

1 2 1 d 2
() w22 :_/h L od w2 g,
/R (y — mw)hi(y) 5 Y A k(Y) 5 dy (6 ) y

Integrating by parts, and using that the boundary term vanishes because hy, is a polynomial while the
Gaussian density decays super-exponentially, we get

1 d 2 1 )
—_ h ye——— —(y—u) /2 d :/h/ e —(y—u) /2d - E / Y .
/R k(y)\/%dy (e ) v= | () o y E )[ k(Y]

s Y~N(p,1
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Therefore

E  [Yh(Y)=p E [h(Y E  [h}(Y)].
yor Ve =p B+ BT

Substituting this into

YNAI[EW)[th Y)] = YNXP}W)[YM(Y)] - YNAI/EW)[ rY)],
we obtain
B Ml =p B hY)] =0 pk =
This completes the induction. O

Applying the translation identity coordinatewise gives

Therefore

2
IE
2 Jajl<p \""*

X, ,Xzi.}\./d.'u‘ Li—0
We have therefore proved the main formula.
Theorem 7.8. For every D > 0,

2
B = E XD:UWX X,)¢
P, b dl 1,82) | -

id.d.
2 X17X21}\’ H# Ld=0

This is exactly the formula that was used in the previous chapter.

7.4 Tensor PCA

We now turn to another Gaussian additive model: Tensor PCA. This example is important because it
provides a computational-statistical gap in a setting different from matrices, while still fitting cleanly
into the same low-degree framework.
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7.4.1 The model

Definition 7.9. A p-tensor is an element of (R™)®P, that is, an array

T = (Ti,...ipJiv,....ip€ln]-
For X € R™, the rank-one tensor X®? is defined by

(X®p)i1,...,i == Xz XZ .. Xz

P 2

The Tensor PCA detection problem compares

Py : X ~ Unif({+£1}") or X ~ Unif (S 1), Y = AX®P4Z, A=\, >0, Zy . "~ N(0,1),

7ip
with
Py: Y =727

7.4.2 Information-theoretic threshold

A natural way to detect is to maximize

(OPT) = ver?:?l:li(}" <U®pv Y> = Z Uiy * "~ ’Uipyvilw-wip'
i1y

This serves as the analogue of the MAP estimator in the planted model. Indeed,

(VEP)Y) = (VP AXEP 4+ Z) = A (0P, XOP) + (v, Z) = A (v, X)P + (v, Z) .

Under Py, taking v = X gives
(OPT) > (X®P,Y) = N| X||3" + (X*7, Z).

Moreover,

(X9, 2) ~ N (0, 1X113),
so when || X||3 = n we obtain
(OPT) > An? — O (np/2) .
Under P, for every fixed v € {£1}",
(v¥P, Z) ~ N (0,nP).
Since there are 2" such vectors, the Gaussian maximal inequality gives
(OPT) < n”/?y/nlog2

up to constants, that is,
(OPT) < nP/?+1/2

up to constants.
Comparing the planted and null behaviors, we see that strong detection is possible when
2+1/2
AnP > np/ +1/ ,

that is,
A pl/2P/2,

This threshold (see Figure 7.1) can in fact be shown to be tight.
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Impossible Possible

0 n1/27p/2

Figure 7.1: Information-theoretic threshold in tensor PCA

7.4.3 A natural polynomial-time algorithm

We now compare the information-theoretic threshold with what a natural efficient algorithm can
achieve. Assume for simplicity that p is even.

Flatten the tensor into a matrix
M E Rnp/2><np/2

by setting
(i1 seemsipy2)s(ip 2t reosip) “= Yitseonip:
Then
My = X010+ Z1,
wher
9[ = Hez
i€l
Now
1613 = 363 = o2
Ji
If we define
0 = —0
10]l2”

then the matrix model becomes
My = )\np/zﬁ’,Hf] + Z1J.

This is now exactly a spiked matrix model. Therefore PCA on M works when
AnP/2 > \/np/?,

that is,
A P/

This gives the natural polynomial-time threshold in Tensor PCA.

7.4.4 A computational-statistical gap
Comparing the two thresholds, we find a clear gap: information-theoretically, strong detection is
possible when X >> n!/277/2; algorithmically, the natural PCA-based method works when A > n=7/4,

For p > 3, these are genuinely different scales. Tensor PCA is therefore another model exhibiting a
computational-statistical gap (see Figure 7.2).
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Impossible ? PCA works

0 nl/2-p/2 n—p/4
Figure 7.2: Tensor PCA: computational-statistical gap

7.4.5 A low-degree lower bound

The low-degree method predicts hardness in the intermediate regime. The proof is taken from the
survey [KWB19, Section 3.1].

Proposition 7.10. If D < (logn)? and A < n~?/*=¢/2 for some ¢ > 0, then

=1+o0(1).
2

H <D

Proof. By the Gaussian-additive-model formula,
D )\Zd d
=E|> (X, X))

d=0
In the Tensor PCA model, X; = Hi@p and Xy = 9§®p, S0

(X1, Xo) = (01, 602)".

(%)
Py)<p

Now 61, 62 bigt Unif ({£1}"), so (61, 63) is approximately Gaussian with variance n (see [KWB19,

Therefore

2
)\Qd

Appendix C]). Hence

GEQ [(01,02)%) ~ (2dp — 1)1 n®P/2.
1,

Using (2dp — 1)!! < (2Dp)% for d < D, we obtain

D

Z 2 (2Dp) dpndp/2
2 d=1

H <D

Since d! > 1, this is at most

D
1+D Z ((2Dp)p)\2np/2)d
d=1

Under the assumption A2 < n—r/ 2-¢ this yields

(=)
Py/<p

If D = (logn)?, then the right-hand side tends to 1, proving the claim. O

2
<1+ 0O (D(2Dp)Pn™°).
2
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Thus the low-degree norm is asymptotically trivial throughout the regime

2\ < nfp/47€/2'

Under the low-degree conjecture, this means that polynomial-time detection should fail there. The
low-degree threshold therefore aligns with the natural algorithmic threshold rather than with the
information-theoretic one (see Figure 7.3).

Impossible | Hard regime | PCA works

0 n1/2-p/2 ——

Figure 7.3: Tensor PCA: information-theoretic, hard and spectral regimes

7.5 Other examples

Before concluding the low-degree chapters, it is worth mentioning two additional models in which the
same low-degree prediction has been successfully applied.

7.5.1 Gaussian sparse regression
The model is
Py {(yi, Xi),i=1,...,n}, yi = (Xi,0) + w;,

where

X EN(0,L), 0~ Unif {0,137 0o =k, wi R N(0,1),

versus

Po: {(y, Xs), i=1,....n}, i "NOKk+1), X" N(0,I).

The current status is the following: for k£ < n < klogp, it is not known whether a polynomial-time
algorithm succeeds, while the low-degree ratio remains bounded (see [BEH+22]). On the other hand,
for n > klog p, methods such as LASSO and related algorithms are effective.

7.5.2 Planted clique

The model is

Py : G:inkEgn;
’27 72

Uclique(S), S ~ Unif ((Vf)» ,

vVersus

Here we know that detection is impossible for & < 21og, n. We now prove that when logn < k < v/n,
then the low-degree ratio remains bounded, but no polynomial-time algorithm is known. The following
is a classical but important low-degree lower bound computation.
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Proposition 7.11. Fix(0 < § < % and 0 < € < 1. Consider the planted clique detection problem with

loggn < k < n'/?70,
Let
D = (logn)'*e.

Then

P 2

L =1+0(1)

Py

<Dl

The proof can be found in Section A.6.

These two examples are only mentioned briefly here, but they foreshadow later chapters of the notes.
In both cases, low-degree calculations point to a conjectural hard regime that matches the current
algorithmic picture.

7.6 Conclusion and transition

This chapter completed the low-degree analysis of Gaussian additive models. The main technical tool
was the Hermite basis, which is the natural orthonormal basis for polynomial functions under the
standard Gaussian measure. Since the low-degree likelihood ratio is defined as the orthogonal projection
of the likelihood ratio onto the space of low-degree polynomials, Hermite analysis gives an explicit
way to compute its norm.

The next chapters develop a different formal model of restricted computation: the statistical query
framework. Unlike the low-degree method, which studies polynomial functions of the data, the statistical
query model restricts algorithms to accessing the data distribution only through noisy expectations of
bounded query functions. This gives a rigorous oracle model in which one can prove unconditional
lower bounds for broad classes of algorithms. We will see that, in several high-dimensional detection
problems, the statistical query lower bounds agree closely with the predictions obtained from low-degree
likelihood ratios.
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Chapter 8

The Statistical Query Framework

8.1 Introduction

In the previous chapters, we developed the low-degree likelihood-ratio framework as a structured way
to reason about computational hardness in detection problems. That framework is extremely useful,
but it is (by far) not the only family of efficient methods that are powerful in these settings.

The goal of the present chapter is to introduce another celebrated such framework: the statistical-query
(SQ) model, introduced in [Kea98]. The philosophy is simple. In many algorithmic procedures, one
does not manipulate the full dataset in a completely arbitrary way. Instead, one repeatedly estimates
expectations of simple functions of a single sample. This is the behavior captured by the SQ model and,
more specifically, by the VSTAT (m) oracle.

The chapter has two main parts. First, we introduce the SQ model, discuss why it is expressive, and
explain the notion of statistical dimension that controls its power. Second, we apply the general lower-
bound framework to (sublinear) sparse PCA and show that SQ methods correctly predicts the hard
regime there.

8.2 Detection in an i.i.d. setting

The statistical-query framework is most naturally formulated when the data come as i.i.d. samples. We
therefore begin with the following special case of the detection problem discussed above.

We observe samples X7, ..., X, and test between the hypotheses
i.id.
Xla-'-7Xm ~ Pg, 9NM7

and

where ¢ is the null distribution.

Equivalently, if we define the planted mixture

then the problem is to distinguish p®™ from ¢®™.

This is the natural ii.d. restriction of the planted-vs-null detection setup studied earlier in the notes.
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8.2.1 Example: sparse linear regression

Sparse regression fits this setting directly. Let
0 ~ Unif{u € {0,1}" : ||lul|o = k}.

Under the planted model, fori =1,...,m,

iid.
(l‘% yl) 1'%\’ Do,

where
Ty ~ N(Ovlp) 5 Y = <3§'1,9> + Wy, Wy NN (0702) 3
with w; independent of x;.

Under the null model,

iid.
(I’U yl) 1'1\’ q,
where
x; ~ N(0,1,), yi ~ N (0,k +0?),
independently of z;.

Thus sparse regression is naturally an i.i.d. detection problem.

8.2.2 Example: PCA models and cloning

PCA models are less obviously i.i.d., since one usually observes a single matrix
Y = dzz' 4+ W.

However, as already discussed earlier in Section 4.4, the cloning point of view allows us to replace the
one-sample model by an equivalent multi-sample version.

Concretely, one may instead think of observing

A
}Q:%xxT—I—Wi, izl,...,m,

where the W; are i.i.d. Gaussian noise matrices, versus the corresponding null model

Y N0, 1),

This does not change the statistical content of the problem, but now the model has been recast into an
iid. form, which makes the SQ point of view applicable.

This example is useful because it shows that the i.i.d. formulation is not as restrictive as it may initially
appear.

8.3 Statistical queries

8.3.1 Motivation

Suppose we observe i.i.d. samples X7, ..., X,, ~ D, where D is either the planted law py or the null
law g. A very common computational primitive is to estimate quantities of the form

E [h(X)]
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for some function i : Q@ — [0, 1].

The standard empirical estimator is
1 m
~ Z h(X;).
1=1

By Bernstein’s inequality, with probability at least 0.99 its error is bounded by

< - ma {1, m\/XIEDW)] (1- & 00 } .

This suggests an abstract model in which the algorithm does not access samples directly, but instead

D oh(X) - E [h(X)]
i=1

X~D

queries approximate expectations of bounded functions of a single sample.

8.3.2 Definition of the VSTAT(m) oracle

Definition 8.1. AnSQ(m) algorithm for a distribution D has access to D through queries toa VSTAT (m)
oracle. Given a function h : Q@ — [0, 1], the oracle returns

(B M)+,

where the error T is adversarial but satisfies

Il < %max {1’ \/E\/XIEDVL(X)] <1 B XIED[h(X)O } '

The parameter m should be thought of as a sample size. The number of queries made by the algorithm

should be thought of as a proxy for computational time.

8.3.3 Why the SQ model is expressive

The SQ model is quite expressive. Many common algorithms can be interpreted as repeatedly querying
expectations of simple functions.

A particularly important example is gradient descent. Suppose one wants to solve

ﬁl%XIED[L(w;X)]’ D € {pe, q},

for some loss function L. The population gradient is

XIED[VwL(w; X)].

A gradient-descent iteration takes the form
-_ ]E ; L N X .
W41 Wy n)-,ND[ w (wt7 )]

Thus each gradient step only requires access to expectations of functions of a single sample. In this
sense, noisy gradient descent naturally fits inside the SQ model.

The same is true, at least at an abstract level, for many first-order methods, EM-type procedures, and
other algorithms driven by empirical averages.
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8.3.4 Limitations of the SQ model

Despite its expressive power, the SQ model is not a perfect representation of all polynomial-time
algorithms.

First, queries are only allowed to depend on a single sample. Many natural algorithms compare several
samples simultaneously; in principle, SQ cannot do this, and this can be problematic in principle.

Second, there is no requirement that the query function h be polynomial-time computable. This is the
main conceptual limitation of the model. For instance, in a planted-clique problem one could query

h(G) = 1(G contains a clique of size k),

which is not efficiently computable, and turns out to make the whole SQ framework not applicable to
the important (unmodified) planted clique task.

Third, the oracle noise is adversarial rather than random. This is not realistic as a data model, but it is
precisely what makes the framework strong enough to yield rigorous lower bounds.

So the point of the SQ model is not that it exactly characterizes polynomial time computability. Its
point is that it is both expressive enough to capture many relevant algorithms and structured enough
to be analyzed rigorously.

8.4 From successful queries to statistical dimension

We now ask: how many VSTAT (m) queries are needed to distinguish the planted mixture

p= 9@“[199}

from the null ¢?

Fix a query h : Q — [0, 1]. The query is useful for distinguishing py from ¢ only if the difference

(B 0] - E ()]

is at least of the same order as the oracle noise. More precisely, we say that h is successful for py if

(B 0]~ B 0] 2 0

where
M = max {; Lm min {\/ W Ih(X) <1 - Xlgpg[h(x)]) \/ E [h(X) <1 - E q[h(X)]> }}
Since

E [h(X) - E [h(X)] = E [(p" - 1) h(X)} - <z;9 - 1,h>q,

Xr~py X~q Xr~q q

the success condition can be expressed in terms of the correlation between h and the likelihood-ratio
fluctuation py/q — 1.

If an SQ(m) algorithm succeeds with s queries hy, ..., hg, then

P hi i ful f > 0.99.
oL, (H{ is successful for pg}) >0.99
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Therefore, by the union bound, at least one query must satisfy

0.99
P (h is successful for py) > —.
O~p S

This observation is the starting point of the lower-bound argument.

8.4.1 A useful simplification

The success condition can be simplified in a form that is more convenient for the theorem.

Lemma 8.2. Let h : Q — [0, 1] and suppose

If b is successful for pg, then

E [1(X)]
E [h(X)] - E [M(X)]]| > =
X~py X~q 3m
Proof. Set
a:= E [h(X)], b:= E [h(X)], d:=la—b
E (X)) (E (X)) |
We are assuming a < 1/2.
If a < 3/m, then
a 1
— < —,
dm — m
and the success condition immediately implies
i>Ls /o
—m = VY 3m

We may therefore assume a > 3/m. Suppose, toward a contradiction, that
a
d<\/—.
3m

a
— <
3m

Since a > 3/m, we have

)

wl| e

so d < a/3. Hence

2 4
bem—¢a+ﬂg[“ “]

33
Now the function z — z(1 — x) is concave and symmetric around 1/2. Since a < 1/2, its minimum on
the interval [a — d, a + d] is attained at a — d. Therefore

b(1—5) > (a—d)(1—a+d).
Also, since a < 1/2, wehavel —a+d >1—a > 1/2, and thus

a—d
2

b(1—10b) > >

wl e
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Similarly,
a(l —a) >

min{\/b(ln:b),\/a(ln:a)} > \/3Tm>d.

Thus the variance part of the VSTAT tolerance is already larger than d. This contradicts the assumption

>

|
wl e

Therefore

that A is successful for py.

Hence our assumption was false, and

This is exactly the desired bound. O

8.5 Statistical dimension

The correct notion that measures the power of SQ algorithms is statistical dimension, discussed in
[FGR+17].

Definition 8.3 ([FGR+17, Definition 2.5.]). The statistical dimension of the testing problem p = QE [po]
~p

<pe7pe'> 1 gi ‘
a q/, m

This quantity should be compared with the usual (one-sample) y?-divergence of the planted mixture

’(p,q)= E <pe,m> —1].
00~u |\ q q/,

The statistical dimension is a stronger, conditional version of this quantity: instead of controlling the

versus q at parameter m is

A

SDA(p, q,m) := max {5 eN:VAst. P (A)> s2, E
0,0/~ 0,6’ ~p

and the null measure:

average over all pairs (0, '), it controls the average on every event of not-too-small probability.

8.6 The general VSTAT lower bound

We can now state and prove a main theorem of the framework. The exact statement and proof of this
version appears in [BBH+21, Appendix A].

Theorem 8.4 (([FGR+17, Theorem 2.7.], [BBH+21, Appendix A]). Foreverym > 1, any SQ(m) algorithm
that solves the detection problem p = GE [pg| versus g must use at least
~p

0.99 - SDA(p, ¢,3m)

queries to the VSTAT (m) oracle.

Proof. Assume that an SQ(m) algorithm succeeds using s queries. As explained earlier, at least one
query h :  — [0, 1] must satisfy
0.99

P (h is successful for py) > —.
O~p S
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Replacing h by 1 — h if necessary, we may assume

1
E h(X)] < -
E 0 < 5
Let
S := {0 : his successful for pg}, Q= QIP’ (9).
~p
Then oo > 0.99/s.
For 6 € S, the previous lemma gives
» XE h(X)]
i ~q
——Lh) |=]| E [A(X)]— E [h(X)]| >
|<q )| =] 001 - B ooz Y 2T
Define
() := sign<pg - 1,h> ,
q q
and
Fy = (Z" - 1) 7(0)15(0).
Then
E (X)) .
o < E [(—-1h) 0(0)1s(9)| =( E [Fp],h) .
s <5 | (k) o01s0)| = (E R0

By Cauchy-Schwarz,

E |F,
‘9%[ o]

(EELhY <l
R q L2(q)

Since 0 < h < 1, we have
1Al 72 = XIEq[h(X)2] < E [p(X)].

Xn~q
Therefore
1
ar/— < || E [Fy]
dm o~ i)
Squaring both sides gives
a? 2
— < E E [Fy(X .
o< B | (B 1m0
By Fubini,
2
E |( E[F(X — E {FF }
E, | (&1 >])] B[t F,
Now

(FonFi), = 150)15(8)(0)o(0) (2 <122 1)

Taking absolute values and using |o(6)o(6')| = 1, we obtain

<p‘)—1,pe'—1> .
q q .

[(Fo, Fo), | < 15(0)15(0)

Moreover,
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because x
(3, a3
. X~ a(X)
Therefore
a? Po Do
— < K 15(0)1g(0 —, — —1/|.
o o, [0 (1)
Let
A:=8xS65.

Then P (A) = o2, and the previous inequality becomes

0,0’ ~p
2
@ _ b E ”<Pem> .
3m ~ 0,0/~ 6,0'~p a q/,

Since P (A) = o?, we conclude that

0,0/ ~p
. ”<Pepe> Cllals o
0,0' ~p qa q/, 3m
Now assume, for contradiction, that
s < 0.99-SDA(p, q,3m).
Then
N 0.99 - 1
~ s SDA(p,q,3m)
Hence
P (A) = a? > ;
0.0/~ SDA(p, q,3m)?’

But by the definition of statistical dimension, every such event A must satisfy

PR
qa q/,

contradicting the lower bound just obtained.

E
0,0'~pu

Al <

1
3m’

Therefore any successful SQ(m) algorithm must use at least
0.99 - SDA(p, q,3m)

queries. O



Chapter 9

SQ Bounds for Sparse PCA

9.1 Introduction

In the previous chapter, we introduced the statistical-query framework and the notion of statistical
dimension, which gives a general method for proving lower bounds against VSTAT(m) algorithms.
The purpose of the present chapter is to apply that framework to one of the central models of these
notes: sparse PCA.

This chapter has three goals. First, we recall the sparse PCA detection problem in the multi-sample and
cloned single-sample formulations, and review its information-theoretic threshold. Second, we compare
this threshold with the performance of the currently best algorithms for the task, namely PCA and
diagonal thresholding. This reveals the computational-statistical gap that motivates the chapter. Third,
we prove an SQ lower bound showing that, in the intermediate regime, any SQ(m) algorithm requires
super-polynomially many queries. We also discuss simple SQ upper bounds in the easy regimes, so that
the full phase diagram becomes tractable from the SQ point of view. To the best of our knowledge, the
material presented in this chapter is new and has not appeared in the literature.

9.2 Model setup for sparse PCA

We work in the regime n(1) = k = o(n). The detection problem is to test the alternative hypothesis
Py against the null hypothesis Py from m i.i.d. samples, where sample i is given by

P : Y;::vxT—i-Wi,
]P’Q: Y;:VVZ

Here the signal x is sampled from a prior ;4 with independent coordinates
1

) vk’
T~ —ﬁ, with probability %, J € [n],

with probability %,

0, with probability 1 — %,

and the noise matrices satisfy
iid.
(Wi)ap "~ N(0,1).

The question is: for what values of m can we achieve strong detection?

75



76 CHAPTER 9. SQ BOUNDS FOR SPARSE PCA

As in earlier chapters, it is useful to keep in mind that the vector x is approximately k-sparse and has
Fuclidean norm of order one. Indeed,

. k ][0
~ B =~ 2 _ =g
&l ~ Bin (n n) el ="

So, with high probability,
lzllo =k, llz]3=1.

9.3 Information-theoretic bound

9.3.1 Cloning reduction

As in the sparse PCA discussion from earlier chapters (see Section 4.4), one can pass from the m-sample
model to an equivalent single-sample model by the cloning trick. Define

1 m
Y = — Y;.
v 2"

Then under Py,
Y =vmaz +W,

while under Ps,
Y =W,
where again W has i.i.d. A(0, 1) entries.

So the original multi-sample problem is statistically equivalent to the single-sample testing problem

P:Y = T+w, i
{ 1 \/mxx ' T~y Wab A?N(Ovl)

PQZ Y:W,

This is the form in which the formulas for Gaussian additive models from the previous low-degree
chapters apply more well-suited.

9.3.2 The \? formula

By the cloning trick, the original m-sample problem is equivalent to the single-sample testing problem

P:Y = T+w, ii
{ ! Vmez+ T~ pu, Wij 'f'vd'N(O,l).

]PQ: Y:W,

Since this is a Gaussian additive model, the formula from the previous low-degree chapter (see Lemma 6.3)
gives

Y:(P1,Py) = E [eXp (m <$,:1:’>2)] 1

' ~p

The next proposition shows that the y2-distance is asymptotically trivial below the information-theoretic

threshold.



9.3. INFORMATION-THEORETIC BOUND 77

Proposition 9.1. Assume

Let
&= {llzlo < 2k},

and let 11 be the law of x conditioned on £ in the sparse PCA model defined in Section 9.2. If

mzo(klog%),

then
x2(Py, Py) — 0.

Consequently, since P(£¢) — 0, the original Bernoulli planted model is contiguous to the null in total
variation, and weak detection is impossible in the same regime.

The proof can be found in Section A.7.

Thus the single-sample sparse PCA model is information-theoretically undetectable when

m <K klog%

9.3.3 Thresholding above the information-theoretic threshold

Consider

OPT := max v Y.
ve{0,£1/VE}",
lvllo=k

Using the single-sample model, this can be written as

OPT = max (W (v, 2)* + vTWv> )
ve{0,£1/vVk}",
lvllo=Fk

Under Py, we want a candidate v correlated with z. Since ||z||o ~ Bin(n, k/n), a standard binomial

k
P <Hng > ) — 1.
T 2

On the event ||x||o > k/2, we can construct an admissible vector v with nontrivial correlation with z.
Let

tail bound implies

r = ||z|lo-

Choose a set
T C supp(z)

of size min{r, k}. Since r > k/2, we have |T'| > k/2. Define

o sign(z;)
' Vk

If |T'| < k, choose the remaining k — |T'| coordinates of the support of v outside supp(x), with arbitrary

forieT.

signs. This gives an admissible vector

1 n
veED+t—> | v|log = k.
e
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Moreover, the coordinates added outside supp(z) do not contribute to the inner product, while for
every i € T,
sign(z;) 1

VT4 r; = —.
Vi k

Therefore

For this choice of v,

SO

OPT > ‘T +v W
Since v Wuv ~ N(0, 1) for each fixed v, we conclude that under Py,
OPT > cy/m

with high probability for some absolute constant ¢ > 0.

Under Py, each v W is again NV(0, 1). The number of admissible vectors v is at most

n
ok,
()
Therefore, by the Gaussian tail,

OPT < C [log ((Z)%) <y /klog%

Comparing the two bounds shows that thresholding succeeds when

N ,/k:log%,

m > klog%

with high probability.

that is,

So the information-theoretic picture is the one shown in Figure 9.1.

Impossible Possible

0 klog(n/k)

Figure 9.1: Sparse PCA phase diagram from the SQ point of view
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9.4 Time-efficient algorithms

We now ask what happens if one imposes a computational constraint. The previous thresholding
argument is not polynomial-time computable, because it maximizes over all k-sparse signed vectors.
The question is what can be achieved by efficient algorithms.

9.4.1 PCA works form > n

Consider again the cloned single-sample model
Y = mazz| + W.
The largest eigenvalue satisfies

Amax(Y) = max v'Yv = max <\/E<v,x>2 + UTWU) .

veSn—1 veSn—1

Under Py, taking v = x/||x||2 gives

T

' Wx

Amax(Y) > \/EHQ:H% + W
2

Since ||z||2 < 1 with high probability and the second term is of lower order, this yields

Amax(y) > Cm
with high probability.

Under P9, one may use the BBP/random-matrix bound recalled earlier in the notes to conclude that

Amax(Y) ~ 2v/n
with high probability.
Therefore PCA succeeds when
Vm > \/n,

that is,
m > n.

9.4.2 Diagonal thresholding works for m > k?logn when k < \/n

The diagonal entries of Y are

Yii = Vmai + Wi

2 is either 0 or 1/k, the planted model creates a small positive shift on the diagonal coordinates

i

belonging to the support of x.

Since x

Under PPy, for every ¢ in the support of z,

SO
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with high probability.

Under P9, the diagonal entries are i.i.d. standard Gaussians, so, as shown previously on the notes,
max Yy < Cy/logn
1

with high probability.

Thus diagonal thresholding succeeds when

> /logn,

=3

that is,
m > k*logn.

This is particularly relevant when k < +/n, because then k? log n < n up to logarithmic factors, so
diagonal thresholding improves on PCA.

9.4.3 The resulting phase diagram

Up to logarithmic factors, Figure 9.2 shows the sparse PCA phase diagram.

Impossible Possible. Easy
Hard?
m
0 k min { k2, n}

Figure 9.2: Sparse PCA phase diagram from the SQ point of view

The main purpose of the rest of the chapter is to justify the middle region from the SQ point of view.

9.5 SQ lower bound for sparse PCA

We now prepare the ingredients needed for the statistical-dimension lower bound.

9.5.1 One-sample laws and likelihood-ratio correlations

The general SQ theorem from the previous chapter is formulated in terms of one-sample laws. Therefore,
for a fixed spike z, let P, denote the law of a single sample

Y =zz' +W,

and let Q denote the null law
Y =W,

where the entries of W are i.i.d. A/(0, 1). The VSTAT parameter m will enter through the tolerance 1/m
in the definition of statistical dimension; it should not be inserted into the one-sample likelihood-ratio
correlation.
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(5%
Q' Q/y

Since this is a Gaussian additive model, the likelihood ratio is

e 1) o ((rma”) - o).

For fixed x, 2/, we compute

Thus
P, P. 1 2 1
(%)~ o fom (s - 2T ()
= exp <<a:a:T, x’x’T>> ,

where we used the moment-generating function of a standard Gaussian vector. Finally,

<x1:T,x/x/T> = <x,a:'>2.
<]P)LB’ ]P)x/> :e<x7zl>2‘
Q' Q /g

<]P)JJ ]P)ml> 1 <$x/>2 1
, —1=e""" —1
Q' Q/,

This is the quantity that must be controlled conditionally in order to lower-bound the statistical

)
.’IT.’L’T

2]

Therefore

Equivalently,

dimension. More precisely, to prove that
SDA(P,Q,m) > s,
it is enough to show that for every event

A C supp(p) x supp(p)

with

one has
E |:e<m,x’>2 —1 ‘ A} <L

T,x! ~p m
Thus the SQ lower bound reduces to understanding the upper tail of the overlap (x, 2’).
It is useful to keep this separate from the x? computation in the information-theoretic part of the
chapter. There, after cloning m samples into the single matrix

Y =vmazz + W,

one obtains

Y(P1,P)+1= E [exp (m <x,x’>2>} .

z,x' ~p

By contrast, in the SQ lower bound the one-sample correlation is e<m’z/>2, and the sample size parameter
m appears through the VSTAT tolerance 1/m.
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9.5.2 A rearrangement lemma

The next simple lemma allows us to reduce the supremum over all conditioning events to upper-tail
events of the overlap. It is a standard rearrangement principle: among all events of a fixed probability,
the conditional expectation of an increasing function is maximized by keeping the largest values of the
underlying random variable.

Lemma 9.2 (Rearrangement lemma). Let Z be a nonnegative random variable, let g : [0, c0) — [0, 00)
be increasing, and let o € (0, 1). Define

to :=nf{t >0:P(Z >t) < a}.
Then for every event A with P(A) > «a,

Elg(2) | A] <Elg(2) | Z = ta].

Proof. Tt is enough to prove the statement for events A with P(A) = «, because if P(A) > «, we may
choose a subset A’ C A with P(A") = « and

Elg(Z) | A] < sup E[g(Z) | B].
P(B)=«

So fix A with P(A) = . We must show

Elg(Z)14] < E[g(Z)1{z>¢.3])-

Since g is increasing, the event that maximizes the integral of g(Z) among all events of probability « is
obtained by keeping the largest values of Z. Formally, if one decomposes A into

AN{Z <ts},  An{Z=t.), AN{Z>t.},

then replacing the part of A lying below ¢, by an equal-probability subset of {Z > t¢,} can only
increase the integral of g(Z), because ¢ is increasing. Repeating this replacement until the entire mass
is concentrated on the upper tail gives the desired inequality. O

We will apply this lemma with
Z = <x,x/>2, g(z) =€ — 1.

Since g is increasing, the worst conditioning event for the statistical-dimension bound is an upper-tail
event of (z, 2’ )2. Thus it suffices to control the overlap tail.

9.5.3 Proof of the SQ lower bound

We now prove the main theorem of the chapter.

Theorem 9.3 (SQ lower bound). In the sparse PCA model, for every e > 0, if
k< m < n”°min {k‘2, n} .

Then any SQ(m) algorithm requires exp (nQ(l)) -many queries.
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Proof. By the general statistical-dimension theorem from the previous chapter, it is enough to show
P, Py 1
el (G 5) | 25
Q Q m

A: P (A)>s2 T, o p

z,x/ ~p

that for some s > poly(n),

Since we are in a Gaussian additive model, the Gaussian-additive formula gives

<]P)1’ ]P)Z/ > <1. 33/>2
-, = e\ .
Q Q

So it suffices to prove that for some s > poly(n),

1

7 1] <

sup E
A P (A)>s2 @,z ~p

z, ! ~p

We now estimate the overlap (z, 2’). Write

The variables 71, . .., Z, are independent, centered, and satisfy

Hence
- 1

Applying Bernstein’s inequality, for every ¢ > 0 we obtain

2
P (’ <337x/>| > t) < 2exp <_2/"+§li> .

T,x’~p

In particular,
2e —Lnt?) ) ift < 3k
P (|<$7$,>|Zt)§ Xp( 4 ) — n
zaop 2 exp (—%tk’) , ift > %

Now choose a small € > 0 such that k£ > n®. This is possible, since we are in the polynomial-sparsity

regime k = n® with a € (0,1/2). Set
t :=n°ma .
= X g

Then ¢t = o(1), and from the Bernstein bound above we obtain

P ((x,x’>2 > t2> < 2™,

T,x'~p

Also, replacing t by 3t,
P (<£L‘,SU/>2 > 9t2) < 27377,

z,x’ ~p
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We now choose

so that

Let
Ay, = (w2 2 2},

where ¢, is the largest ¢ such that
P (At*) Z 872.

' ~p

By monotonicity of the map z e —1lin |z|, and by Lemma 9.2, the supremum over all events A

with probability at least s~2 is attained by such an upper-tail event. Since

P (<SU,$/>2 > t2> < 267”57

' ~p

we have
te <t.

We now estimate ,
E [e<x,x’> —1 ‘ At*} .
T,x ~p

Split according to whether (z, z)* < 9¢2 or not:

E [efe) — 1 ‘ A ] <E[(e —1) 1 (8 < (2,0)" < 082) ‘At*}

B [(c0 1)1 () > 07) [ 4]
For the first term, since (z, z’ )2 < 9¢2,
e<$’$/>2 1< O 1.
For the second term, since (z, 2’/ >2 < 1 always, we have
el _q <e-—1.
Therefore

, P ((m,x')z > 9t2)
E |:€<£E,I/> —1 ‘ At*] < 69t2 — 1+ (6 o 1)3:71' ~H

it P (4r.)
z,x! ~p
Using the bounds above,
£ 1 €
P (<x,x/>2 > 9t2) < 2e73 P (A,)>s2==e™.
z,x’ ~p ) 2
Hence
P ((m,x')z > 9t2)
z,z'~p _onE
<4e .
P (Ad) B
z,x ~p
Thus

E [e<x’x/>2 -1 ‘ At*} < 14 4(e —1)e 2",

z,x' ~p
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Since t = o(1),
e —1=0 (t2) .

1 1
t2 — p2e -, )
n-- max { n k2 }

E[el) —1]a,] gCnQEmaX{l 1}

By the choice of ¢,

Therefore
z,x ~p ;’ k2
for some absolute constant C' and all large enough n.

Consequently, if
m < en” % min {k:Q, n}

for a sufficiently small constant ¢ > 0, then

E {e@”wz -1 ‘ At*} <

T,x’~p

1
m
This proves that

SDA(p,g,m) > s = V2" > poly(n),

and hence any SQ(m) algorithm requires at least polynomially many queries. O

9.6 SQ upper bounds for sparse PCA

We now turn to the easy regimes from the SQ point of view. The goal is not to claim that every
polynomial-time algorithm can be represented as an SQ algorithm. Rather, we show that the simple
statistics responsible for the usual algorithmic upper bounds in sparse PCA can also be implemented
using VSTAT queries. In particular, diagonal thresholding in the sparse regime and trace thresholding
in the denser regime both have natural SQ implementations with the expected sample-size scaling.
Thus the SQ framework is not only useful for proving lower bounds in the conjecturally hard regime; it
also contains natural algorithms on the easy side of the phase diagram.

9.6.1 Diagonal-thresholding VSTAT(m) works for m > k? when k < /n

The construction is inspired by ordinary diagonal thresholding. Fix ¢ € [n] and consider the query
1
he(Y)=1(Yp > — ).
(YY) < w3 k:)

If the hypothesis is D € {IP;, Q}, then the VSTAT (m) oracle returns

SE (Y] +g,

where

Y~D Y~D

e . \/ E [h(Y)](1— E [he(Y)])
g| < max<{ —,

Under P,, for every ¢ such that 22 = 1/k,

1 1 1
E h(Y)]= P - >—)= P >—— .
YNM[ (Y] e~N(0,1) (k ez 2k> e~N(0,1) (8 - 2k>
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Using the Taylor expansion of the Gaussian cdf at zero,

Y ~P, 2

E [he(Y)] = = +© (;) .

Under Q,
1 1 1
E [he(Y)] = P >__ )| == — i
Y~Q[ (Y] e~N(0,1) (5 - 2k:> 2 © (k)

In both cases the variance term in the oracle error is of order 1/m, so the oracle outputs differ by an
amount of order 1/k, up to an error of order m~1/2. Therefore the signal dominates the oracle noise

whenever

1 N 1

k vm’
that is,

m > k2.

Thus by querying all diagonal coordinates and checking whether one of them shows the positive shift,
one obtains a strong detection algorithm in the regime m > k2.

9.6.2 Trace-thresholding VSTAT (m) works for m > n when k > \/n
When £ is larger, one can use the trace instead. Consider the query
h(Y):=1(Tr(Y) > &)

for some fixed threshold £ > 0.

Under Q,

Tr(Y) =Y W ~ N(0,n),

(=1
) . ¢
E [h(Y)= P >¢) = - — —1/2) |
Y~Q[ (¥)) 2~N(0,1) (\/ﬁz - 5) 2 2mn to (n )
Under P,
Te(Y) = [|lz]5 + > We
(=1

Now

|
S |-

S

T

21 _ 2\
E [lo8) =1, Var(ls)3) =

A Bernstein bound implies

1
P (lelf<3) < e
T~ 2

for some constant ¢ > 0. Hence, with high probability under P,

Choosing ¢ = %, we then get

B )2 B (3+viszg) =gt e to(n)

Y ~P, 2~N(0,1) \ 2
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ck

with probability at least 1 — e~“* over the draw of z.

Thus the planted and null expectations differ by an amount of order /2, while the VSTAT(m) error
is of order m~'/2. Therefore trace thresholding works when

1 1
—_— >
vn©oym
that is,
m > n.

9.6.3 A heuristic analysis of SQ gradient descent under adversarial noise: underper-
formance?

We finally discuss a gradient-descent-based heuristic. This part is more informal than the previous two
SQ upper bounds. The point is not to give a complete algorithmic proof, but to explain what the SQ
model predicts for gradient descent in this problem (see [DH21]).

Recall that, in the cloned single-sample model, we observe
Pi: Y=oz +W, Py: Y=W,

where z is sparse and approximately normalized. Consider the optimization problem

1
max —v' Y.
veSn—1

The gradient of the objective with respect to v is
L T
Vo §U Yv )] =Yw.

Thus a population gradient step would use the quantity YED[th], where D is either the planted

distribution IP,. or the null distribution Ps.

In the SQ model we do not observe this expectation exactly. Instead, the VSTAT (m) oracle returns an
approximation. Therefore, under the planted model, the update takes the form

Vi1 = v+ 0 (YINEP Y] + 9t> ,

where g; € R" is the adversarial error introduced by the oracle and 1 > 0 is the step size.

Since under P, we have Y = zz" + W and E[W] = 0, we get

E [Yuv] = v = (v, ) .
Y Py

Hence the planted update is
Vi1 = v + 1 (v, ) &+ g1) -

Under the null model P, the signal term is absent, and the corresponding update is simply

Vi1 = Ut + NG

To understand whether gradient descent can detect the planted model, we look at the evolution of the
correlation with the spike, namely (v, z). Taking inner product with z, we obtain under P

<Ut+1,l'> = <Ut,$> +77<Ut,90> ”ng +77.g;rx
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Since ||z||3 ~ 1, this is approximately

(veg1, @) & (L+n) (ve, @) + g, @
Under Py, on the other hand,
(veg1, @) = (v, ) + g/ .

Thus the difference between the planted and null dynamics is the multiplicative signal term

1 (vt, T) -
For this term to be detectable, it must dominate the adversarial SQ error g, z.

Let us estimate the size of this error. If ||v¢||2 = 1, then for Gaussian noise W,
W’Ut ~ N(O, In)

Therefore each coordinate of the vector-valued query has variance of order one. The VSTAT (m) oracle
introduces coordinatewise error of order

[(g2)el = m™'72,

Since x has about k nonzero coordinates, each of size 1/ 'k, the worst possible adversarial alignment
gives
12 L )k

§
z| < zy| =~ km = .
o o< > Ianel lad =\

Lesupp(z)

Now consider the first step from a random initialization. If v, is independent of x and approximately
uniform on the sphere, then

| (vo, ) | = O (nfl/Z) _

Indeed, one may think of the initialization as essentially random in n dimensions, so its projection onto

the fixed direction x is of order 1/4/n.

At the first step, the signal contribution to the correlation is therefore of order
0| (vo, ) | ~ =1/,

whereas the adversarial error contribution is at most

2
n‘goTx‘ Ay —
m

For the signal to dominate the adversarial error, we need

n 2> \/E.
m

m > nk.

Equivalently,

This explains the heuristic statement that gradient descent works only once
m > nk

in the regime k > /n. Notice that this is weaker than trace thresholding, which already works for
m > n. The value of this discussion is therefore not that the original gradient descent matches (or not)
the best known algorithm here, but that it illustrates how first-order dynamics based on SQ are affected
by adversarial oracle noise, and can be suboptimal.

In particular, the SQ viewpoint predicts that, at a random initialization, the true gradient signal points in
the planted direction only through the small initial correlation (vg, =), while the oracle error can align
adversarially with the sparse support of x. Balancing these two effects leads to the condition m > nk.
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9.7 Conclusion and transition

This chapter completes the SQ picture for sparse PCA. On the one hand, the statistical-dimension
argument shows that when
k < m < min {kQ,n} ,

any SQ(m) algorithm requires super-polynomially many queries. On the other hand, simple SQ
algorithms based on diagonal thresholding or trace thresholding succeed once

m > min {kQ,n} ,

up to logarithmic factors and the regime assumptions described above.

In the next chapter, we will see how the same SQ methodology applies to another central problem of
these notes: planted clique.
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Chapter 10

SQ Lower Bounds for Planted Clique

10.1 Introduction

In the previous chapter, we applied the statistical-query framework to sparse PCA and saw that SQ
lower bounds recover the same qualitative hard regime suggested by the best currently known efficient
algorithms. We now turn to planted clique, which is perhaps the most classical model exhibiting a
computational-statistical gap.

The objective of the present chapter is to explain how the SQ predictions perform with the planted-
clique problem, as discussed in the influential work of [FGR+17]. The first issue is that the standard
planted-clique model is not i.i.d., whereas the SQ framework is naturally formulated for i.i.d. data.
The chapter therefore begins by reviewing the usual computational landscape of planted clique and
then passes to the distributional bipartite planted-clique model, which is an i.i.d. version introduced
in [FGR+17] that is polynomial-time equivalent to the original one. After that, we compute the basic

(5%)
¢’ q

for the one-sample laws of the distributional model, and use the overlap |z N 2'| to derive the SQ

correlation quantity

lower-bound heuristic.

10.2 The planted-clique setting

We work with the usual planted-clique detection problem:

Py : G ~ uniform k-clique U gn,%, Py: G~ G 1.

TL,§

From the statistical side, we already know from earlier chapters that the information-theoretic threshold
is logarithmic, around 2 log, n. The computational question is very different: what is the threshold for
polynomial-time algorithms?

The first point to explain is why /1 appears naturally as the algorithmic threshold.

91
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10.3 Why /n is achievable by efficient methods

10.3.1 Max-degree detection

If k is sufficiently large, one can detect the planted clique simply by looking at the maximum degree.
Let # C [n] denote the planted clique. Under Py, for a vertex v outside the clique,

1
deg(v) ~ Bin <n -1, 2) ,
so by the central limit theorem it is concentrated around
n
5 +0(Vn).

For a vertex v € x, we have

deg(v) = (k — 1) + Bin <n —k, ;) ,

hence

deg(v) ~ ”T““ +0 (V).

Under the null model Po, every vertex degree is distributed like

1
deg(v) ~ Bin <n -1, 2> ,
so the maximum degree satisfies

méixdeg(v) < g + C+y/nlogn

with high probability.

By contrast, under 1, every planted vertex has mean degree shifted upward by about & /2. Therefore, if

k> y/nlogn,

then the maximum degree strongly distinguishes the planted and null models.

This explains why the algorithmic threshold is no larger than /n up to logarithmic factors.

10.3.2 A quasi-polynomial-time algorithm below /n

We should also note a much slower algorithm that succeeds for far smaller cliques. Although it is
not polynomial-time, it is useful because it shows that the computational picture below /n is not
completely trivial.

The algorithm is as follows:
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Algorithm 10.1 Quasi-polynomial-time detection for planted clique

Require: A graph G = ([n], F) and a target clique size k.
1: for each subset S C [n] with |S| = 10log, n do
2: if S is a clique in G then
3: Compute the common neighborhood

N(S):={ven]\S:{v,u} € E foreveryu € S}.

4 if IN(S)| > k then
5; return P;.

6: end if

7: end if

8: end for

9: return Py.

If we are under [P, then every subset S of the planted clique of size 10 log, n is itself a clique, and

its common neighborhood contains the rest of the planted clique. Therefore the algorithm certainly

declares the planted model.

If we are under PPy, fix a subset S of size 10 log, n. Conditional on S being a clique, every outside vertex

belongs to the common neighborhood of S with probability

27181 = =10,
Hence the size of the common neighborhood is distributed as
Bin (n —|S]|,n" 7).
Therefore

P(3S : common neighborhood of S has size > k) < < " > P (Bin (n, nflo) > k).

10logy n

Using a standard Chernoff bound and the fact that the mean of Bin (n, n_lo) is n™9, we obtain

P (Bin (n,n"'0) > k) < e */2

for all large enough n. Also,

n < nl[]logzn _ eC(logn)2
10logyn

for some absolute constant C. Hence

P (3S : common neighborhood of S has size > k) < eCllogn)*~k/2,

So if
k> (logn)?,

the error probability under the null tends to zero.

n — ,,O(logn)
(1010g2n> " ’

The running time is

which is quasi-polynomial. Thus planted clique can be detected in quasi-polynomial time far below /n,

but no polynomial-time algorithm is known there.

So, we can summarize the landscape (all thresholds up to logarithmic factors) is as shown in Figure 10.1.
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Impossible Possible. Easy

Hard?

0 2logy n N4

Figure 10.1: Planted clique: information-theoretic and algorithmic thresholds

10.4 Low-degree hardness below \/n and the need for an i.i.d. model

From the low-degree perspective, we already proved (see Proposition 7.11) that

(%)
PQ §10g1+€ n

0<e<l, 2logyn < k < n'/?79, 0<d<1/2

—140(1)
2

whenever

Thus planted clique has a low-degree barrier below /n.

It is natural to ask whether an analogous statement can be proved in the statistical-query framework.
The obstacle is that the standard planted-clique model is not i.i.d. The SQ framework, by contrast, is
designed for repeated independent samples.

An iid. analogue is distributional bipartite planted clique. We now introduce that model.

10.5 Distributional bipartite planted clique

Let = € {0, 1}" be the indicator vector of the planted right-side clique, with
lzllo = k.

We think of observing the rows of a bipartite adjacency matrix, one row at a time. Each row is an
element of {0, 1}".

Definition 10.2 (Distributional bipartite clique [FGR+17, Problem 1.1.]). The one-sample null law is
g = Unif({0,1}").

Given a planted support vector x € {0, 1}" with ||z||o = k, the one-sample planted law p,, is defined as
follows:

« with probability 1 — %, sample Y ~ Unif({0,1}");
« with probability % sample Y uniformly among all binary vectors that are equal to 1 on supp(z).

Equivalently, if Y ~ p,, then

k k
Y ~p = <1 — n) Unif({0,1}") + - 1(supp(z)) U Unif ({0, 1}[n]\supp(x))_
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Thus the i.i.d. detection problem becomes:
either Ay,..., A, R Py for some x ~ p, or A, ..., A, "N g,

where p is the uniform distribution over all k-subsets of [n].

The reason this model is relevant is given by the following theorem.

Theorem 10.3. Distributional planted clique is polynomial-time equivalent to bipartite planted clique.
Proof. See [FGR+17, Theorems A.2., A.3.]. 0

The point is that SQ lower bounds for the distributional model should be interpreted as evidence for
hardness in the original planted-clique problem as well.

10.6 Computing the basic correlation quantity

To prove an SQ lower bound, we need to control
e, [[(2)-1]4
I,I/L}si',u, q q

for events A of non-negligible probability.
So we first compute the inner product explicitly.

Let Y € {0, 1}". Since ¢ is uniform,
qY)=27".

Also, by definition of pg,

k k
pe(Y) = (1 — ) 27" 4 —2~(R (v, = 1),
n n
where 1(Y|, = 1) denotes the indicator that Y; = 1 for every j € supp(z).

Hence

Poyy = omp,(v)=1- 4 b

~ 4+ 22k1(Y |, =1).
q non

We now compute the inner product. Since Y ~ ¢ is uniform on {0, 1}",

<px’px/> _E [px(y)pm/ (Y)]'

q q Y~q | g q
Expanding,
<Px, px’> = E [(1 _k, 52k1(Y|x = 1)> <1 _Ey ﬁ2’“1(Y!mf = 1)” :
¢ q/ Y~ noon e
Now
L ¥l=1=27" P (¥ly=1)=2"
and

P (Y], =1, Y|y = 1) = 27 2k+ena'|,
Y~q
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2 2
<p‘r,p"”>= <1—k> +2<1—k> é+k—22|mﬁ'|.
qa g n n/n n

The first two terms simplify:

Therefore

So we obtain the exact formula

It follows that

10.7 The SQ lower bound below /n

We now connect the correlation computation to the statistical dimension definition. Let

R:= ’xﬂx’ , w,x’i'f@',u:Unif<<[Z]>>.

From the previous section,
/ k2
<p-'ﬂ’p$>_1:2(23_1)
q9 49 n

Thus the SQ lower bound reduces to controlling conditional moments of 2/ under events of non-
negligible probability.

Recall the Definition 8.3 of statistical dimension. To prove that
SDA(p,q,m) = S,
it is enough to show that, for every event

A C supp(p) x supp(p), P (A)>S572,

5 (G54 =
I,.’l‘,l'}'.\/d'ﬂ q q m

In our setting the absolute value is unnecessary, since the correlation is always at least 1. Therefore it is

we have

enough to prove

k2 1
e e
T2’ "~

Since the i.i.d. bipartite model has n samples, the natural VSTAT parameter is m = ©(n). Thus the
condition becomes
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We now prove that this holds for all events A of probability at least S~2, where

2
S =exp <c (log %) >
for a sufficiently small constant ¢ > 0, provided k < n!/2—¢.
Since k < n'/27¢, we have 7z — 00 polynomially fast. The overlap

R = ‘xﬂx’|

has a Hyp(n, k, k) distribution. Thus, for a fixed z,

IP>(R=s)=(I;)(%L)_g)S <]:> (rik)g <C7Zf>

for a universal constant C' > 0.

We now prove the conditional moment bound. Choose
n
o= loga (32) - 2]

n
T0o
20 <« =

with B > 0 any constant. Then

For any event A with P(4) > S~2,

1
E[2%| 4] = 5(A) (E [2"1an(r<roy] +E [2M1an1r500])

< P(lA) (2°P(AN{R < ro}) + E [2%1(52003])

T 1 R
<2r0 4 @E [2"1Roroy] -

Using the hypergeometric probability inequality and the fact that % = o(1) we get

k k k
Z 20k*\" Z 20k2\"
E [2R1{R>To}} = Z PP(R=r) < < nr > = < nro >
r=ro+1

r=ro+1 r=ro+1
ack?\F "o
2Cck2\ "0 1 - ( o ) 20K2\ "
-Co) = ()
nro 1— . nro
= 2exp <—(r0 +1)log 2@;)

Since 7y is of order log 7%, this last sum is at most

exp (—co (log ;)2>
S =exp <c (log ]:2)2>

for some constant ¢y > 0. Taking

with %‘) > ¢ >0, we get

n 2
IP(A)E [2R1{R>r0}] < S?exp (—co (log ﬁ) ) <1
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for all large n. Therefore

1
E[27-1]A4] <27+ 5o (B [2% o] —1) <27 < o
d

pe v\ |4l B0 L
q’ q n2k? n
This, by Definition 8.3, shows that

SDA(p,q,0(n)) > exp (c (log ;)2) .

Consequently,

By the SQ lower bound Theorem 8.4, any SQ algorithm using a VSTAT oracle with sample size ©(n)

exo (2 (0 73)) )

queries to solve the distributional bipartite planted-clique detection problem.

must make at least

Remark 10.4 (The square-root scale). The SQ lower bound obtained above has the expected transition at
the square-root scale. As k approaches the square-root scale, the quantity n/k? becomes bounded, and the

(re )

degenerates. Thus the SQ lower bound disappears precisely around k ~ \/n. This matches the algorithmic
picture discussed earlier in the chapter: degree-based methods become effective at the square-root scale,
while below this scale no polynomial-time algorithm is known. Therefore, in the distributional bipartite
planted-clique model, the SQ framework recovers the same qualitative computational threshold predicted

exponent

by the usual planted-clique conjecture.

10.8 Conclusion

In this chapter we studied planted clique from the statistical-query point of view. The standard planted-
clique model is not an i.i.d. model, so we first passed to the distributional bipartite planted-clique model,
where each row of the bipartite adjacency matrix is an independent sample. This allowed us to apply
the SQ framework developed earlier.

The explicit correlation formula

Pz Pa’ =14+ kj (2\xﬂ:p’| _ 1)
q q n?

was the key computation that showed that the SQ lower bound is controlled by the overlap |z N 2|
between two independent planted supports. Since this overlap is typically very small when k < \/n, the
correlations between different planted distributions remain small on all sufficiently large conditioning
events. This yields a large statistical dimension and therefore a large SQ query lower bound.

For another quite influential and pedagogical SQ lower bound we direct the interested reader to [DKS17]
for the study of the so-called Non-Gaussian component analysis setting.



Chapter 11

Almost Equivalence Between
Low-Degree and Statistical Queries

11.1 Introduction

We now discuss an important bridge between two computational lower-bound frameworks that have
appeared throughout these notes: low-degree polynomials and statistical queries. The result is from
[BBH+21]. It shows that, under suitable assumptions, low-degree likelihood-ratio lower bounds and
VSTAT lower bounds are almost equivalent.

Some assumptions, though, seem necessary. Consider the original one-sample planted clique model. If
k > logn, then a single VSTAT(4) query

h(G) = 1 {G contains a clique of size k}

can distinguish the planted and null models (left as exercise for the reader). This is not reflected by
low-degree polynomials (and rightfully so): as we discussed, the low-degree likelihood ratio for planted
clique remains bounded below the \/n scale. Therefore a completely general equivalence between SQ
and low-degree cannot hold. We will see here that a condition that works, is that there should be no
very powerful one-sample high-degree test. This may sound circular, but it is natural in noise-robust
models, where adding a small amount of noise in one-sample washes out high-degree information. The
goal of this chapter is to make this precise.

11.2 The i.i.d. Detection Setting

We focus on the i.i.d. planted-vs-null testing problem. There is a parameter § ~ p, and conditional on
the samples are drawn from pg. The null sample distribution is q. Thus the m-sample testing problem is

iid

Py:Y1,....Y,, ~ pg forf ~ pu,

against
id.
Py:Yi,....Ym '™ g
Let
Dy =22
q
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be the one-sample likelihood ratio, and let

D=L = E Dy
q

O~p
be the averaged one-sample likelihood ratio.

For the m-sample model, the likelihood ratio conditional on 6 is
DY (Y1, Vo) = [ Da(Y3).

The averaged m-sample likelihood ratio is

Xm
E [D§™].

All L2 norms and inner products in this chapter are taken with respect to the appropriate null distribution.
For one sample this is ¢, and for m samples this is ¢®".

11.3 Samplewise Degree

The usual low-degree method uses the total degree of a polynomial in all observed variables. In the i.i.d.
setting it is useful to refine this notion and keep track of the degree used in each sample.

Definition 11.1 (Samplewise degree). Let f : (R™)™ — R be a polynomial in m samples
T1,-..,Tm € R™.

We say that f has samplewise degree (d, k) if it can be written as a linear combination of monomials that
have degree at most d in each individual sample x;, and have nonzero degree in at most k of the samples.

Thus d controls the degree per sample, while k controls how many samples the monomial actually uses.
This notion is related to the usual total degree as follows.

Remark 11.2. If a polynomial has samplewise degree (d, k), then its usual total degree is at most dk.
Conversely, if a polynomial has usual total degree at most d, then it has samplewise degree at most (d, d).

The first implication is immediate: at most k samples appear, each with degree at most d. For the second,
a monomial of total degree at most d can involve at most d samples nontrivially, and its degree in each
individual sample is also at most d.

11.4 Samplewise Low-Degree Likelihood Ratios

Let Dagd denote the projection of Dy onto one-sample polynomials of degree at most d, and define
Dy :=Dy— D;".
Since

E (DoY) =1,
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the constant component of Degd is 1. Therefore it is useful to write
Ag = D3 -1,

Then Ay is the nonconstant degree-< d part of the one-sample likelihood ratio.

For m samples, define the (d, k)-low-degree likelihood ratio by projecting the m-sample likelihood
ratio onto the subspace of samplewise degree (d, k):

— = E |D .
(PQ <dk O 25" <d,k

)

% = ®Rm }
<P2)§d,k a GIEM [(D9 )Sd,k :

Let us compute this projection explicitly. Since

Equivalently,

Dy? =1+ Ay,

the samplewise degree (d, k) projection of Dj"™ is

(D5 can= 22 45"

5Cim]
|S|<k

where
A®S H A@
€S
and the empty product is 1.

Hence P
1 S
il 1= E [A® ]
<]P)2 > <d.,k S%T:n} ~H o
1<[8|<k

The following lemma is the key decomposition of the samplewise low-degree norm.

Lemma 11.3 (Samplewise low-degree norm decomposition). For every d, k,m,

i( )0 o <<D9§d’D§d>L2(q) : 1>t] |

L2(q®m =

t
E [<<D§d,pgd> = 1) ] > 0.
0.0%n L2(q)

Ap =Dy —1.

-1

H <dk

Moreover, for everyt > 0,

Proof. Recall that

Since Ay is orthogonal to constants in L2(q),

<1497 1>L2(q) — O

Also,
(49 40) 12(q) = (D5 = 1.D5" = 1) = (D7 Dj*) -
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We have p
1 S
1 1= E [A® } .
<P2 ) <d,k Sg[;n] 0 ‘
1<[S|<k
Therefore,

- = (el b))
S,8'Clm)|
1<|8],1871<k

2
P2 <d,k2

If S # S, then there exists an index 7 belonging to exactly one of the two sets. In the i-th sample
coordinate, one factor is Ay and the other factor is the constant 1. Since Ay is orthogonal to constants,
the inner product is zero. Hence only the terms S = S’ remain.

For a fixed S with | S| = t,

2 ¢
B[455]| = E [(40,40)") = E | (D5, D5") —1)'|.
0 0 0,0’ [( 0> 9) ] 0,0/ 0 o
There are (T) subsets .S of size ¢, so summing over ¢t = 1, ..., k gives the desired identity.
Finally,
2
B, [(40. o)) = | [437]| o0
0,0/ 0
This proves the nonnegativity claim. O

This lemma is the precise form of the replica trick in the samplewise low-degree setting.

11.5 From Low-Degree Lower Bounds to SQ Lower Bounds

We now prove the first direction: a sufficiently strong samplewise low-degree lower bound implies an
SQ lower bound.

We use the following characterization of statistical dimension. In this chapter,
SDA(m') > r

means that for every event B in the pair space (6, 0') satisfying
1
P(B) > —
( ) —_ /]"2 )
one has

1
E||®oDorsa 1] | B] <

Thus m’ plays the role of the effective sample size of the VSTAT oracle, while r is the statistical

dimension lower bound.

Theorem 11.4 (Low-degree lower bound implies SQ lower bound). Let d, k € N, with k even. Suppose
that for some d,¢ > 0,

5 [7] | <o

(7).
Py <d.k

and
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Then, for everyr > 0,

m
>
SDA <2r2/k (ke2/* + 52/km>> >

Proof. Let
X(0,0") := (Dg, Dgr) — 1.

We want to prove that for every event B with P(B) > 1/r2,

E|X|| B] < -

1?7

where
, m

T 902k (/K 1 52k

By Hélder’s inequality,

[|X[15]
P(B)

E[|X|| B] = =

IN

E[X[/eB) Y (B[P
P(B) ~\ P(B) '

Since P(B) > 1/r?, it is enough to prove

1

B [lx1]) " < —

We now bound this k-th moment.

Write
Ag:=D5%—1,  By:=D;<

Then
Dy — 1= Ay + By.

Because Ay is degree at most d and By is orthogonal to all degree-< d functions,
(Ag, Byr) = 0.
Also both Ay and By are orthogonal to constants. Hence
X(0,0') = (Dg — 1, Dy — 1) = (A9, Ag') + (By, By) .

Define
Xeg = (Ag, Ag)) = <D§d,D§d> —1
and
X>d = <B@, B@/> .
Then X = ng + X<g.
By the triangle inequality in L*,
1/k 1/k 1/k
E[IXF] " <E[IX<l®] " +E [1X0al]

Since k is even,
2

B [Jeat] = [x5] = & 47
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By the samplewise low-degree norm decomposition,

2
(2)ebed <] (5)..

< g2,

Therefore 2k
1/
(%)
Using

for m > k, we get

E[|X<dl*] ¥ < ki/k
Similarly, )
E [1X>dy’“} —E [(Bg,Bgl)’“} = HE [Bgﬂ < 82,
SO

Combining the two estimates,

In particular,
1/k ke2/k 1
k 2/k ) _
E[|X!} §2< = +90 =k

by the definition of m’. Therefore
E[X]] B] <

Since this holds for every B with P(B) > 1/r2, we conclude

SDA(m') > r.

11.5.1 Interpreting the theorem

Let us spell out what Theorem 11.4 gives in the regime that typically appears in applications. We usually
choose the samplewise degree parameters slightly above logarithmic scale, for instance

d~ k=~ (logm)*!.
Suppose that the high-degree one-sample term is very small, say
and that the samplewise low-degree norm is bounded by a constant independent of m:

e=0(1).
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More generally, the same discussion applies whenever
loge = o(k),

since then

ek =1+ 0(1).

Under these assumptions,
52/km < (mfk/2)2/km - 1.

Moreover, if ¢ = O(1), then
ek =1 4 0(1).

Therefore the denominator in Theorem 11.4 satisfies
22/ (k:az/’“ + 52/km> = 27 %/% (l(1 + 0(1)) + 1) .

Since k — oo, this is
22k k(1 + o(1)).

Thus the theorem gives, for every r > 0,

SDA <2r2/kk(T+ 0(1))) =

Now choose

/
r=m¢ k/2

for a small constant €’ > 0. Then

and hence

ml—e k)2
EE—— € .
SPA ki wo)y ) =

Since in our applications k is polylogarithmic in m, the factor 2k(1 + o(1)) is negligible at the level of
polynomial exponents. Thus we may summarize the conclusion as

SDA (ml-f’> > mO®),

1—¢’ O(k)

In words, with roughly m samples, any SQ algorithm requires m queries.

More generally, setting
gives

The theorem then yields

SO (g oy ) = ()
)

Again ignoring the polylogarithmic factor 2k(1 + 0( ), this is the useful family of lower bounds

SDA(m’) > (ﬁ)kﬂ, m <m.

m/ -

This is the form that is most directly comparable with the converse direction.
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11.6 From SQ Lower Bounds to Low-Degree Lower Bounds

We now discuss the reverse direction: sufficiently strong SQ lower bounds imply low-degree likelihood-
ratio lower bounds.

We state the theorem in the latter form.

Theorem 11.5 (SQ lower bounds imply samplewise low-degree lower bounds). Let M,, — co. Suppose
that, for every m’ < M, m,

Mnm>’C

m/

SDA(m’) > <

(%),
Py <d,k

Before proceeding with the convenient proof, we first need an easy result from probability theory,
stated as a fact:

Then, for everyd,

= o(1).
L?(Py)

Fact 11.6. Ifp > q > 0, then

q %su p q L
E[1X9) < 2v sup {P(APE|X] | A =

Proof. See [HL19, Fact A.2.] O

Proof of Theorem 11.5. Let
X(9791) = <D97D9'>L2(Q) -1

The assumption

Mnm>k

m/

SDA () > <

means the following: for every event A in the pair space (6,6’) such that

P(4) > <A;Zm>2k

we have

E[lX]] 4] <

1
-
We first derive moment bounds for X. Fix any event A with P(A) > 0 and choose

m' = M,mP(A)Y R,

Then m’ < M,,m, and by construction

Hence the SDA condition gives

1
E[jX]]A] < Mym P(A) /@D
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Equivalently,
1

M,m’

B(A)YVE[|X] | 4] <

Therefore, for every 1 <t < k,

P<W%[wuﬂs(ﬁﬁf.

We now apply Fact 11.6 with
p =2k, q=1.
Since t < k, we have p > ¢. The fact gives
2k
(X[ < 272925 sup {B(4)/E]X| | 4)}
Using the previous bound and ¢ < £,

ot/(2k) =% 2k <4.

2% —
Thus

1 \!
E[|X|] <4 <J\4m) forevery 1 <t < k.
n

We now relate these moment bounds to the samplewise low-degree norm. Let
. psd
Ag = Dg" —

Then

<A97 A9’> = <D9§d7 D;d> -1
For every t > 1, the replica trick gives
2

t] _ ®t
£, [0, 0] = B (43"

Since Ay is the degree-< d projection of Dy — 1, the tensor
®t
AH
is the orthogonal projection of
(Dg — 1)%

onto the corresponding tensor-product low-degree subspace. Orthogonal projection is a contraction in
L?, so

Iz (43

< |20 -1

Applying the replica trick again,

2

e (00— 1% = £, [(00. Do - 1] < [1x1).

Therefore
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Using the samplewise low-degree norm decomposition,

[ S A P (i

t=1
Hence
Pl ? k m 1 t
— —1|| <4
H(P2><d,k ; <t> <Mnm>
Using
m em\?
<(7)
()= (5
we obtain

H <dk

Since M,, — oo, the right-hand side is o(1). Therefore

H <dk

as claimed. O

11.7 Discussion of the High-Degree Assumption

The direction from low-degree lower bounds to SQ lower bounds required the assumption

i [<D9>d> ®k} H =0

This is the main additional assumption in the equivalence. It says that the averaged k-fold tensor of
the high-degree one-sample likelihood ratio is small. Intuitively, it rules out the possibility that the
problem has a very effective high-degree one-sample test.

As discussed at the beginning of the chapter, planted clique in the original one-sample graph model
violates this assumption. The high-degree statistic

h(G) = 1{G contains a k-clique}

distinguishes the planted and null distributions when k > log n, even though low-degree polynomials
do not see the planted clique below the /n scale.

However, the assumption is natural for noise-robust problems, which the planted clique problem is not.
The reason is that adding a small amount of noise strongly damps high-degree components.

11.7.1 Noise operators

Let @) be the null distribution and consider a linear operator
T:L*Q) = L*(Q).
We say that T is a (d, €)-operator if it contracts the degree-> d subspace by a factor at most :

ITfll2) < el fllraq) — forevery f € L*(Q)™".
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Equivalently, if T" is diagonalizable in an orthogonal polynomial basis, all eigenfunctions of degree
greater than d have eigenvalues of absolute value at most €.

Many natural noise operators have this property. For example, the Ornstein-Uhlenbeck operator on
Gaussian space contracts degree-r Hermite polynomials by a factor p". Hence it is a (d, p?*!)-operator.

Similarly, the discrete noise operator on the hypercube contracts degree-r Fourier characters by a factor
p", and is therefore also a (d, p®*')-operator.

11.7.2 Noise robustness in spiked models

Consider a rank-one Gaussian spiked model
T ii.d.
Y =X00 + W, Wi; ~ N(0,1).

Let Dy ) denote the likelihood ratio at signal strength \.

If we apply a small Ornstein-Uhlenbeck noise step to the observation, then
Lid.
Y = 1= p2Y + pW/, Wi "~ N(0,1)
independent of Y. Under the planted model, this becomes
V1= p2(MOT + W) + pW' = A1 —p200" + W,

where
ZJ:—\/l— 2 Wi + pW; NN(O 1).
Thus the model is invariant under noise injection, except that the signal-to-noise ratio is rescaled.

At the likelihood-ratio level, this means that, for the corresponding noise operator 7,

Do) =T,Dy

17p2

Therefore, taking the projection onto degrees strictly larger than d gives

Dy =T, (D;d \ ) :
I 1—[)2

Indeed, the degree decomposition is taken with respect to the Hermite basis of L?(Q), where @ is
the standard Gaussian null distribution. The Ornstein-Uhlenbeck operator 7}, preserves each Hermite
degree and acts on the degree-r component by multiplication by p”. Hence 7}, commutes with the

projections onto degree < d and degree > d.

Since T}, contracts degree-> d functions by pttl

IT,fIl < p™ I fl - for f € L(Q)™

Hence

e[ (m50)""

Thus, if the final norm at the slightly larger signal strength

2

2 ®k ®k
—IE T D>d < 20d+1)k E D>d
0 ( P 0, 1>\ 2) - p 0 0, A >

—p 1—p

2

/\_ = is merely bounded by a constant,

then choosing d and k moderately large makes the high-degree contribution exponentially small.
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For example, if p = 0.1 and k& = Q(logn), then

21k
is already polynomially or superpolynomially small. This explains why the high-degree assumption is
mild in many Gaussian noise-robust problems.

11.8 Conclusion and transition

This completes the SQ part of the notes. The SQ framework gave a way to translate correlation bounds
between planted distributions into query lower bounds. In sparse PCA, it recovered the known hard
regime for SQ algorithms. In planted clique, after passing to an ii.d. bipartite version, it recovered
the square-root barrier. Together with the low-degree framework, this provides strong unconditional
evidence that natural broad classes of algorithms fail below the conjectured computational thresholds.

The next part of the notes takes a different approach. Instead of proving unconditional lower bounds
against a restricted algorithmic model, we study reductions. Reductions allow us to transfer hardness
from one average-case problem to another. In particular, the planted clique conjecture can be used as a
starting point for conditional hardness results in other high-dimensional inference problems, such as
sparse PCA. This gives a complementary perspective on computational-statistical gaps: low-degree
and SQ methods give unconditional evidence within restricted models, while reductions explain how
hardness in one canonical problem propagates to many others.



Chapter 12

Reductions: From Planted Clique to
Sparse PCA

12.1 Introduction

In the previous chapters, we developed several kinds of unconditional lower bounds against restricted
classes of algorithms or test statistics, such as low-degree polynomials and statistical queries. We now
turn to a different kind of evidence for computational hardness: conditional lower bounds obtained by
reductions.

The guiding idea is the following. Suppose there is a detection problem P’ which we believe is
computationally hard, and suppose we can efficiently transform instances of P’ into instances of
another problem P in such a way that planted instances map close to planted instances and null
instances map close to null instances. Then any efficient algorithm for P would give an efficient
algorithm for P’. Thus, assuming P’ is hard, the problem P must also be hard.

The canonical source of such reductions in high-dimensional statistics is planted clique. In this chapter
we explain how planted clique can be reduced to sparse PCA, as addressed in [BBH18] (see also [BR13;
MW 15] for two prior similar and very influential reductions to the topics discussed in this chapter).
The reduction has two main ingredients: a rejection kernel, which maps Bernoulli graph entries into
approximately Gaussian entries, and Gaussian cloning, which changes the sparsity and signal strength
parameters.

12.2 Reductions between detection problems

First, we formally define the reduction between detection problems as follows.

Let P and P’ be two detection problems. The problem P is to distinguish P; from P, on a common
observation space (2, while P’ is to distinguish P’} from [P, on a common observation space Y.

Definition 12.1. We say that P’ reduces to P in polynomial time, and write
P <, P,
if there exists a polynomial-time computable map
0:Q —Q

111
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such that
TV (Law(@(x)),l%) < 0.0001 <i.e. AR Pg) :

xz~P)
and
. 1\ TV
TV { Law(o(2)),P1 | < 0.0001 ie.p(P) = Py

x~P]
in the asymptotic regime of the problem.
Remark 12.2. The constant 0.0001 is, of course, an arbitrarily small constant.

Remark 12.3. Suppose dim(2) = N, dim (') = poly(N) = N’, then here polynomial-time means
poly (IN)-time, in which case we ask the two TV distances in the definition to go to 0 as N — oc.

We will use the following lemma to show conditional lower bounds via reduction.

Lemma 12.4. If P’ <, P and strong detection is possible for P in polynomial-time, then strong detection
is possible for P in polynomial-time.

Proof. Let
A:Q— {Pl, PQ}

be a polynomial-time test for P such that
P (A(x)=P))+ P (A(z)=P3) — 0.

z~Pgy z~P

Let A" : Q' — {P},P,} be a test for P’ such that

{P’l if A(p(z)) = Py,

Ale) = P, if A(p(z)) = Ps.

Since both ¢ and A are polynomial-time computable, so is .\A’. Now let’s bound the Type I error. Under
the null distribution P, by the definition of A’,
P (Ax)=P) = P (Alp(z)) =P1),
P [P,
o)

P (Alp(z)) =P1) = P (A(z) =P1)

xz~P) z~Py

<1 (Lo (A (s (20) )

x~P,
<TV <Law(<p(x)),}P’2> — 0,

x~Ph
where the first inequality is straightforward from the definition of TV and the second inequality is the
data-processing inequality.

As the strong detection property of A ensures P (A(z) = P1) — 0, then the Type I error of A’ also

z~Py
tends to zero:

P (A()=P}) = P (Alp(z))=P1) - 0.

z~P) x~ Py
Similarly,
P (A'(z) =P)) —0.
o~P,
Therefore A’ achieves strong detection for P’. O

The following simple lemma shows that reduction (specifically the TV tending to zero variant) satisfies
transitivity. It follows from simple triangle inequality.

Lemma 12.5. If P; <, P2 and Py <,, P3, then P; <, Ps.
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12.3 Reduction from Planted Clique to Sparse PCA

Now, we know that it suffices to map instances of an assumed hard problem to instances of our problem
of interest, as long as they are close in TV distance. The most classic choice of hard problem is the
planted clique problem. It turns out that the planted clique problem (and its variants) can be reduced to
a lot of problems, including planted independent set, sparse PCA, tensor PCA, (robust) sparse linear
regression, etc. In this section, we will give a reduction from planted clique to sparse PCA.

12.3.1 Review: Planted Clique and Sparse PCA

Planted Clique

Recall that in the detection version of the planted clique problem we are asked to distinguish between
the following two distributions:

P11 G172 U Clique(S), S ~ Uniform <([Z]>> ;

PQ : gn71/2.
Thus, the adjacency matrix of the planted model contains a hidden k& X k submatrix with only 1 entries
except for the diagonal.

We know the phase diagram (ignoring logarithmic terms) is as shown in Figure 12.1.

Low-deg-Hard

E
SQ-Hard asy

Impossible

0 2 10g2 n \/ﬁ

Figure 12.1: Planted clique phase diagram for detection

Now we’ll see that when k > v/nlogn = O (y/n), the following polynomial algorithm solves the
problem:

Algorithm 12.6 Top-degree detection for planted clique

1: For every vertex v € [n], compute its degree d(v) := degq(v).
2: Let S be the set of the k vertices with largest degree in G.

3. if Sisa clique in GG then

4: return P;.

5: else

6: return Ps.

7: end if

To prove the algorithm above achieves strong detection we need the following result:

Lemma 12.7. Let X4,..., X, L Bin (n, %) Then

3]0 (viten)

max
1<i<n
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with high probability.
Proof. By Hoeffding’s inequality, for every ¢ > 0,

2
MW%EMMEwS%m<JZ>

Taking a union bound over ¢ = 1,...,n, we get
2t
P| max |X; —E[X;]| >t | <2nexp|— ).
1<i<n n
Choose
t = Cy/nlogn.
Then
21> 2 1-2C2
2nexp | —— | = 2nexp(—2C~logn) = 2n .
n
For C' > %, this tends to zero, and the result follows. O

By the lemma, under the null model all degrees satisfy

deg(v) = g +0 (\/@)

uniformly over all vertices, with high probability.

Under the planted model, if v ¢ .S, then again

deg(v) = 5 + O (V/nlogn)

with high probability, whereas if v € S, then

deg(v) =k — 1+ Bin <n—k:, 1> =2 —I—E—i-(’) (x/nlogn>

2 2 2

with high probability, uniformly over planted vertices.

Thus the degree gap between planted and non-planted vertices is of order &, while the maximal random

fluctuation is of order v/n log n. Therefore, if

k> +/nlogn,

then with high probability every planted vertex has larger degree than every non-planted vertex.
Consequently, selecting the k vertices of largest degree recovers the planted clique, and checking
whether those vertices form a clique gives a polynomial-time strong detector.

Sparse PCA

Now recall that in the detection version of the normalized sparse PCA problem we are asked to
distinguish between the following two distributions:

P Y =Xea' +W, Wij R N(0,1), z € {0,1}", ||lzllo =k =n%, a € (0,1), \ = )\, >0,
P2: Y=W.
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Thus the planted model contains a hidden k x k submatrix with entries shifted by A\, which reminds
the adjacency matrix of the planted clique problem under the planted model.

The phase diagram (again ignoring logarithmic terms) is as shown in Figure 12.2.

Impossible Hard? Easy

0 min{ﬁ,k%} min{l,]?—z}
Figure 12.2: Sparse PCA phase diagram for detection

There are two elementary polynomial-time algorithms at the upper threshold.

First, if A > /logn = O(1), one can consider the following algorithm:

Algorithm 12.8 Diagonal-thresholding detection for sparse PCA

1: Compute the largest diagonal entry D(Y') := m?)]( Yii.
i€n

2. if D(Y') > \/2 then
3: return P;.

4: else

5: return Ps.

6: end if

Under Py, for i € Supp(z) := {j : ; = 1}, we have
Yii = A+ Wi.

Using Lemma 6.1, we get
max Yy > A+ 0O (\/logn>
3

with high probability. Under P, using Lemma 6.1 again, we have
max Wy = O (x/log n)
(2

with high probability. Therefore, it follows that the diagonal test succeeds when A > /logn = o (1).

n
Second, if A > —, one can consider the statistic below:

k2’

Algorithm 12.9 Global-sum detection for sparse PCA
1: Compute the global sum statistic T'(Y) := >2i"; >0, Vi
2: if T(Y) > \k?/2 then

3: return P;.
4: else
5: return Ps.

6: end if
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Under Py, considering >~ W;; ~ N (0,n?) and so - W;; = O(n),

1,J ]
D Vi =M+ Wi = Ak 4+ O(n),
1,J .3

whereas under [Py, using the same reasoning,
E Yij = (’)(n)
i?j

Thus the sum test succeeds when \k2 >> n, that is, A > 7z

Combining the two tests gives polynomial-time detection whenever A >> min {1, 7z § » up to logarithmic
factors. Interestingly, no better polynomial-time algorithm is known in the regimes considered here.

One can prove a low-degree lower bound for sparse PCA. Yet, the point of this section is that one
can also prove a reduction: if one finds a polynomial-time algorithm for sparse PCA for any k = n%,
a < 2/3and A < min {1, = }, then one can also solve the planted clique problem for some clique size
k < y/n. We will need two techniques to do the reduction: rejection kernel and Gaussian cloning.

12.3.2 Rejection Kernel: the case k < /n

We first consider the regime where the sparse PCA sparsity is below the square-root scale. In this
regime,

k<vn @ — min{1,%}:1.

Thus the conjectured algorithmic threshold is A =< 1, up to logarithmic factors. We will reduce planted
clique to sparse PCA with a small constant, or slightly subconstant, value of \.

Consider the adjacency matrix A (symmetric) of the input graph in the planted clique problem. Under
P;, A has a k x k block of 1’s (except for the diagonal), and the rest off-diagonal entries are i.i.d.
Bern(1/2), and under Py, all entries are i.i.d. Bern(1/2).

Meanwhile, in the sparse PCA problem, the input is a real-valued matrix Y. Under P;, Y hasa k x k
block of i.i.d. N'(\, 1) entries and the rest are i.i.d. V'(0, 1) entries, and under Po, all entries are i.i.d.
N(0,1). Thus, one idea is to construct a (randomized) polynomial-time computable map

¢:{0,1} - R suchthat (1)~ N(\ 1), ¢o(Bern(1/2)) ~ N(0,1).

With this ¢, we could map entry-wise the adjacency matrix from the planted clique problem to the
input matrix of sparse PCA.

Suppose first that
and

for some density f. If B ~ Bern(1/2), then requiring ¢(B) ~ N (0, 1) gives, at the level of densities,
1 1
§¢>\ + §f = %0,

where
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Hence, formally, it must hold that
[ =2¢p0 — ¢a.

The problem is that this function is not nonnegative everywhere. Yet, notice that the set on which it is
nonnegative is

Si={: 2¢o(z) — dar(z) = 0}.

Solving the inequality,

200(2) > x(x) <= log2 - g2

A log2
= < — .
S {m ZL'_2+ \ }

The rejection kernel keeps the positive part of 2¢9 — ¢ and renormalizes it. Define

DO | >
>

Thus

7 = /S(Q(bo(w) — ¢a(x)) dz,

and
Flz) = (2¢0(x) — ?(x))ls(x).

Sampling from ']? can be done efficiently by rejection sampling, since 2¢, is an envelope for the

unnormalized density on S. This is the key idea that makes this construction possible.

To formally define and prove this, we first describe it in a slightly more general way for any p € (0,1)
instead p = 1/2. Define

Sy = {o € R: gola) > poa(x)}

Since 62(2) \2
AT
S0(2) = exp (/\:c — 2) ,

Sp:<_oof+bg(1/ﬁ)]'

we have the explicit description

2 A
Let
7, = [ 2@ =P 4,
Sy 1-p
and define | do(2) o2 (2)
~ T) — x
mm>zp°1fg‘1ue&}

Lemma 12.10 (Rejection kernel for a Bernoulli background). Let X ~ Bern(p) and define the random-
ized kernel RK,, by N
RK,(1) ~ N (A, 1), RK,(0) ~ fp.
Set
Qp 1= PGNN(O,l) (G ¢ Sp), bp = IP)er./\/’()\,l) (G ¢ Sp)
Then
TV (Law (RK,(X)),N(0,1)) = pb, — a, < pby,.
In particular,

TV (Law (RK,(X)),N(0,1)) < pPeoyn) (G & Sp).
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Proof. By the definition of .S}, the numerator

¢o(z) — poa()
is nonnegative on \S),. Thus it remains only to verify that Z, > 0 and to estimate the resulting mixture.
By definition,

a, = ¢o(z) dz, b, = oa(x) dz.
S5 S5

On SZC), we have

do(x) < poa(z).

Integrating this inequality over Sy gives

ap < pby
Furthermore,
1
p = 1-, (¢0(3«") - p(b/\(x)) dz
pJs,
(-, —p(1-b,)
1—-p
4Lz
1—-p
Consequently,
Zp > 1,

1s) .]?p is a well-defined probability density.
Let m,, denote the density of RK,(X). Since X ~ Bern(p),

my(x) = poa(x) + (1 — p) fo(2).

We compute its total variation distance from ¢ separately on S, and Sy.

Forxz € S,

Po(z) — poa(x)

mp(a) = poa(a) + LD,

and hence

po(z) — poa(x)

my(a) = duli) = pon(a) + LA g0
_ (1 - Zl) (poa() — do(a)).

Because Z,, > 1 and ppy(x) < ¢o(x) on S, this difference is nonpositive. Therefore
1
[ mte) = el e = (1= ) [ (o) = porto) ao
s, v/ Js,
—(1-XVa-pz
= Zp DP)Zp

=1 -p)(Z—-1)

= pb, — ay,.
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For z € Sg, the density f;g vanishes, so

myp(x) = ppa(z).

Moreover, ppy(z) > ¢o(x) on Sg. Thus

Imyf@) ~ d0@)] de = [ (poa(a)  du(a)) da
S¢ S¢

p p

Combining the two regions,

TV (Law (RKp(X)),N(0,1)) = ;/Rmp(a;) — ¢o(z)| dz

1
=3 ((pbp — ap) + (pby — ap))
= pbp —ap

< pby.

Remark 12.11 (Gaussian-tail estimate). Since

c_ (A log(1/p)
Sp—<2+ N )

we have, for G ~ N (0,1),

%ZPQ+G>A+MQUM>

2 A
log(1/p) A
= ]P) —_ — .
(G TN 2
If
N? < log(1/p),
then
log(1/p) A _ log(1/p)
A 2= 2x
Using the standard bound P(G > t) < e/, e obtain
log®(1/p)
bp S exp <_8)\2 .
Consequently,

8\2
Thus, for every fixed p € (0, 1), the error is exp(—Q,(A72)) as A — 0.

TV (Law (RK,(X)),N(0,1)) < pexp (_10g2(1/p)) )

Remark 12.12 (Sampling from f;,) The density f;) can be sampled by rejection sampling. Repeatedly
draw

Y ~N(0,1), U ~ Unif[o, 1],
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independently, and accept Y if

)\2
YeS, and U§1—pexp<)\Y—2).

Indeed, the unnormalized density of an accepted proposal is

2

a1 € 5 (1-peo (=5 ) ) = () — pon)1(v € 5,

which is proportional to fp. The acceptance probability is
/S (do(y) —poa(y))dy = (1 —p)Z, > 1 —p.
p

Hence, when p is a fixed constant strictly smaller than one, the expected number of proposals is bounded by
(1-p)~

Remark 12.13. (Almost there!) Naively using the rejection kernel per entry allow us to do the reduction
from planted clique with k = o (y/n) to a slightly modified sparse PCA model (with zero-out diagonal

and symmetric entries) when
0.01

logn

A<

]

and k = o (y/n). Indeed,

log2 2 _3
P S) < — =0 .
Ayt 9son(S55) —0w)
Then, by applying RK entrywise symmetrically on A (i.e. Y;; = Y;; = RK(Asj)), and by a coupling
argument, we have based on two remarks above

TV(Law(RK(A)),Law(Y)) < n®- O (n™%) — 0,

where A, Y are from the planted/null distributions of the two problems. Therefore, the rejection kernel
gives a polynomial-time reduction from k-planted clique to this modified (k, \)-sparse PCA, when A <

\/0% = O(1). Since, for k = o (y/n), the conjectured polynomial-time sparse PCA threshold is A < 1 up

to logarithmic factors, this proves the desired reduction but to modified sparse PCA in the sub-square-root

sparsity regime.

Completing the reduction for k = o(y/n)

We now need to address the issue that in sparse PCA the observation matrix has non-zero diagonal and
is not symmetric.

We now create two independent directed copies of the graph and then embed them as the two triangular
halves of a random principal minor. This follows by a combination of two nice tricks: graph-cloning
[BBH19, Lemma 6.2] and diagonal-planting construction of [BBH19, Lemma 6.4].

Set
N :=2n, Q:= 271/2,

Let BerNully g denote the law of an N x N matrix with ii.d. Bern(Q) entries. Let BerPlanty j o
denote the following planted law: choose S* C [N] uniformly with |S*| = k, set

My =1 for every a,b € S™,
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including when a = b, and sample every remaining entry independently from Bern(Q).

The following key proposition resolves both the symmetry and the diagonal mismatch between the two
models.

Proposition 12.14 (Cloning and planting the diagonal). There is a randomized polynomial-time map
G, — {0,111V
and constants ¢, C' > 0 such that, if G ~ G(n,1/2), then
drv (L(¥(G)),BerNully,g) < e V.

If G is drawn from the planted-clique model with a uniformly random planted clique of size k, then

drv (ﬁ(\II(G)), BerPIantNyk,Q) < C\/kﬁ + e—CN_

Proof. Let A;j be the adjacency indicator of the unordered pair {4, j}, for 1 <i < j < n. Independently
for every such pair, generate two bits

(5

75

B;;) €{0,1}*

as follows. If A;; = 1, set
(5;

4 Bij) = (1,1).
IfAl'j =0, set

P((B;

75

P((B;

R

P((B};

R

B;;) =(1,0)| A =0) =v2 -1,
Bj;) = (0,1) | Aijj = 0) = V2 -1,
B;;) =(0,0) | A =0) =3 —2v2.
These probabilities are nonnegative and sum to one.

If A;j ~ Bern(1/2), then (52
B

137

BZ;) ~ Bern(Q)®?

exactly, because

&=, ai-="""1 a-op

_3-2V2
2 —_— T .

2

On the other hand, every planted edge is mapped to (1, 1). Thus the two directed copies have inde-
pendent Bern(Q) background entries and the same planted clique. Thisisthep=1,¢=1/2,¢t =2
specialization of the graph-cloning lemma in [BBH19, Lemma 6.2].

Choose a set V' C [N] uniformly with |V| = n, and independently choose a uniformly random bijection
m:V — [n].
For distinct a, b € [N], define

_l’_
B infr(a)m(0)}, max{r(a),r(b)}’ a,beV, a<b,

Mab = Bintn(a)n(b)}, maxir(a)m(b)} a,beV, a>b,

an independent Bern(Q) variable, {a,b} Z V.

Consequently, the upper- and lower-triangular entries are independent.
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It remains to generate the diagonal. Independently sample
L ~ Bin(V, Q).
If L > n, choose T' C [N]\ V uniformly with |T'| = L — n. If L < n, set T' = &. Finally, set
My :=1{a e VUTY, a € [N].
Under the null, conditional on L = ¢ > n, the set V' U T is a uniformly random ¢-subset of [N]. This is
exactly the conditional distribution of the support of N i.i.d. Bern(Q) variables given that their sum is

¢. Moreover, conditional on V/, all off-diagonal entries are i.i.d. Bern(Q), and their law does not depend
on V. Since N = 2n and @ > 1/2, a Chernoff bound gives

P(L <n) <e N,

This proves the null bound.

Now suppose that G contains a planted clique S C [n], and define its image
S*i=7r1(S) CV.

By symmetry, S* is a uniformly random k-subset of [N]. Conditional on S*, all off-diagonal entries in
S* x S* equal one, and every other off-diagonal entry is an independent Bern(Q) variable.

Conditional on S* and L = ¢ > n, the diagonal-one set V' U T is uniformly distributed among all /-
subsets of [IV] containing S*. In the target planted model, the diagonal-one set has the same conditional
distribution given its size, but its size is

L, :=k+ Bin(N — k,Q)
rather than L ~ Bin(N, Q). Therefore
dyy (L(diagM | S*), L(diagM, | S™))
<P(L <n)+drv(L(L),L(Ly)).
To bound the second term, write
X ~Bin(N —k,Q), Z~ Bin(k,Q),

independently. Then
Lix+z  LYiX+k

By convexity of total variation,

drv (L£(L), L(Ly)) < Ez [drv (LX), L(X +k — Z))]
< Elk — 2] max P(X = j)
< CQ\/ICN.

Here we used the elementary bound

drv (L(X), L(X +71)) < rm?xIP’(X =J)

for a unimodal integer-valued random variable. Together with P(L < n) < e~°V, this proves the
planted bound. d
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We now can easily complete the reduction by simply “Gaussianizing” the entries independently via the
Rejection Kernel.

Corollary 12.15 (Reduction to the i.i.d. Gaussian sparse-PCA model). There are constants cg,c1,C > 0

such that, for every
€0

log N’

0< A<
there is a randomized polynomial-time map
®:G, — RVN
such that, under the null,
dry (c(q>(a)),/v(o, 1)®N2) < ON~!4e b,

Under the planted model,
k
. T* < . -1 7ClN
dry (L(@(G)),E(Alg 1] +W)) <C (\/NJFN ) feal,
where S* is uniform over the k-subsets of [N] and, independently, the entries of W are i.i.d. N'(0,1).

Proof. For fixed Q = 27'/2, the Gaussian rejection-kernel lemma above, Lemma 12.10 above, gives a
randomized polynomial-time map

RK,:{0,1} — R

such that
drv (L(RK(1)),N (), 1)) <ON~3

and

drv (L(RKA(B)),N'(0,1)) <CN™?, B~ Bern(Q),

provided A < ¢g/+/log N.

Apply this kernel independently to all N2 entries of the matrix produced by Proposition 12.14. By
data processing, the error in Proposition 12.14 does not increase. Conditional on the planted support,
tensorization of total variation contributes at most

CN?. N3=CN"L

The two stated bounds follow. ]

12.3.3 Gaussian Cloning: the case k > \/n

Remember that the hard regime we want to show for sparse PCA, via a reduction from planted clique,
is A < min { Lz }, so given the above it remains to do the proof for k > /n. We do this interestingly
by reducing sparse PCA for k > /n to instances of sparse PCA with k& < \/n but smaller lambda. By
transitivity and the previous reduction, this suffices.

Specifically, we will give the reduction
(no‘l, 5(1)) — sparse PCA <, (n®?, \) — sparse PCA,

for
_ (¥27(X1

a1 <1/2<ag, Axn 1o,
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Note that then
_ 1 1 \ = pl-202+o(l) o
oL =g o(l) = =n ey
To prove this, we use Gaussian cloning. The idea is to transform each Gaussian entry into several
independent Gaussian entries with a smaller mean. This increases both the ambient dimension and the
sparsity, while decreasing the signal strength in a controlled way.

Lemma 12.16 (Gaussian cloning). For d > 2, there exists a polynomial-time computable map
p:R— R4
such that, for all A € R,

X ~N(\1) = o(X)~N <\;\g1d>Id> )

where 1, denotes the all one vector in R%. In particular, if X ~ N(0,1), then o(X) ~ N(0, Iy).

1

Proof. Let U be an orthogonal d x d matrix whose first column is NZi

14. Given X € R, sample
independent random variables
Zay ey Zd 1'1\51 N(07 1)7
and define
Z = (X,Zs,...,Zq) € R
Set
o(X):=UZ.
If X ~ N()\ 1), then
7 ~ N()\el, Id).

Since U is orthogonal,

Uz NN()\Uel,Id).

By construction,

SO

O]

Let Y be the input matrix of (k, \)-sparse PCA. If we apply ¢ for d = 4 entrywise, and arrange each
output in a 2 x 2 block, then we get a 2n x 2n matrix (see Figure 12.3). If Y is from the planted
distribution, then ¢(Y") will contain a 2k x 2k block of i.i.d. N'(\/2,1) entries and the rest are i.i.d.
N(0,1). And if Y is from the null distribution, then all the entries of Y are i.i.d. A/(0, 1). Now we have
a sparse PCA instance with n’ = 2n, k' = 2k, N = \/2.

Iterating r times gives

n. =2"n, k. =27k, A =2"TN
Now suppose we start with a sparse PCA instance produced by the rejection-kernel reduction, with
sparsity

k=n", a1<§,
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Y;; ~ 2 x 2 block 2n X 2n
nxn
/ /
Yo _105-1] Yaio1,2;
i clone each entr &
Yy
% > > Yy’
/ lA

Y Y5051 Y5, 05

~._ d = 4 gives one cloning step __--

(n,k,\) — (2n, 2k, 7/2)

Figure 12.3: One step of Gaussian cloning. A scalar Gaussian variable is transformed into d independent
Gaussian variables with mean divided by v/d. In the reduction, we take d = 4, so each matrix entry is
replaced by a 2 x 2 block. Therefore an n X n matrix becomes a 2n x 2n matrix, the planted support
size doubles, and the signal strength is divided by 2.

and signal strength A = (5(1) We want to obtain an instance with sparsity exponent

1
8] —.
279

Choose

r=celogon = 2" =n’

Y

and after r cloning steps,
n' =nlte, k' = norte, N =n"E\

We want
k'/ _ (n/)aQ — k/ _ (n1+e)a2 _ nag(l—i—a),

S0 we require

at+e=m(l+e) = e= Qe = k' = (n/)a2 . N=n"fA= (n’)fs/(lﬁ) .

1— a9
e < Q2 — @ ( )/(1—ax)
2 — @1 —(aa— 1— ~
1+e 1 —a = XN= (”/) e o).
If we take
1 - —
ar=5-o(l) — T4 ;1 =20, —1+0(1) = N = (n) 7220
Since k' = (n/)*?,
n/ o N 1—2a2

Thus cloning transforms the sub-square-root sparse PCA instance into a super-square-root sparse PCA
instance at signal strength
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up to subpolynomial factors. This completes the reduction to the conjectural hard threshold

)\zmin{l,%}.

Remark 12.17. The reason we take )
a =g - o(1)

is that the sharp sparse PCA threshold in the super-square-root regime is recovered only if the starting
sparsity exponent is arbitrarily close to the square-root scale.

Indeed, after Gaussian cloning, the signal strength becomes
N = (n/)*(azfm)/(lfm) 5(1)

On the other hand, the conjectural sparse PCA algorithmic threshold in the target regime is

n 1—2« —(2a2—1
(k’/)2 = (nl> ’ = (nl) ( ’ )

Thus, to match the exponent of the conjectural threshold, we want

gy — o
277 L 2009 — 1.

1-— a7
This becomes exact in the limit o — % Therefore we choose cv; = % — 0o(1), so that the discrepancy

between the two exponents is only o(1) and can be absorbed into the O notation.

Equivalently, the reduction starts from planted clique hardness at sparsity just below the square-root scale
and then uses Gaussian cloning to transfer this hardness to the regime k' > /n/. Starting significantly below
the square-root scale would still give a valid reduction, but it would only yield hardness at a polynomially

smaller signal strength and would no longer match the conjectural threshold A < n'/ (k:’)z.

12.4 Conclusion

The reduction from planted clique to sparse PCA has two conceptual components. The rejection kernel
turns Bernoulli graph entries into approximately Gaussian entries, producing sparse PCA instances
at signal strength \ = 6(1) below the square-root sparsity scale. Gaussian cloning then transfers
hardness to larger sparsity exponents by increasing the dimension and support size while decreasing
the signal strength in a controlled way.

Together, these arguments show that an efficient sparse PCA detector below the threshold

A= min{l,%}

would imply an efficient planted clique detector below the /n threshold. Thus the planted clique
conjecture provides conditional evidence that the known sparse PCA algorithms are essentially optimal,
up to logarithmic and subpolynomial factors, in the parameter regimes covered by the reduction.



Chapter 13

Reductions inside a problem: Planted
Clique

13.1 Introduction

In the previous chapter, we discussed a reduction between different detection problems. There is,
however, another useful type of reduction: a reduction inside a single problem from weak to strong
detection. That is, instead of reducing one model to another, one may ask whether different notions of
success for the same model are actually equivalent.

We focus on planted clique. The standard belief is that, in the regime k& < \/n, even weak detection is
computationally hard. A natural question is whether weak (at any reasonable level) and strong detection
could nevertheless be computationally different.

Question 13.1. More precisely, could there exist a polynomial-time algorithm that achieves weak detection
for planted clique, while strong detection remains polynomial-time hard?

The result discussed in this chapter, proven in [HS24], shows that, in a precise sense, this cannot happen:
any polynomial-time algorithm that improves sufficiently over the trivial edge-counting advantage can
be amplified to a polynomial-time strong detector.

13.2 A baseline weak detector: edge counting

Let Z denote the number of edges of the observed graph. It is easy to see the distributional behavior of
the statistics in the two models:

Py: Z=Bin((3) - (5),3) + () ~ 24 + Va2 = 2N(0, 1)
Py: Z=Bin((}),3) ~ %2 +nN(0,1).
Hence, let us define the edge-counting test
2 k2

n
P, ifz> 45
%dge(G): Lt — 4 8.

Py otherwise
Then let us compute the Type I+II errors:

127
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Consequently, the sum of Type I and Type II errors of this testis 1 — © (’%), so edge counting gives a

weak advantage of order k? /n.

Question 13.2. Can a polynomial-time algorithm do substantially better than this, assuming no strong
detection is possible?

13.3 Weak detection implies strong detection

The full theorem of [HS24] proves a broad equivalence between many formulations of the planted clique
conjecture, including search and decision versions, weak and strong success probabilities, binomial-size
planted cliques, adversarial-size planted cliques, and fixed-size planted cliques. In particular, their
results do address the fixed-size planted clique model.

In these notes, however, we do not reproduce the full proof of that theorem. Instead, we isolate one of
its main mechanisms: the shrinking reduction. This reduction is especially transparent and already
captures the central idea relevant for us, namely that a weak decision advantage substantially larger
than the edge-counting advantage can be amplified to strong detection.

The shrinking reduction is most naturally formulated in the binomial planted clique model.

Definition 13.3. The binomial planted clique model, denoted by Jn 1 1> is the model in which each
19
vertex is included in the planted set independently with probability k /n, and then a clique is planted on
the resulting random set. Thus the planted clique size is random, with distribution Bin (n, %) Intuitively,
gn,%,k = gn,%,Bin(n,%)'
This model appears naturally when one passes to random induced subgraphs. Indeed, if G is a larger
planted graph and G, is a uniformly random induced subgraph on n vertices, then the number of
planted vertices inherited by G, is random. In the binomial model, this inherited planted set is again

binomial with the appropriate mean. This is precisely why the shrinking reduction fits the binomial
formulation so cleanly.

By contrast, in the fixed-size model

gn,%,k’
the planted clique has exactly size k. A random induced subgraph of a larger fixed-size planted instance
does not inherit exactly k planted vertices; it inherits a hypergeometric number of planted vertices.
Therefore the induced subgraph is not exactly distributed as G, 1k but rather as a mixture of fixed-size
planted clique models with random clique size. For this reason, the shrinking argument alone does not
directly prove the fixed-size version.

Theorem 13.4. Suppose that for some constante > 0 and some clique size k < +/n, there is a polynomial-
time algorithm A,eqx that distinguishes

gn,%,k: =P vs gn
and whose sum of Type I and Type II errors is at most

1—n5k—2
—
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Then there is also a polynomial-time algorithm Agyong that distinguishes

/ /
gN,%,K =P vs gN,% =12

and achieves strong detection for planted clique for clique size K = N for some constant 3 < 1/2.

To prove this, [HS24] use a nice concentration inequality from [GLS+15].

Theorem 13.5. Let n, N € N. For a graph G on N vertices consider Gy, to be a uniformly at random
induced subgraph on n vertices. For any event £ on n-vertex graphs, let VG N -vertex graph, f(G) =
P (G, € £). Then if G is sampled from the planted clique measure G 1 , it holds, w.h.p. that

’27

lim |f(G)— E [f(G')]‘:O(X,)v

n—oo G/NQN‘%JC
which is equivalent to
n
P (G e &) — P (Gneg):(?(—>.
Gortmit((V(9))) N
G/NgN,%,k
Proof. 1t is a consequence of [GLS+15, Theorem 1.1]. 0

Now, let’s see how the reduction works.

Proof of Theorem 13.4. In the detection problem
Gpipx=P1 vs G,

assume for some 0 < o < % it holds k = n®, and that 3¢ > 0 and a poly-time algorithm A,k such
that err (Ayeax) < 1 — nt";i — 1 _ pet2a-1

Now, for any N we will prove that strong detection is possible in the detection problem

Onix=P1 vs  Gyi=P
where . A
—a—3 1
K := NP = 2 <
I P
To do so, let

ni=NVE 2=/ g Gy e € = Ayen (Gn) =P,
i.e. £ is the event of all graphs for which Ay, outputs P;. With these choices, it holds that

Kn_

N n® = k.

To define Ajirong, We previously need some other definitions. Given an input graph G on IV vertices,
define

f(G) = P (Aweak(Gn) — IP31)
Gt (V)
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Thus f(G) is the fraction of n-vertex induced subgraphs on which the weak detector A declares the
planted model.

We also define the null acceptance probability of Ay.ear by

= P N=1P).
Ho G’Ngm% (-Aweak (G ) 1)

This quantity need not be available in closed form, but it can be estimated in polynomial time. Indeed,
sample independent graphs

G, G b g
run Ayeak on each of them, and set

Ro

fip 1= ];0 S o1 {Aweak (G(’”>) - Pl} .

r=1

The random variables 1 {Aweak (G(’")) = IP’I} are i.i.d. Bernoulli random variables with mean py.
Therefore, by Hoeffding’s inequality,

P (|fio — po| > nn) < 2exp (—2Rony) -
Thus, it is enough to choose

cnlog N

-2
- log N
5N Ry = Cny”log

=

for ¢ sufficiently small constant and C' sufficiently large constant. Since n = N1/(2-207¢/2) then
for these choices of parameters, [ig is computable to the required accuracy (for what follows) whp in
poly(n) time.

~

Identically, we can compute an estimation f(G) of f(G) to the required accuracy whp in poly (V) time
by sampling independent uniformly random induced subgraphs

G, ...,G") ~ Unif ((V(G)>> .

n

Given all this, the algorithm Agirong to be considered is defined by

~

Aswong(G) =Py = |F(G) ~Tio| < - log .

We now prove that this gives strong detection.

First suppose that
G~0y 1.

Then a uniformly random induced subgraph G, is distributed exactly as G,, 1. AsGy 1= gy, 10 by
Theorem 13.5 we have whp

£(6) = ol =0 (%)

Combining this with the estimation bounds gives

~

~ A 1
7(6) ~ o] < 1£(G) = ol + [F(G) = £(@)] + 1o — ol < O (35 ) + 20w < "85

N

whp for all sufficiently large N. Therefore Agtyong outputs P}, whp under the null.
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Now suppose that
G~Gy1g.

Here is precisely where it is convenient to formulate the weak detector in the binomial planted clique
model. Indeed, by construction, a uniformly random induced subgraph on n vertices inherits a planted

K
Bi —
()

K
Wn:na:k.

At the level of the reduction argument, this is the reason for the choice of K, N, and n: the induced
subgraph is meant to be an instance of the smaller binomial-planted-clique problem on which Ayeak

set distributed as

whose mean is

has advantage. By the assumption err (Ayeax) < ne%z, we have

k2

E (-Aweak (GI) = Pl) — Mo > nf— = n5+2a71.
G/Ngn,%,k n
Moreover, by the definition of f and by Fubini,
[f (G/)] = ]E (Aweak (G/) = Pl) = U1-

IN
B gN,%,K G'~G 1,

Nl

n,

Thus the assumed advantage of Ay..x gives the separation

_ N=n2—2a—¢/2 n n
> pft2acl TET_ T 2 2 s “log N.

E (1)) - m .

G'~
gN,%,K

Then Theorem 13.5 gives, whp,

Therefore, whp,

A n n
_ > 8+20¢—1 _ _ - .
|f(G) — ol = n O(N) > —log N

After accounting for the two estimation errors,

~ AN ~
F(G) = fio| 2 11(6) = ol = |1(&) = 1(G)| = [fio = o] > - log N

whp for all sufficiently large N. Therefore Agirong outputs P} whp under the planted model. d
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Part III

Approximate Recovery

133






Chapter 14

Low-Degree Estimation Lower Bounds

14.1 Introduction

Up to this point, the notes have focused on computational lower bounds for detection. In a detection
problem, one observes data Y and tries to decide whether it was generated from a structured distribution
P; or from a null distribution Ps. This framework is powerful because computational lower bounds can
often be formulated through restricted testing classes, such as low-degree polynomials or statistical
queries.

As we introduced in Definition Definition 1.7, approximate recovery is different. Here there is no
null model. A hidden parameter is sampled from a prior, the data are generated conditionally on this
parameter, and the goal is to estimate the parameter itself. More precisely, let

QNIM, Y'\‘PQ.

An estimator is a measurable function A(Y’), and the natural objective is to minimize the mean-squared
error

min [AY) —ol3] -

A O~p, Y~]P’

The statistically optimal estimator is the posterior mean

-ABayes(Y> = GIE‘#[Q ’ Y]

However, the formula

H\Y Z@]P’ 0 Y)

may involve a sum over an exponentially large parameter space. Thus the Bayes estimator is statistically
optimal but may be computationally infeasible.

One could try to define the optimal polynomial-time estimator by writing

i _ 2
A:timﬁ%gnloo 91%/ [”A(Y) 0”2] .

As discussed in Section 5.1, this is not a tractable object to analyze directly. The main idea of this chapter
is to replace the class of polynomial-time estimators by low-degree polynomial estimators. This gives a
restricted but analyzable model of computation, analogous to the low-degree likelihood-ratio method
for detection.

135
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The chapter follows three steps. First, we explain why one has to be careful when comparing detection
and estimation: there can be genuine detection-estimation gaps. Then we introduce the low-degree
mean-squared error from [SW22] and reduce its analysis to a correlation maximization problem. Finally,
in the Gaussian additive model, we use Hermite analysis to obtain an explicit upper bound on low-degree
correlation, and we apply it to sparse PCA. All non-trivial technical work of this chapter is based on the
important work [SW22].

14.2 A Caution: Detection-Estimation Gaps

Before developing lower bounds for estimation, it is important to understand why detection and recovery
should not be conflated. Sometimes detection is much easier than estimation, and a test that succeeds
at detecting structure may give essentially no information about where the structure is.

Consider the nonnegative sparse PCA model

1" i
Py : Y =Xz + W, x ~ Unif ({v € {07\/E} vllo = k}) , Wij K N(0,1),

and compare it with the null model
PQ : Y=W.

If the entries of = were signed, that is, if the nonzero entries were £1/ N3 (model already discussed in
Chapters 6 and 9), then detection is impossible below the information-theoretic threshold, easy above
the known polynomial-time threshold, and conjecturally hard in between. The usual qualitative picture
is shown in Figure 14.1.

Impossible Possible. Easy

Hard?

0 Vk min {k,/n}

Figure 14.1: Signed-Sparse PCA phase diagram for detection

For estimation in the nonnegative model, the same qualitative diagram remains the relevant one:
recovering the support of z is still hard in the intermediate regime. But detection becomes easier
because nonnegativity introduces a global mean shift. Indeed, summing all entries of Y gives

2,] i,] %,

Under P,
S (o) = (b ) =
i,j i vk
S0
ZYU = Ak + O(n).
0.
Under P,

> Yij=O(n).

.3



14.3. LOW-DEGREE LOWER BOUNDS FOR ESTIMATION 137

Therefore the sum-test detects the planted model whenever
Ak > n,

or equivalently

n

A> -

k
This test has nothing to do with finding the support of x. It only detects the global positive bias produced
by the nonnegative spike. Thus, if \/n < k < n??, detection can become easy at A > n/k (see
Figure 14.2), while estimation may still have a hard phase. If k£ > n?/3, the detection hard phase can
disappear altogether, even though recovery remains meaningful (see Figure 14.3).

Impossible Possible. Easy

Hard?

0 vk 3

Figure 14.2: Nonnegative Sparse PCA phase diagram for detection when /n < k < n?/3

Impossible Easy

o
=3

Figure 14.3: Nonnegative Sparse PCA phase diagram for detection when k& > n?/3

This example is the main warning: lower bounds for detection do not automatically imply lower bounds
for estimation, and upper bounds for detection do not automatically give recovery algorithms. The rest
of this chapter develops a framework that targets estimation directly.

14.3 Low-Degree Lower Bounds for Estimation

14.3.1 The scalar reduction

A natural low-degree analogue of the MMSE is

MMSE<p := i E Y) — 0]
<D A(yfélnéﬁ,m o [AY) - 6])5],

where R< p[Y] denotes the space of polynomials of degree at most D in the entries of Y.

In many models, the prior is symmetric across coordinates. In that case, it is enough to study one
coordinate. Indeed,

i o o] =338 [(eo10-0)]
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By symmetry, each term in the sum is the same, so the normalized MMSE equals

E [(E[Gl Y] —«91)2] .

)

This motivates the scalar low-degree MMSE

MMSE<p := i E [(A(Y) —60,)?].
<D Aeﬁgme,y[( (Y) —61)°]

The following correlation formulation is more convenient. Define

E [A(Y)04]
COIT<p = max T ——
= AR p[Y], A#0 GIE;/ [A(Y)?]

Equivalently, one can maximize over all degree-D polynomials normalized by

E [A(Y)?] = 1.

Lemma 14.1. We have
MMSE<p = Ig [9%} - corr%D.

Proof. For any polynomial A € R<p[Y],

91% (61 — A(Y))?*] = 10[«: 67] - 291,% [01A(Y)] + elg/ [A(Y)?].

The first term is independent of A. Now fix a nonzero polynomial A and optimize over scalar multiples

tA. The risk becomes
E[6?] —2tE AY+2EAY2.
5 [91] tm,[‘% ()] +t 9’1,[ ( )}

The minimizing value of ¢ is

Substituting this value gives

9@/[9114(1/)]2
1 [0 14007) = B ) -y

Finally, maximizing the last quotient over nonzero A € R<p[Y] gives
MMSE<p = I@E [9%] - corrng.

d

Thus a lower bound on the low-degree MMSE is equivalent to an upper bound on the best low-degree
correlation with the target coordinate.
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14.3.2 A linear-algebra formulation

Let {hq }aez,, be abasis of R< p[Y], where Zp indexes monomials, or any other convenient polynomial
basis, of degree at most D. We do not assume that this basis is orthonormal. Write

a€lp

Then
E[A(Y)0] = Eaa{EY [ha(Y)1]

a€lp

Define
Cq 1= 01%/[ha(Y)01]

Then the numerator is

(i),
Similarly,

E [A0)] = > Audg B [ha(YV)hs(Y)]

Define the Gram matrix

Then

Assuming the basis is linearly independent in L?(IP), the matrix P is positive definite. Indeed, for any
coefficient vector a,

2
-
Pa=E dha) ] 1,
a' Pa o5 <¥a ()>

which is zero only if the corresponding polynomial is zero in L?(IP).

Therefore
2
2 & A>
COITZ H = mMax ———=.

=P Gz ATPA

Setting g = Pl/ZE, this becomes
(P Vg
corr%D = max ~—— L =T plc

970 913

This formula is exact, but it is usually not directly usable: the Gram matrix P is computed under the
planted distribution, which is generally not a product measure, and P! can be very complicated. The
next section explains how, in Gaussian additive models, one can avoid computing P~ exactly.
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14.4 Gaussian Additive Models

14.4.1 Jensen’s trick

Consider the Gaussian additive model
Y=X+72, X ~pu, Z ~ N(0,Iy),

where X is the signal and 7 is independent Gaussian noise. Let 21 denote the scalar quantity we
want to estimate from Y. In applications, x; will be one coordinate, or one support indicator, of the
underlying hidden structure.

For any polynomial A,

By Jensen’s inequality, conditioning on Z gives

2
E [AX + 2)%] > E (%[A(X + Z)})

Thus
E [A(X + Z)x1)?
X,z

(Elacx + 2)) 2

corr2< p < max
- AERSD [Y], AF#£0
E
Z

The advantage is that the denominator is now an L? norm under the standard Gaussian measure in Z.
This allows us to use the Hermite basis.

14.4.2 Translation identity

Let /ﬁk denote the normalized probabilists’ Hermite polynomial of degree k. Thus the family of polyno-
mials {hk k> O} is orthonormal in L2(N(0, 1)).

Lemma 14.2 (Translation identity). For every i1,z € R and every k € N,

Wt 2) = Z[() K= Ry(2)

Ig [/l{k(,u—i- Z)} =

In particular, if Z ~ N(0, 1), then

5
?E x>

The proof is given in Section A.8.

For a multi-index a = (az,...,ay) € NV, write

N N N
— . a._ a;
la] := g a;, al .—Hai!, X .—HXiZ,
i=1 i=1 i=1

and
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Let

o~ N ~
Ho(2) = [ ] o (20)-
=1

The multivariate translation identity follows coordinatewise.

14.4.3 A general low-degree correlation bound

We now state the main Gaussian-additive bound.

Theorem 14.3 ([SW22, Theorem 2.2.]). Consider the Gaussian additive model

Y =X+ Z, X ~p, Z ~ N(0,Iy),

and let 21 be the scalar quantity to be estimated. Define coefficients k., recursively by

Ko = %[331],
and, fora # 0,

X
<<«
where 8 < « means 8 < « coordinatewise and 3 # «. Then

fa=E[m X = Y (;)15 [Xa—ﬁ},

2
K
corr? p, < E -

ol
aeNN | |a|<D

Proof. Let A € R<pl[Y]. Expand A in the normalized multivariate Hermite basis:

AY) = " A H,(Y).

|a|<D
The numerator is

EJAX +2)m]= Y AE [Ha(X + Z)a1] .

lal<D
Using the translation identity and then averaging over Z,

E [ﬁa()u Z)} _ A

Val
Thus
ElnX°]
LXK+ D)z = ), Aa"—mm
la|<D
Define
E[$1)(a]
Co 1= X
Val

Then the numerator is <ﬁ, c>.

We now lower-bound the denominator using Jensen’s trick. Define

9(Z) = g[A(X + 7).

141
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Then
E [AX+2)°] 2 E[9(2)7].

Expand g in the Hermite basis:

9(2) = Z ’gl,fi,(Z).
lvl<D

Since the Hermite basis is orthonormal under Z ~ N (0, I),

Elg(2)]= >, &

[v|<D

We compute g,. By definition,

& =E|g(2),(2)| = E AKX + 2)H,(2)].

Substituting the Hermite expansion of A,

WX+ Z)fIW(Z)} .

<)
Il
S§>>
=
)

Using the multivariate translation identity, only terms with v < « survive by orthonormality. Hence

= 7y . '7' «Q a—7y
E Ha(X + 2)H,(2)| = 1ya o <7>X .

G = Zﬁa\/z((j)@w‘ﬂ-

o>y

Therefore

Define the upper-triangular matrix M by

Y [« _
()l

§=MA,

Then

and hence

E [AX + 2)] > HM&HE.

)

The matrix M is triangular with diagonal entries equal to 1, because M, o = 1. Hence M is invertible.

(o)
corr<p < max -
w5 ]

We have shown that

2

Letu = MA. Then A = M1y, and so
<c, f/l\> = <c, M71u> = <M7Tc,u>.
Therefore

corr<p < HM_TCH .
= 2
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Let

143
Equivalently,

Writing this coordinatewise, for every «,

|
o= 32 M = w5 ()8 27,
BLa '

p<a
Multiplying by v/a! gives

El21X°] = ) wsy/Bl <g>@ [ Xa—ﬁ} .

BLa
Now define
Eg:zzng/ﬂL
Then
o
E[z1X%) = xoA]
E [11.X°] Zf;ﬁ(ﬁ)g X
BLa
Solving this identity recursively gives
- _ -8
ﬁa—g[xlX] Z Iﬂ?g( )%{Xa }
<8<«
Finally,
2 2 i,
= Y - ¥ 5
la|<D la|<D
Thus
.
COH2§D < —O",
lal<D
as claimed. O
14.5 Application to Sparse PCA

We now apply the preceding theorem to the nonnegative sparse PCA model

Py : Y =o' +W,
where

iid. |0 with probability 1 — p k

Vi~ = —,

ﬁ with probability p n

and
iid.
Wi~ N(0,1).
The null model is

PQ: Y=W.
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The predicted picture for this model was discussed earlier (see Figure 14.1).

To apply the Gaussian-additive theorem, it is cleaner to estimate the support indicator
z; == Vkuv; € {0,1},

so that

Then

We estimate 1 fromY = X + W.

For a multi-index & = (vj5)1<i j<n, it is useful to interpret o as a weighted multigraph on vertex set
[n]: the number cv;; is the multiplicity of the edge (i, j). We write

la] := Z Qj.
]

Let V() be the set of vertices incident to at least one edge with positive multiplicity, and let |V («)| be
its size. When discussing connectedness, we ignore orientations and multiplicities.

For any multi-index ~,

X7 = H (zxzx]> .

i?j

Since z; € {0, 1}, powers of z; are again equal to x; whenever the exponent is positive. Therefore

(N v
E[x" = (2 .
E[X"] (k) )
Similarly,

Bl X7 = (2 " v
XA A=\g) r ’

The goal is to show that, if A lies below the conjectural polynomial-time recovery threshold, then
low-degree polynomials cannot correlate with z; substantially better than the trivial estimator.

14.5.1 A structural vanishing lemma

The first important observation is that many coefficients ,, vanish exactly.

Lemma 14.4. If « has a connected component that does not contain vertex 1, then

Ko = 0.

The proof is most naturally expressed using cumulants. We first recall the relevant facts.
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Definition 14.5. Let (71, ..., Z,,) be jointly distributed random variables. Their joint cumulant is
om “
H(Zl,...,Zm) = m]OgE exp ZtZZZ
i=1 t1==t;m=0
Equivalently,
K/(Zlv"'va): Z (‘ﬂ-‘_l)'(_l)‘ﬂl_l HE HZ’L )
weP([m]) Ber LieB

where P([m]) denotes the set of partitions of [m].

The basic property we need is that joint cumulants vanish across independent blocks: if the variables
can be split into two nonempty independent groups, then the joint cumulant of all variables is zero.

The coeflicients x, defined above are precisely joint cumulants. More explicitly,
ka = Kk (z1, {Xjj; repeated a;; times}; ;) .

This identity follows by comparing the recursive moment-cumulant relation

m
K(Zo, Z1,. . Zm) =E |[[Z:| = . w(Zi:i¢OE|]]Z
i=0 0£SC{1,....m} icS

with the recursion defining the coeflicients x,,.

Proof of Lemma 14.4. Now suppose « has a connected component C' not containing vertex 1. The
variables X;; corresponding to edges inside C' depend only on the support indicators {z; : i € C}.
The remaining variables, together with x;, depend only on support indicators outside C'. Since the
coordinates of = are independent, these two groups of random variables are independent. Hence the
joint cumulant factors across two independent groups and must vanish. Therefore

Ko = 0.

O]

This lemma is the reason connected graphs appear in the counting argument: only the connected
component containing vertex 1 contributes to the low-degree correlation upper bound.

14.5.2 Bounding the cumulant coefficients

The next lemma gives a crude but sufficient bound on the nonzero coefficients.

Lemma 14.6. We have

Moreover, for every a with |a| > 1,

A\ (7
ol < (al ) () .
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Proof. The identity kg = p follows from

ko = E[z1] = p.

We prove the general bound by induction on |a|. From the recursive definition,

Ko =Eln X - 3 ﬁ[;(g)E{Xaﬁ]

0<B<a

Taking absolute values,

ol < [Elz1X°]

+ 3 kgl <Z>E [X“*ﬁ} .

0<B<a

We already observed that

by vl v
E[X7] = <k> VI

A [ A [
Ethﬂ:(kz) p|vw>u{1}§<k> VL

and

because 0 < p < 1.

The term 8 = 0 contributes

by et by ||
[kolE[X?] = p (k) AVl < (k) )

Together with the first moment term, these give at most

by |ex] N
2<k> V@I,

For the remaining terms, let 0 < 5 < o By the induction hypothesis,

18]
el < 131+ 0 () VO,

Also,

E [x-] = <2)'a_ﬁl V@A),

o AN el o
InslE [x°7] < (18] + 1)) (k) VOV @B

Multiplying,

Since every vertex incident to an edge of « is incident either to an edge of 3 or to an edge of &« — 3,
Via) SV(B) UV (a—p).

Thus
VB +1V(ia—=pB) = [V(a).

Because p < 1, this implies

VB)I+IV(e=B8)] «

) < Vi,
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Therefore

ral = <2>|QPV(°‘)' 2+ Y (8+ 0% (5)

0<B<a
It remains to bound the combinatorial factor. If | 3| = ¢, then

(181 + 1)l = (e +1)".

6<§|:ﬁ|:e <g> = <‘(Z|>’

by the multinomial interpretation of choosing ¢ units from the |a/| total units of c. Hence

Moreover,

la]-1

2+ Y (8l+D)V (g) <2+ Z(Hl)’f(';")
0<f<a —
A crude bound gives
(el < & o
2+ Z ¢+ 1)€< ) > < Z(\a\ +1)5< ) ) = (la| + 2)ll.
/=1 —0

Changing the harmless universal constant in the base, this is bounded by
(Jaf + 1)l

up to a universal factor, which can be absorbed into the same type of estimate. Thus

by |ox
ol < (al 41 ()7,

as claimed. O

14.5.3 Counting connected multigraphs

We now need to count the possible multi-indices « that survive the cumulant vanishing lemma.
Lemma 14.7. Fixd > 1 and 0 < h < d. The number of connected multi-indices « such that
la] =d, 1eV(a), V()| =d+1—h,

is at most

for a universal constant C' > 0.
Proof. Let
r:=|V(a)|=d+1—h.
We construct such a connected multigraph by first choosing its vertex set and then choosing its edges.

Since vertex 1 must belong to the graph, the remaining » — 1 = d — h vertices can be chosen in at most

n d—h
<
ANE
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ways. Once the vertex set is chosen, a connected multigraph with d edges contains a spanning tree
on these r vertices, which has r — 1 = d — h edges, plus h additional edges. The number of possible
spanning trees is at most "2 < d<%, and the additional h edges can be chosen with repetition from at
most 72 < d? possible ordered pairs. This gives at most d%d?" choices after the vertex set is fixed.

Combining the estimates,
#{CY} < nd_hdd+2h.

(Cdn)? (?)h

after adjusting the universal constant C'. This proves the desired bound. O

Since h < d, this is bounded by

14.5.4 The low-degree lower bound

We now combine the previous estimates. By the general Gaussian-additive theorem,

2 Fa
corre p < E —

lal<D

Since a! > 1, we may upper-bound this by

3 k2.

la]<D

By the vanishing lemma, only connected components containing vertex 1 contribute. The zero multi-
index contributes

2= 2
For |a| = d > 1, write
V()] =d+1—h.

Using the cumulant bound and the counting lemma,

d h 2d
cd A
2 d 2d [ A 2(d+1—h)
E Ky, < E (Cdn) <n> (d+1) (k:) p :
|a|=d h=0

1€V (a)

« connected

Since p = k/n, this becomes

d d h
A2 Cd
> kL <p) <Cdd+12 > <2>
n pn
|a|=d h=0

1€V (a)
« connected

Equivalently, separating the tree-like part from the excess-edge part,

d )\ d—h )\2 h
E 2 § 2 2
1€V (a)

« connected
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Therefore

D d 2

d—h h
A 22
coerSD < p?+ P E E <CD(D + 1)2> (C’DQ(D + 1)2k:2> .

n
d=1 h=0

Assume now that

A <n ®min {k,v/n}

for some fixed € > 0, and let
D < nd

for 6 > 0 sufficiently small depending on €. Then

CD(D + 1)222 = 0(1)

and
2 2)\2

Consequently, the double sum is o(1), and we obtain
COHQgD < p2(1 +o(1)).
Since the constant estimator already achieves correlation
E[z1] = p,
this bound says that low-degree polynomials do not improve over the trivial prior correlation. Therefore
MMSE<p = E[z%] — corr%D > p—p*(1+4o0(1)).

This matches the risk of the prior-only estimator A(Y') = p up to lower-order terms. Thus, in the
regime

A <n”"min{k,v/n},

degree-D polynomial estimators cannot achieve nontrivial approximate recovery.

14.6 Discussion and transition

While the method to bound the low-degree MMSE presented in this chapter has been fully based on
the very nice “cumulant” idea from [SW22], other very interesting approaches have been suggested
recently, including a more direct analysis of the low-degree correlation as in [SW25], an expansion
of the correlation on an “almost-orthonormal” basis as in [CGG+25], or a recent reduction approach
between the low-degree MMSE and the (much more well-understood) low-degree lower bounds for
detection [Li26].

Of course, the low-degree framework for estimation is a proxy for computational hardness, and not
a formal lower bound against all polynomial-time algorithms. A natural continuation is therefore
to understand when low-degree estimation lower bounds can be connected to other computational
hardness approaches for estimation. In detection, as we discussed this relationship has been developed
for instanse through the low-degree likelihood-ratio method and its connections with SQ algorithms and
average-case reductions. For recovery problems, less is known but a recent work builds an equivalence



150 CHAPTER 14. LOW-DEGREE ESTIMATION LOWER BOUNDS

between the low-degree MMSE and the Franz-Parisi potential monotonicity criterion for a broad class
of Gaussian additive models [TWZ26].

The next chapters study a different algorithmic paradigm for approximate recovery: posterior sampling
by Markov chain Monte Carlo. Whereas low-degree lower bounds give evidence against broad classes of
polynomial-time estimators, MCMC lower bounds focus on concrete sampling dynamics. Importantly,
local dynamics which when run for polynomial-time are of high degree, i.e., at least naively they cannot
be approximated by low-degree polynomials.



Chapter 15

MCMC Methods: The Basics

15.1 Introduction

In the previous chapter, we studied approximate recovery through the lens of low-degree estimators.
The starting point was the Bayesian estimation problem

0 ~ s Y ~ Py,
where the goal is to construct an estimator .4(Y") with small mean-squared error

MSE(A) = [IA(Y) = 6]3] -

GNMY ~Py

The statistically optimal estimator is the posterior mean

9 01Y]=> 0'P(|Y)
0'esS
where S = supp(u).

The computational difficulty is that, as in many high-dimensional problems, the support S can be very
large. Thus, while the posterior mean is statistically optimal, computing it exactly may require summing
over exponentially many possible parameters.

This chapter studies a natural computational strategy for avoiding this summation: sampling from the
posterior. If we could efficiently sample

f B RG] Y),

rvm

then the empirical average

would approximate the posterior mean. Markov chain Monte Carlo methods (MCMC) provide a general
mechanism for sampling from a distribution known only up to normalization. The central question is
whether the relevant Markov chains mix in polynomial time. In this chapter, we discuss methods to
understand their mixing time.
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15.2 Posterior Sampling and Estimation
Let

0~ Hy Y ~ Pg.
Given Y, the posterior distribution is

H)P(Y | )
S ues HWB(Y [u)’

The denominator is the same normalization obstacle that appears in the posterior mean.

IP’(@':U|Y):

However, if we can somehow sample from the posterior, then we can estimate the posterior mean
without computing the normalizing constant explicitly. Let

(o0, PO ] Y),
and define

B(Y) = % A
=1

Conditional on Y,

E [é(Y) | Y} —E[§|Y].
Moreover, by the law of large numbers,

oY) "SCE[0 | Y).

Let us check explicitly how this affects the MSE. Write
m(Y) :=E[f§|Y].

Then
0Y)—0=00Y)—m(Y)+m(Y)—0.

Therefore
~ 2 A 2 ) A
[0 =0 = o) = m)||_ + Im() = 01 + 2 (8¥) = m(¥),m(v) - 0).
Taking expectation, the cross term vanishes. Indeed,
E [<9(Y) —m(Y),m(Y) — 9>} —E [E [<9(Y) —m(Y),m(Y) — 9> Y, 9“ .
Conditional on Y, the samples 6, are independent posterior samples, so
E [5(1/) —m(Y) | Y} = 0.
Hence the cross term is zero. Thus
B ~ 2 )
MSE (9) =E [HG(Y) - m(Y)HQ] +E [m(v) - 0]3] .

The second term is the MMSE. The first term is the sampling error, which goes to zero as m grows.
Therefore, efficient posterior sampling would give an efficient approximate recovery algorithm.
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15.3 Sampling and MAP Estimation

Sampling can also be used for exact estimation. Exact recovery is typically formulated through the
maximum a posteriori estimator

. ’
Amap(Y) = arg 101/12?1?’ 'Y).

If the posterior has a unique maximizer and a nontrivial gap, then sampling from a sufficiently low-
temperature version of the posterior recovers the MAP estimator with high probability.
For 5 > 0, define the tilted posterior
P(0 | V)P
D ues P(u [ V)P

Large  amplifies posterior differences. The following elementary lemma makes this precise.

ms(0') =

Lemma 15.1. Assume that O\iap is the unique posterior maximizer and that
P(Onvap | Y) > 1.1P(0' | Y) for every ' # Oniap.
Then, for > C'log|S| with C large enough,

Wﬁ(QMAp) > 0.99.

Proof. Let
ps = P(Oumap | Y).

For every 6/ # O\1ap, the assumption gives

P |Y) < fl
Therefore 5
S BE 1Y) <pl+(8I -1 () =pf (1+ (IS - D117).
6’es ’
Hence

5
P 1

Oriap) = > .
mo(OMar) = S~ B Ve 2 T (5] — D11

Thus it is enough to choose /3 so that

1
D11 P < —.
(1S]—=1) < 39

This holds whenever
log(99]S])
log1.1 ~

Thus 5 > C'log | S| for sufficiently large C' implies

g =

m5(Oriap) > 0.99.
0

Remark 15.2. Clearly, 1.1 is an illustrative constant. The same result follows for P(6yiap | V) >
(1+6)P(& | Y) for every 8" # Oyiap, 6 > 0.
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This low-temperature distribution is closely related to hill climbing. If we want to maximize a function

F over a discrete state space 5, then the distribution
mg(v) o< BF)

puts increasingly large mass on maximizers of F' as 3 grows. As we will see, a Metropolis chain targeting
g3 behaves like a noisy hill-climbing algorithm: moves that increase I are always accepted, while
moves that decrease F' are accepted with probability exponentially small in the energy loss.

15.4 Markov Chains

Now that sampling is well-motivated, we turn to the performance of a natural MCMC strategy.

A discrete-time Markov chain on a finite state space €2 is a stochastic process
Xo, X1, Xo, ...

with transition matrix

P(a,b) :=P(Xi1 =0 X¢ = a).
The chain is homogeneous if P does not depend on .

Definition 15.3. A probability distribution w on € is stationary for P if

7(b) = Z m(a)P(a,b) for every b € Q.
ac)

Equivalently, viewing  as a row vector,
P =m.

A very useful sufficient condition for stationarity is detailed balance.
Definition 15.4. The transition matrix P is reversible with respect to 7 if
m(a)P(a,b) = w(b)P(b,a) for everya,b € Q.

Lemma 15.5. If P satisfies detailed balance with respect to 7, then m is stationary.

Proof. For every b € €,

> w(a)P(a,b) =Y _w(b)P(b,a) = w(b) Y P(b,a) =w(b),

aef ae) aef)

because the rows of PP sum to one. O

We also need the standard irreducibility and aperiodicity assumptions.

Definition 15.6. The chain is irreducible if for every a,b € ) there existst > 1 such that
P'(a,b) > 0.
Definition 15.7. Forx € (), define
T(z):={t>1:P'(z,z) > 0}.

The period of x is gcd T'(z). The chain is aperiodic if every state has period 1.
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Theorem 15.8. If P is irreducible and aperiodic on a finite state space, then there exists a unique stationary
distribution m. Moreover, for every initial state x( € 2,

o t _
tlggoTV (P'(zo,-),m) =0.
Proof. See [LPW06, Theorem 4.9.]. O

This theorem says that the chain eventually samples from 7. For algorithms, however, the important
question is the rate of convergence.

Definition 15.9. The mixing time is

. 1
tmix = g)lee%mf {t >0: TV(Pt(xo, ),m) < 4} )

Polynomial-time MCMC requires ¢p,ix to be polynomial in the problem dimension.

15.4.1 Terminology from statistical physics

Before introducing the Metropolis process, let us briefly explain the terminology that will be used
throughout the chapter. Much of the language of MCMC comes from statistical physics, where one
studies probability distributions of the form

eBF(v)

mg(v) = 7 Zg = ZeﬁF(u).
B u€S?

Here F'(v) is often called the energy or Hamiltonian, although in physics one more commonly writes
the Gibbs measure as e ~#(*) where H is the physical energy. In our convention, we are maximizing
F, so F' = —H relative to the usual physics notation.

The parameter 8 > 0 is called the inverse temperature. Thus:

large 3 <= low temperature,
and

small 3 <= high temperature.

When [ is large, the measure 7g strongly favors states with large value of F'(v). In the limit 8 — oo, it
concentrates on the maximizers of F'. This is why large-8 MCMC resembles hill climbing.

When £ is small, the measure is flatter and does not only depend on the best value of F' in a region.
The number of states in that region also matters. This counting contribution is called entropy. Thus, at
high temperature, a region with many moderately good states may have more mass than a region with
very few excellent states.

15.5 The Metropolis Process

The Metropolis process, which we introduce here, originated in the work [MRR+53] and was later
generalized in [Has70].

Let 7 be a probability distribution on 2 of the form

F(v)

u€ef)

m(v)
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The key point is that the Metropolis algorithm only needs ratios

m(b) _  Fe)-F)
(a) 7

so it does not require knowing the normalizing constant.

Let ¥ be a base Markov chain on €2 with symmetric transitions:
U(a,b) = ¥(b,a).

For b # a, define

P(a,b) = U(a, b) min {1, m(b) } .

Then set

P(a,a) =1— ZP(a, b).
b#a

This is the Metropolis chain associated with U and target distribution 7.

Claim 15.10. The distribution 7 is stationary for the Metropolis chain.

Proof. 1t is enough to prove detailed balance. For a # b,

7(a)P(a,b) = w(a)¥(a,b) min {1, ::EZ;} = U(a,b) min {7 (a), 7(b)}.

Using symmetry of the proposal chain,
U(a,b) min{r(a),n(b)} = ¥(b,a) min{7n(b),n(a)} = w(b)P(b,a).

Thus detailed balance holds for all a # b. The diagonal case is automatic. Therefore 7 is stationary. [

In Bayesian estimation, the target distribution is usually the posterior
() =P |Y) o pu(v)P(Y | v).

Since ratios of posterior probabilities can often be computed efficiently, the Metropolis process gives a
natural sampling algorithm.

15.6 Example: Sparse PCA

Consider nonnegative sparse PCA:

Y =007 +W,
where
1 n
eQ:=qveRD,—, :|vllo=k;,
{vefo ) obo=r}
and

Wij RRg N(O, 1).
The prior is uniform on €.

For a candidate v € (2, the posterior is proportional to

2
exp <—; HY - /\’UUTHF> .
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Since HUvTH? = ||v]|3 = 1 is constant over v € (), the posterior satisfies
P(v|Y) x exp ()\’UTY’U> .

Thus the posterior is
.
ma(v) oc e Y
For exact recovery, one can consider instead the low-temperature distribution

mg(v) o Py,

As 8 — 00, this concentrates on maximizers of v Y, ie. onthe MAP estimator

Anap(Y) = arg max v Y.
vEQN

A natural proposal chain on {2 swaps one coordinate inside the support with one outside the support.
Thus v’ is a neighbor of v if
dy (v, U') = 2.

There are k(n — k) such neighbors. The base chain is
if dgy (v,v’) = 2.
The Metropolis chain is therefore

P o) = gy min o (3 (00T —o7ve))}

for neighboring v, v, with the diagonal probability chosen so that rows sum to one.

15.7 Conclusion and transition

The purpose of this chapter was to explain why Markov chain Monte Carlo methods arise naturally in
Bayesian estimation problems. The statistically optimal estimator for squared error loss is the posterior
mean

E[6]Y],

but computing this expectation directly may require summing over an exponentially large parameter
space. Posterior sampling offers a way around this obstacle: if one can sample efficiently from the
posterior distribution, then empirical averages of posterior samples approximate the posterior mean.

We then introduced the Metropolis process as a general method for sampling from a distribution known
only up to normalization. This is particularly well suited to Bayesian inference, because posterior ratios
are often much easier to compute than the posterior normalizing constant. In the sparse PCA example,
the posterior distribution takes the Gibbs form

T
7'[')\(1)) x 6)\1) Yv’

and its low-temperature variants are
.
mg(v) o< PV Y.
The natural Metropolis chain proposes local support swaps and accepts or rejects them according to
the change in the objective v ' Y.
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The central question is therefore no longer whether the posterior is statistically informative, but whether
the Markov chain can sample from it efficiently. The next chapter is devoted to lower bounds on this
mixing time. We will see that in the hard regimes of sparse PCA and planted clique, the relevant Gibbs
landscapes contain bottlenecks: regions with substantial stationary mass but very small boundary mass.
These bottlenecks force local Markov chains to mix slowly. For a deeper dive on Markov chain theory
we direct the reader to classical textbooks, such as [LPW06].



Chapter 16

MCMC Lower Bounds: Overlap Gap
Property and Bottlenecks

16.1 Introduction

The previous chapter introduced posterior sampling as a computational route to Bayesian estimation and
described the Metropolis process as a natural algorithm for sampling from posterior-type distributions.
We now study when this strategy can be proven to fail, providing further evidence of hardness in hard
regimes.

The main obstruction is geometric. A Markov chain may have the correct stationary distribution and
may converge to it eventually, but convergence can take a very long time if the state space contains a
bottleneck. Informally, a bottleneck is a set A that has non-negligible stationary probability but whose
boundary has extremely small stationary probability. If the chain starts inside A, it is unlikely to leave
quickly. Consequently, the chain cannot mix rapidly.

This chapter develops this bottleneck method and applies it to the sparse PCA Metropolis chain from
the previous chapter. The state space is

0— {v e {o, \}E}n Nlollo = k}

T
x e,@v Yv‘

and the Gibbs distribution is
m5(v)

The sparse PCA analysis has two complementary parts. At low temperature, the bottleneck comes
from an overlap-gap property, a geometric obstruction that has played a central role in the study of
algorithmic barriers for estimation problems; see, for instance, [GZ22] for sparse high-dimensional
linear regression and [AWZ23] for sparse PCA. Informally, the chain must move from low-overlap
states to states correlated with the planted vector, but any local path between these regions has to
cross intermediate overlap levels where even the best available energy is significantly lower. At higher
temperature, the bottleneck is entropic: there are overwhelmingly many low-overlap states and very
few states with significant overlap with the truth.

After sparse PCA, we briefly discuss the analogous picture for planted clique. There, the Metropolis
chain runs over cliques of varying sizes, and bottlenecks arise from the geometry of the clique-overlap
profile. This shows that MCMC lower bounds provide a different kind of computational evidence from
low-degree or SQ lower bounds: they identify concrete geometric obstructions faced by natural local
sampling algorithms.

159
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16.2 Bottlenecks and Mixing Lower Bounds
The main lower-bound technique is to show that the Markov chain has a bottleneck: a set with
non-negligible stationary mass but very small probability flow leaving it.

Definition 16.1. Let P be a Markov chain with stationary distribution m. For A C (), define its
conductance ratio or escape probability

>, m(a)P(a;b)

B(A) = a€A, bngﬂ(A)
We say that A is a T-bottleneck if ,
m(A) < 5
and )
P(A) < T

Theorem 16.2. If a Markov chain has a T'-bottleneck, then

Proof. See [LPW06, Theorem 7.3]. O

w(1)

Constants are irrelevant for our purposes. If T' = n“\"), then the chain does not mix in polynomial

time.

16.2.1 A toy bottleneck

Consider a graph on 2" vertices made of two large pieces, each of size 2”1, connected by a single edge.
Suppose the graph is approximately A-regular, and consider the simple random walk with

P(a,b) = %

for neighboring vertices. The stationary distribution is uniform.

Let A be one of the two halves. Then

Therefore 5

T A
The corresponding bottleneck scale is exponential in n. The walk mixes slowly because it spends an

B(A)

exponentially long time in one half before finding the unique bridge.

This toy example, depicted in Figure 16.1, explains the general principle: fast mixing requires every
large set to have enough boundary.
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e

Figure 16.1: Two copies of K4 joined by one edge.

16.3 Bottlenecks for Sparse PCA

For sparse PCA, the relevant state space is

Q= {v € {0, \}E}n Hvllo = k:}

Neighbors differ by one support swap. For A C (), define the vertex boundary
0A:={ve A:Jw¢ Awithdy(v,w) =2}.

For the Metropolis chain,

O(A) = — ) > ms(a)Pla,b).
BV iea, vea
Since the maximum degree of the proposal graph is k(n — k) and each transition probability is at most

1/(k(n — k)), we have o)
T8
B4 = m3(A)

Thus, to prove slow mixing, it is enough to find a set A with

ma(A) <

DO | =

and
mg(0A) 1

75(A) < poly(n)’

The rest of the sparse PCA analysis is devoted to constructing such a set.

16.4 The Overlap Gap Property for Estimation tasks

Let 6 be the true spike. For v € (2, the overlap with 6 takes values

2
— .., 10
?k7 7}

=

(v,0) € {0,
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Indeed, (v, 0) = ¢/k if the support of v intersects the support of  in exactly ¢ coordinates.

Define the energy
Hy (v) :==v"Yo.

For ¢ =0,1,...,k, define

L) = vGQ:%?g){:Z/k Hy (v).

Then
H = (/).
max Hy (v) = max T'(¢)

In the exact-recovery regime \ > v/k, the MAP estimator is # with high probability. Equivalently,

arg onglggxk re) ==k

with high probability.

The overlap gap property is the existence of a hard overlap level: an intermediate overlap ¢ where the
best energy is significantly worse than the best energy at overlap 0. This creates a valley between a
low-overlap region and the planted region. This framework for Markov chain lower bounds has been
originally developed in [GZ22; GZ24].

Theorem 16.3 (Overlap gap implies a bottleneck). Assume that for some ¢ € {0, ...,k — 1} and some
77 > 0:
L(6) <T(0) —n.

Assume also that for 3 large enough that mass of w3 is concentrated near the MAP region, so that

1
mg({v: (v,0) </k}) < 7
Then, if
Bn > klogn,

the Metropolis chain for wg has a superpolynomial bottleneck.

Proof. Let
A={veQ: (v,0) <l/k}.

A single support-swap changes the overlap by at most 1/k. Therefore any path from A to A° must pass
through states with overlap exactly ¢/k. Hence

OAC{veQ: (v,0) =L/k}.

We bound BHy (0)
el Yy v
n3(04) _ 25
mo(A) 3 PO
vEA

The numerator is bounded by
Z ePHY (V) < 1T,
veEdA

For the denominator, since A contains all states of overlap 0, there exists a state with energy I'(0), so

S HHY0) 5 O,
vEA
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Therefore

T504) _ 1 qepre-r) < (M) -on
m3(A) — —\k

5

Using

for n large enough, we get
mg(0A
ms(A)

If n > klogn, thisis 1/poly(n), or smaller. Thus A is a bottleneck, and the mixing time is superpoly-

) < exp(klogn — 5n).
nomial. O

16.5 Overlap Gap Property for Estimation in Sparse PCA

We now show that the overlap gap exists in the hard sparse PCA regime. This chapter follows the work
[AWZ23].

Assume

VE< A<k, k < /n.

The first inequality places us above the information-theoretic threshold for exact recovery, while the
second says that we remain below the conjectures efficient recovery threshold.
For v with overlap ¢/k with 6,

2

Hy(v) =v" (A@HT + W) v=A{,0)*+0v Wy = )\% + v Wo.

Nyi=|{veQ: (v,60) =L/k} = (if) (2:’;)

For a fixed v, the random variable v T W is a centered Gaussian with variance of order one. Hence the
maximum over [Ny such variables is heuristically of order v/2log Ny, as long as ¢ < k (and hence the
variables have low enough correlation). This gives the heuristic

Let

62
') ~ )\ﬁ + /2log Ny.

Ny <n;k>
T'(0) ~ 1/ 2log (”;k>

The important point is that Ny is much smaller than Ny when k < /n and ¢ > 0. Indeed,

Ne (k) )

No (1)

At overlap 0,

SO

For ¢ not too large,
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Since k2 /n < 1, this ratio decays exponentially in /.

Thus increasing the overlap has two competing effects:
2
signal gain: )\?,

but

entropy loss:  /2log N; — v/21log Ny < 0.

At a suitable intermediate ¢, the entropy loss dominates the signal gain, creating an overlap gap. The
above heuristic picture leads to the following theorem.

Theorem 16.4. Assume

VE< A<k
and k < \/n. Then, with high probability, there exists { such that

I'(¢) <TI(0) — c%x/logn

for some constant ¢ > 0.
Proof. For fixed ¢, a union bound for Gaussian maxima gives, with high probability,

52
re) < )\ﬁ +v/2log N, + O(1).

Similarly, by a very delicate second-moment lower bound for sparse Gaussian maxima [AWZ23, Theorem

4'2']’ () 2 /2108 Ny — 100, logn
with high probability.
Therefore 2
L) =T(0) < A5 + v/2log Ny — /21og No + 100y/log nO(1).
Now

)

(")

k
log Ny — log Ny = log <€) + log
Using k < y/n and ¢ < k, this satisfies
log Ny — log Ny < —c1flogn
for some constant ¢; > 0, in the polynomial sparsity regime k = n® with av < 1/2. Since

log No = ©(klogn),

we obtain
\/2 log Ny — \/2 log Ng = \/g(lloogg]]ég—k_\l;fli\gi\fo < —cof loin‘
Hence
T(f) — T(0) < A]i — ey loin +100y/logn + O(1).
Choose

k3/2
be = FAJ
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for ¢ > 0 sufficiently small. Because A > 'k, we have ¢, < k, and because \ < k, we have £, — oo.
Substituting this value gives
o (’“)
k2 AN

Iy lo% =0 <i\/logn> .

Since y/log n — 00, the negative entropy term dominates the positive signal term. Moreover, because
AL E,

while

g\/logn > +/logn.

Thus the additive 100y/log n term is also dominated. Therefore, for £ = /,,
k
') —1(0) < —cxx/logn
with high probability. d

Combining this theorem with the bottleneck theorem yields slow mixing for sufficiently large 5. In

n=06 (ivlogn) ,

particular, taking

the condition
Bn > klogn

becomes
B> A\y/logn.

Up to logarithmic factors, this says that low-temperature MCMC has slow mixing throughout the
regime

VE< A< k.

16.5.1 Why the overlap profile controls the large-3 regime

The previous argument was based on the function

I'(¢) := max v Y.
veQ: (v,0)=L/k

Let us pause to explain why this function is the right object to study when g is large.

Recall that the Gibbs measure is

BuTYv
mg(v) = ¢ Z; Zg = ZeﬁuTY“.
u€eQ

For each overlap level /, define

Then
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By definition of I'(¢), we always have
PO < Z PV YV < |€2]PTO)
vEQYy
Therefore

eBr() Q[T
—— <7m3(Y) < ———.
Z; = mp(S) < 7

n
< =
2 <101 = (}):

eSO (7)ehTO

Since

we get the rough but useful estimate

ﬂﬁ(QE) € s
Zs Zp

Equivalently,

1 1 klog(en/k))

—logmg(Qy) =T'(¢) — = log Z +(’)< )

5log 5(€e) =T(0) 5logZs 5
Thus, when on

ﬁ»klog?,

up to the relevant energy scale, the Gibbs mass of an overlap level is governed mainly by I'(¢). In
words, for large 3, the measure 73 is very peaky: it gives most of its mass to configurations with nearly
maximal value of v Yv inside each overlap level.

This explains why a non-monotonicity in the overlap profile creates a bottleneck. Suppose, for instance,
that for some /,

T(¢) < T(0) — 1.

Then AT (O)
n e
< mZ___
mo() < <k>e Zg
Since
< ms({o),
Zg

this shows that the mass of the intermediate overlap level is exponentially smaller than the mass of the
zero-overlap level whenever

Bn > klog %.
This is precisely the large-/5 mechanism behind the bottleneck argument.

Applying the overlap-gap estimate from the previous subsection, we have with high probability an
overlap level satisfying

k
L) <TO)=n, = ylogn.

Hence the large-3 argument gives slow mixing once
Bn > klogn.

Equivalently, up to logarithmic factors,

B> A/logn.
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An important point is that this does not yet prove slow mixing at the posterior temperature
B=A.
Indeed, the argument above relies on the approximation

BT(0)

Wﬁ(Qg)% ZB s

which is accurate only when 3 is large enough to suppress the entropy of each overlap level. At smaller
B, the Gibbs measure is flatter, and the number of configurations at each overlap becomes essential.

This motivates the next section. In the high-temperature regime, the bottleneck is no longer purely
energetic; it is entropic. Instead of looking only at the maximum energy I'(¢), we must also use the fact
that there are far fewer configurations with positive overlap with the planted vector.

16.6 A High-Temperature Bottleneck

The previous overlap-gap property argument is most useful when /[ is large. In that regime, the Gibbs
measure

mg(v) o< B Y

is strongly influenced by the best energy at each overlap level. Thus it is natural to approximate the

mass of an overlap level by
ma({v: (v,0) = £/k}) =

However, this approximation is no longer accurate when g is small. In this regime we describe a

different technique presented in [AWZ23], and leveraging a very nice symmetry idea from [AGJ20].

Theorem 16.5. Forv € (), define the overlap
R(v) := k(v,0) = |supp(v) N supp(0)|.
Assume that
k2
(logn)>"

Then, with high probability over the randomness of the instance, there exists an overlap level { €

{0,1,...,k} such that, for

E < +/n, BN <

Ap:={veQ:R(w) < ({},

mg(0A) . k2
Ty <o (e {n 55

up to harmless logarithmic factors.

we have

Consequently, if in addition
1
7I-,3(145) S 5)

then Ay is a bottleneck for the Metropolis chain, and the mixing time is at least

exp (cmin {k, ;i\}) ,

again up to logarithmic factors.



168 CHAPTER 16. MCMC LOWER BOUNDS: OVERLAP GAP PROPERTY AND BOTTLENECKS

To prove this result, we need the following lemma:
Lemma 16.6. For every fixed A C QQ,

A
Effs(4)] = g

Proof. Tt is enough to prove the claim for a singleton A = {v} and then sum over v € A.

Fix u,v € (). There exists a permutation matrix U such that
U'U =1, Uu = v, UuQ = Q.

Since the Gaussian noise matrix is invariant in distribution under conjugation,

uTwu L w.
Therefore
eﬁvTWv Uu=v eﬁ(Uu)TWUu E eﬁuT(UTWU)u
W S e TWe | va=a W | ¥ (BU2) WUz | W > BT (UTWU)2
2€Q 2€Q J zeQ
UTwWULw e’ Wu
W Y s
2€Q
Thus the expectation is the same for every v € €. Since
> wav) =1
vEQN
for every W, summing expectations over all v gives
QE[7 =1
91 E ffs(v)]
Hence )
E 7 = —.
Eff(v)] =
Summing over v € A proves the claim. O
Proof of Theorem 16.5. Let
R(v) := k(v,0).

Thus R(v) is the number of coordinates shared by the supports of v and 6, and
R(v) € {0,1,...,k}.

For ¢ =0,1,...,k, define
GW):=|{veQ:Rw) =1}

Since one must choose ¢ coordinates from the support of § and k — ¢ coordinates outside it,

c0=()(i"e)
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In particular,

Gl +1) (k — 0)?

G(0) (l+1)(n—2k+L+1)
When k < +/n, this ratio is already very small at £ = 0:

G(1) k2 _
GO) n—-2k+1

o(1).

Indeed, it is easy to show that under the uniform measure on €2, the overlap with 6 is overwhelmingly
concentrated near zero.

For 1 < /¢ < k and k < +/n, the upper tail satisfies

|{v:R(v) >} ck2\’
o =2 (%)

for a universal constant C' > 0.

To see this, notice the ratio formula above gives

Gr) MGG+ Ty CK 1 Ok
“H=cm =UG - < )

Using r! > (r/e)",

G(r) < Cek?\"
GO) =\ nr '

Since G(0) < || and the terms decrease geometrically in the regime k < \/n, summing over r > /¢

gives

|{v:R(v) >} ck2\’
o= ()

We now compare the planted Gibbs measure with the pure-noise Gibbs measure
e BT Wo

L O e —
Z eﬁu Wu
u€es)

The following symmetry lemma, which can be found in the proof of [AWZ23, Theorem 3.8.], is crucial.

By Markov’s inequality, for every fixed A C (2,

1
Py <%5(A) > —log n> <
In particular, with probability at least 1 — 1/ logn,

- A
mg(A) < :Ql log n.

Now fix an overlap level ¢ and define
Ap={veQ:R(v) </(}.
A single support-swap changes R(v) by at most one, so

OA; C{v: R(v) =1}.
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We want to bound

m3(0Ay)
m5(Ar)
Since
Y =00 +W,
we have )
v Yo =\v,02+v Wu= /\R(v) +0 Wo.

2
Therefore, for v € Ay, where R(v) = ¢,
eﬂqﬂw _ GBAZQ/erBUTWv.

Hence

Z eﬂvTYv < 6,3)\€2/k2 Z e,BvTWv'

vEDA, v:R(v)=¢
On the other hand,
Z eBUTYv > Z e,@vTWU’
’UEA[ ’UEA@

because the signal contribution is nonnegative. Thus

v Wo
m5(0Ar) _ SN2 2R)= ¢

m(Ag) ~ D R(w)< efvTWe!

Bounding the numerator by the larger set { R(v) > ¢} gives

ms(0A0) _ MR/ ms({v: R(v) > £})

m5(Ae) 1—ms({v: R(v) > €})
Whenever .
Rl R(w) 2 0)) < 5,

we obtain the simpler bound

m3(0Ae)

3(Ay) < 2@5A£2/k27~rﬁ({v : R(v) > £}).

Using the symmetry lemma and the overlap-counting estimate, with probability at least 1 — 1/logn,

2\ ¢
g({v: R(v) > £}) <2 <C1:Z> log n.

Consequently,
m3(0AL)

2 Ck?
oAy = 4logn exp (B)\kz + flog >

nf
We now choose ¢ to make the exponent negative. Suppose first that S\ > k and

k‘2
(logn)2’

ki2
£= EmJ

BA K

Set
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Then ¢ — 00, and the condition above ensures ¢ > (log n)Q. Also, since S\ > k, we have { < k.

For this choice,

2 k2
<
B7z = 16
Meanwhile,
nt n
log & — 1
l OgC’k2 l OgCﬁ)\ >/,
because k < /n and B\ < k?/(logn)?. Therefore
2 Ck? k2
A~ +/llog — < —c——
Priz + o= <~y

for some constant ¢ > 0. Hence
m(0Ay) ( k2 )
— < ex —C——
(A — P\ 7B

k‘2
i > (logn)?,

up to logarithmic factors. Since

this is superpolynomially small.

There is also a simpler argument when S\ < k. In that case, take
¢ = |cok]

for a sufficiently small constant ¢y > 0. Then

52

whereas the entropy term is

nf n
—{log o2 < —ciklog 72
Since k < 1/n, this is negative and dominates the signal term. Thus again

or better.

Therefore the high-temperature mechanism gives, in the relevant regime,

————~ <exp|—cmin< k, — ,
(A~ B
ignoring logarithmic factors. O

This should be interpreted as an entropic bottleneck. At low temperature, bottlenecks arise because the
energy landscape has an overlap gap. At high temperature, the chain is flatter, but the state space itself
is highly imbalanced: there are overwhelmingly many low-overlap states and very few intermediate-
overlap states. The chain still has to cross those intermediate-overlap levels in order to approach the
planted vector.



172 CHAPTER 16. MCMC LOWER BOUNDS: OVERLAP GAP PROPERTY AND BOTTLENECKS

16.7 Subexponential-Time Predictions

The two bottleneck mechanisms discussed above are complementary.

First, the low-temperature overlap-gap argument gives an energetic bottleneck. In that regime, the
bottleneck comes from the fact that every path from low-overlap states to the planted state must cross

an overlap level whose best energy is lower by an amount of order &/, up to logarithmic factors. Thus,
ignoring logarithmic factors, this gives

Second, the high-temperature argument gives an entropic bottleneck. There, the obstruction is that

there are very few configurations with nontrivial overlap with the planted vector. Optimizing the
overlap level gives, again ignoring logarithmic factors,

mg(0A)

< i K k
A <o { 11))

The minimum with k reflects the fact that the entropic bottleneck saturates once the chosen overlap
level is of order k.

Combining both mechanisms, it can be proven that for every 3 one expects to be able to choose a
bottleneck set A such that

mg(0A)

75 (A) < exp <—cmax{ﬁf,min{;i,k}}> ,

up to logarithmic factors (see Figure 16.2).

1
\
1
1
\
1
1

Figure 16.2: Log behavior of bottleneck size of MCMC recovery for Sparse PCA

The weakest lower bound, and hence the conjecturally fastest mixing temperature, occurs at the
posterior temperature

B =\
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At this value, the high-temperature contribution gives
k2
min {)\2, k} .

ki2
F .
Thus, if the above method was optimal, the posterior Metropolis chain would satisfy

k’2
tmix ~ exp <C>\2> ’

This interestingly matches the runtime scale suggested by the low-degree picture [DKW+23]: in the
hard recovery regime

In the regime VE <A< k, this is

up to logarithmic factors.

VE< A<k,

(o (%))

the conjectural optimal runtime is

16.8 Planted Clique

We now briefly discuss an analogous MCMC picture for planted clique.
Recall that in planted clique we observe

G~ gn,% U Clique(.S), S ~ Unif ((V(]{;G)>> .

Exact recovery is impossible if k < 2log, n and easy when k > /n.

If one works directly with the posterior over k-subsets, then
m(C) x 1{C' is a k-clique in G} .

When logn < k, the planted clique is typically the unique k-clique, so this posterior is essentially
degenerate. This makes the fixed-size posterior essentially degenerate, and therefore not a useful
landscape for studying local Markov-chain dynamics..

In [Jer92], Jerrum proposed instead to run MCMC over cliques of all sizes, with Gibbs distribution
mg(C) o eAIel, C aclique in G.

This distribution favors large cliques but still allows the chain to explore cliques of different sizes.
Jerrum proved that when k < /n, this chain has a bottleneck for suitable 3, providing early evidence
for the planted clique conjecture.

More recent work [CMZ25] proves a stronger statement for this type of Metropolis dynamics: if
k =n® with 0<a<l,

then for every value of the inverse temperature 3 there exists a bottleneck. Hence the corresponding
Metropolis chain mixes slowly across the entire range of polynomial planted clique sizes.
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This statement should be interpreted carefully. When k >> \/n, planted clique is algorithmically easy by
spectral or degree-based methods. The result does not say that planted clique is computationally hard
in that regime. Rather, it says that this particular local Metropolis chain over cliques is not an optimal
algorithm, even in a regime where other polynomial-time algorithms succeed. In fact, in [GJX25] proved
that modified local dynamics succeed in polynomial-time for o > 1/2.

16.8.1 The overlap profile
Let S be the planted clique. For a clique C' in G, define its overlap with S by |C' N S|. Let

I'¢) == max |C].
C: |CNS|=¢

Thus I'(¢) is the size of the largest clique with exactly ¢ planted vertices.

At zero overlap, the graph behaves like an Erdés-Rényi random graph, so
I'(0) =~ 2logy n.
For small overlap ¢ = «log, n, it turns out that
') ~ (1 + m) logy 1.

In particular, if & < 1, then at a suitable intermediate overlap there is a strict drop below I'(0) (see
Figure 16.3):
r'¢) —1(0) < —clogn.

{ =rlogyn

!
!
|
|
|
|
|
|
|
|
|
!
!
|
|
|
1

0 1-«
Figure 16.3: Overlap Gap Property for Planted Clique

For large 3, this creates the same kind of bottleneck as in sparse PCA: to move from low-overlap random
cliques to the planted clique, the chain must pass through overlap levels where the best available clique
size is smaller by order log n. This is the reason for the Metropolis failure for large 5 > 0. [CMZ25]
proved it for all S.
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16.8.2 A first-moment derivation of I" (ylog, n)

Let
¢ = ~vlogyn, t = &logy n.

We estimate the expected number of cliques of size ¢ with overlap ¢ with the planted clique. There are

E\ (n—k

C)\t—1¢
ways to choose the vertices. The edges inside the ¢ planted vertices are automatically present, but all
other edges must appear randomly. Therefore the probability that the chosen set is a clique is

2(3)-(5).

P(T(¢) > t) < <’Z> <Z B j’) 2(2)-(3),

Using k = n®, £ = ylogyn, and t = £ log, n, the exponent at scale (log, n)? is

Hence

2 2
=€
ay+§&—v+ 5
Thus the first moment tends to zero when
2 2
ay+&—v+ i 5 s <0

Solving for & gives
E>14+/(1—79)%+2an.

This yields the upper bound

['(ylogyn) S (1 +V (L =72+ 2047) logy n.

16.9 Conclusion

This chapter studied MCMC lower bounds through the geometry of the posterior landscape. The
key idea is that slow mixing follows from bottlenecks: sets of non-negligible stationary mass whose
boundary has very small stationary mass. For local Metropolis chains, such bottlenecks often arise
because moving from an uninformative low-overlap region of the state space to the high-overlap region
requires crossing a low-probability barrier. An interesting and wide open direction is to prove tight
uppper bounds for MCMC dynamics. A later work in fact revealed an intriguing geometric rule between
the location of the exact low-temperature MCMC threshold (where some “canonical” low-temperature
MCMC method actually succeeds in polynomial-time), the low-degree polynomial threshold, and the
information-theoretic threshold [CSZ25].
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Appendix A

Deferred proofs

A.1 Proof of Theorem 3.2

Proof of Theorem 3.2. For 0 < ¢ <k — 1, let

o fae (V) (D) cp@mannr i)

Thus, X; counts the k-cliques other than P that intersect P in exactly ¢ vertices.

For a fixed set A with |A N P| = ¢, the (;) edges contained in A N P are present deterministically. All
remaining (g) — () required edges are independent Bernoulli random variables with parameter 1/2.

el = (5) (32400,

k-1
X = ZX
=0

Then X is the number of k-cliques in G other than P. Substituting j = k — 4, we obtain

E[X] = S (f) (7; - ’;) 2~ (5)+(2)
£
SO0

We first prove the upper-threshold assertion. Suppose that

Hence

Let

k> (2+¢)logyn.

Using

181



182 APPENDIX A. DEFERRED PROOFS

and n — k < n, we get

k 2 . J
e‘kn _j—2k+1
E[X] < E ( —— 27 2 ) .
=N

Set )
B; =" ,];:"27”2“1, 1< <k
J
Regarding j as a real variable,
—2k+1
log Bj = log(e?kn) — 2log j + Jooktl log 2,

2

and therefore )

2
Thus, log B; is convex on [1, k|, so its maximum is attained at one of the endpoints. Consequently,

max B; = max{Bj, By }.
1<j<k ! {B1, Be}

At the endpoints,
By = ¢%kn o1k

Since k£ < n and
2—k‘ S n—(2+8)’

we have
By < 2¢*n?n~ (%8 = 227 = o(1).
Similarly,
e’n 1k 2 k/2 2 2
By, = 727 < V220 27F% < /2620752 = o(1).
Let

M = max{Bl, Bk}

Then M = o(1), and hence

k
EX] <) M < M =o(1).
j=1

1-M

By Markov’s inequality,
P(X > 0) <E[X] =o(1).

Therefore, P is the unique k-clique with high probability.

We now prove the lower-threshold assertion. Suppose that
k< (2—¢)logyn.
It is enough to show that, with high probability, there is a k-clique disjoint from P. Let
m:=n—k.

Then X counts the k-cliques contained in V(G) \ P, and

E[X,] = (’Z) 92— (5).
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Since

we obtain
k—1

log, E[Xo] > k (log2 m — logy k — 2) .

Here k = O(logn), so m ~ n and log, k = O(loglogn). Therefore,
k—1
log, E[Xo] > k <10g2 n —logy k — S + 0(1))
£
>k (5 logyn — O(loglogn)) — 00.

In particular,

We apply the second moment method. For two k-subsets C1,Co C V(G) \ P with |C; N Cy| = i, the
event that both sets induce cliques requires

2 2
distinct random edges. Thus,

50 = ()3 (5) (27

=0
Dividing by )
E[Xo)?2 = (Z) 9-2(),
- EX3] <~ DG, 0
Bl = ()

Ll <1
(%)
The term corresponding to ¢ = k is
o(5) 1
(o B -
For1 <i <k —1, we have
(i) _ ()
) — &)

k(k—1)---(k—i+1)
mm—1)---(m—1i+1)

()

IN
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It follows that

Set

Because k < (2 — ¢) logy n, we have

Since m ~ n and k = O(logn),

ne/?2
Consequently,
k—1 (k\ /m—k k—1
(z) (nf—z ) 2(;) < Qi < Q — o(1)
=1 (k) =1 1- Q
We conclude that [ 2]
E | X; Q
<1 + =1+o0
B < T ER o =W

On the other hand, by nonnegativity of the variance,

E [X3] > E[Xo)*.

Therefore,
E[x3
EXo2
By the Paley-Zygmund inequality,
E[Xo]?
P(Xy>0) > 1.
E [XF]

Thus, with high probability there is a k-clique disjoint fromc P, and hence P is not the unique k-

clique.

A.2 Non-optimality of PCA for the Rademacher prior

Assume that
Py = Unif ({-1,1}).

Then
i(c) = % ~E [mgxi[apo {exp < cxy — )”
- B s ()
= ¢~ E [log cosh (V)
—c [log cosh (¢ + v/e Z)] ,

Z~N01
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where the last equality follows from the symmetries of cosh and F.

Then the replica-symmetric formula yields not a closed expression, but a fixed-point relation that allows
to end up proving the non-optimality of PCA. Particularly, it can be proven that

will later allow us to prove the non-optimality of PCA: let

bi(q) == ‘4 (1 — Q) —tq+ E : [log cosh (tq + vtq Z)]

2 2 Z~N(0,1
’(q):—f—t—qu E tanh (tq + /tq 2) t—I—LZ
t 2 2 z~N(O1) 2\/tq

U [tanh (1 + V77 2)] + Ztanh (tq + Vi Z)]

t
—— E
2\/tq 2~N(0,1) [

Y t  tanh?
-+t E | [tanh (tq +v/tq Z)] + 22&/3(0,1) [1 — tanh?® (tq + v/1q Z)|

t
=——+1 IE(O N [tanh (tq + \/EZ)] — QZN/S];?(OJ) [tanh2 (tq + \/EZ)]

_ _ 4 2 o E 2
= +1 /E];](OJ) [tanh (tq + MZ)] 22~J£I;(0,1) [tanh (tq + MZ)]

— t( E  [tanh?® (tg + Vtq Z)] —q>,

2 \Z~N(0,1)

where Gaussian integration by parts has been used in the third equality and the fifth inequality has
used the following result.

Fact A.1. Leta > 0 and let
u=a++aZ, Z ~N(0,1).
Then
I%[tanh(u)} = Ig [tanh?(u)] .

Proof. Let f be the density of u. Thus

Fz) = \/217776}(1) (_W;ﬁ) . fJE(_aZ) — exp <(—a: - a)z; (z — a)2> _ 2w

Hence, f(z) = €** f(—z). Using that tanh is odd and tanh? is even, we can write

Ig[tanh(u)] = /000 tanh(z)(f(z) — f(—z))da, Ig [tanh?(u)] = /000 tanh?(z) (f(z) + f(—=))dz.
Using f(x) = ?* f(—x), it is enough to check that
tanh(z)(e** — 1) = tanh?(z)(e** + 1).

But this follows immediately from

e —1

Therefore the two integrals are equal. d

So, the stationary points of ¢;(q) (and thus ¢*(¢), unless ¢*(¢) = 0) satisfy the fixed-point equation

q(t) = E {tanh2 (tq(t) + \/WZH fathl g " [tanh (tq(t) + \/%Z)} :

Z~N(0,1) Z~N (0,1
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Let’s now see PCA is not optimal given ¢ > 1, i.e.

) 1\? 1
1—q¢*(t)*<1— 1—2 q*(t)>1—;, t>1.

- Z~N(©01), U:=t=1+vt—1Z, Flq):=E [tanh (tq + Vg Z)]
— F(1-) = Elan@)], 600 = §(FW -,
By Gaussian integration by parts and Fact A.1,
E [(tq + Vtq Z) tanh (tq + v/iq Z)| = tqE [tanh (tg + Vg Z)] + VEqE [Z tanh (tq + Vtq Z)]
= tqE [tanh (tq + v/tq Z)] + tE [sech? (tq + V1q Z)]
= tqE [tanh® (tq + VIq Z)] + tql [sech? (tq + V1q Z)]

= tq. (tanh®(z) + sech?(z) = 1)

N

Usingg=1— %, Cauchy-Schwarz gives
(t—1)% = E[U tanh(U))* < E (U] E [tanh®(U7)] .

The inequality is strict because equality in Cauchy-Schwarz would force tanh(U) to be a linear function
of U almost surely, which is impossible since U is a non-degenerate Gaussian and tanh is not linear.

Since
I%[UQ] =(t—1)2+t—1=t(t—1),
we obtain
E [tanh?(U)] > 1 — Loraar o D) ppann@) = & [tanh?(U)] > 1 — L
Z t t Z Z t
On the other hand,

Ft(l) < 17

because tanh (t +VtZ ) < 1 almost surely. Since F; is continuous, the function

Fi(q) —q= %éQ(Q)

is positive at 1 —% and negative at 1. Hence there exists a F}(q)-fixed point in (1 = %, 1) that corresponds

to

1 1
arg max ¢ (q) € (1 -, 1) = @t)>1--.
qe[l—%,l] t t

Finally, let’s see PCA is optimal for 0 <t < 1, i.e.

For every real x, we have
tanh?(z) < z tanh(z),
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because tanh(z) has the same sign as = and | tanh(z)| < |z|. The inequality is strict for z # 0. Since
U is a non-degenerate Gaussian, it is nonzero with probability one. Hence, reusing a previous equality,

Fact A1

Fi(q) E [tanh® (tq + v/ Z)] < E[(tg + v Z) tanh (tq + Vg Z)] = qt.

Thus, PCA is only optimal for 0 < ¢ < 1; although it succeeds above ¢t = 1, it does not attain the
information-theoretic minimum mean-squared error.

A.3 Proof of Lemma 6.1

Proof of Lemma 6.1. Note:
P (maxZi > 10y/log M) —P (U {ZZ- > 10y/log M})
1 .
K3

Then, by the union bound:

< MP (Zi > 104/log M)

* 1 1 /2
IP)(ZZ > t) — / \/Tefo/de < 7f\/>6152/2
t ™ ™

hence for the original quantity, we have:

Note for any ¢ > 0:

1 2 2
<M 4 _—(10y1og )" /2
= 70/log M \/;e

\ﬁ
= WMPE’O < 0.001, if M is “large enough”
So max; Z; < 104/log M, with probabili ty 0.999, if M is “large enough,” as desired. O

A.4 Proof of Proposition 6.4

Proof of Proposition 6.4. Let

£:= {I; <[]0 < 2k}.

Since ||0]|o ~ Bin(n, p) and k = pn, Chernoft’s bound gives
Py(E°) < e ™

for some constant ¢, > 0. Let 1z denote the law of  conditioned on £, and let P, be the corresponding
planted distribution. Then

TV (Pl,E) < Py(E°) = o(1).

Thus it is enough to show that P, and P, are bounded away from perfect distinguishability.

We prove the second-moment bound
2

= 0(1).
2

P,
Py
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By the Gaussian additive model identity,

2

_ X 2
e ()]

S = supp(6), S" = supp(¢'), R=1|Sn5.

P
Py

Let

Condition on

’S’ :Ea |S/| :El,
where, by construction of i,

k
3 <00 <2k.

Given R = r, the signs on the intersection are independent Rademacher variables, so

1
<070/> = % Zgia
=1

where €1, . .., &, are i.i.d. Rademacher random variables. Write

r
TT = E Eq
i=1

and
)\2
a = W
Since
/ 1 / 1
A <0.014/nplog— =0.014/klog —,
P P
we have, writing
1
L :=log —,
p
that
L
<5-107°-".
“= k

Therefore it suffices to prove, uniformly over ¢, ¢’ € [k/2, 2k], that

32 [ - o,

L]

We split the expectation according to whether R < r, or R > r,.

Set

First assume r < r,. Then 2ar < 1/2. Let G ~ N (0, 1) be independent of the signs. Using

e =

ol _ g [ oV2aGT;
G

T,
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we obtain )
T
CLTE _ \/%Gé‘i
e [o] - [T2[")
Li=1
= IGE cosh (@G) T}
<T -earG2:|
et
B 1
N V1 —2ar
S eQar.
Thus

E [e“Tzz%l {RST*}} <E [e2F] .

Conditional on /¢, ¢’, the random variable R is hypergeometric. Its moment-generating function is
bounded by the corresponding binomial moment-generating function, and therefore

/ l
E[e*f | ¢, 0] < (1+ ng_é (e2a—1)> :

Since ¢, ¢’ < 2k = 2pn and p < 1/4, we have

4 2p
n—~0~ 1—-2p
Hence L
2aR 2
E [e** | ¢,0] <exp<1_2p( a—l))
Since
a<5.10°5L
k’
we have e2¢ — 1 =0 (%), and therefore
4pk

o (e**—1) = O(1).

Thus the contribution from R < r, is O(1).

We now treat the contribution from R > . If r > r,, then the crude bound |T;.| < r gives

E [eaT3:| < ear2'

5]

Also, for the hypergeometric overlap,

P(R=r|(,0)< <f) (nf_’g) < (Q;pk)ra

where C,, > 0 depends only on p. Therefore

P(R=r|(0)E [ean} < exp (Tlog Copk +ar2> )
g

T
Write r = gk. Since r < 2k, we have ¢ € (0, 2]. Moreover,

ar? < 5-107°Lkq>.
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Hence the exponent is at most

C
k qlogi/0—|—5-10*5Lq2 .
q

If r, > 2k, then the event R > r, is empty. Otherwise, r, < 2k, which implies

1
— < 3k
4a —
for all large n, and hence
1
ak > —.
12
Since ak < 5- 107" L, this can only happen when
L>— 1t
~12-5-107°

In this case, for every r > 7, we also have, for all large n,

T 1 1
gq=-2 -2
k — 8ak 8.5-1075L
Thus
2500
q = I

Using ¢ < 2, we get
5-107°Lq¢® < 107*Ly.

Therefore o
qlog %p +5-107°L¢* < q(logC, — L —logq +107*L)
=q (log C,— (1 — 10_4) L —log q) .
Since ¢ > 2500/ L, we have
—logq < log

2500
For the range of L in which the large-overlap event is nonempty, the quantity

L
log C), + log 2500 (1 — 10*4) L

is negative. In particular, there exists a constant ¢/, > 0 such that
C
qlog P 5. 1079L¢% < —cq.
q

Consequently,

P(R=r|(l)E [e“TTQ} <e %"
€
Summing over r > 7, gives
_ / aT? —clr __
ZP(R—TM,E)IEE{e } < Ze r" =o(1),
T>Ty T>Ts
because 7, = ©,(k) and k = pn — oc.

Combining the small-overlap and large-overlap estimates, uniformly over all

0,0 € [k/2, 2K,
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we conclude that

P
P% = 0(1).
212
Let B
~ dPy
L(Y):=—(Y).
(V) = )
Then

s g7
2

for some finite constant C,. By Paley-Zygmund,

-1 1
Py(L>=)>—.
2) = 4C,

Therefore
/min {dﬁ»l,dm} ~E [min {E,lH > %IPQ <E > ;) > 81/3,
Hence N .
TV (IP’l,]P’2> Sl- g
Finally,
TV(Py,Py) < TV (Pl,ﬁq) +TV (@1,1@2) <o) +1— 816’,)

Thus TV (P, P2) is bounded away from 1. Therefore strong detection is impossible.

A.5 Proof of Lemma 6.6

Proof of Lemma 6.6. Write
(01,00) = Xi,  Xi = (01)i(6a):.
i=1

The random variables X7, ..., X,, are independent and centered. Moreover,

1/k  with probability p?/2,
X; =4 —1/k with probability p?/2,
0 with probability 1 — p?.

Therefore, for any s € R,
E[eSXﬂ =1—p?+ p? cosh (%) =1+4p? <cosh (%) - 1) .

Let
S = <91,92> .

For s > 0, Chernoff’s bound and log(1 + x) < x gives

P(S > t) < exp(—st) (1 + p? (cosh (%) - 1)>n < exp (—st + np? (cosh <%> - 1)) .

191
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We now use the local expansion of cosh. For every n > 0, there exists a,, > 0 such that, for all la| < ap,

1 2
cosh(a) =1 < +277/a2.
Choose . 5 it .
S =N _— = — = —,
k. k p
Thus, if ¢ < ¢,p with ¢, < a,), then s/k < a,), and so
1 2 t2
cosh (f) —-1< +n/ t—
k 2 p?

Substituting this into the Chernoff bound gives

1+41n/2 ¢ 1—1n/2
P(S >t) < exp (—nt2 + np? +277/ 2) = exp <—277/nt2) .
P

After decreasing ¢, if necessary, we may replace 1 —7/2 by 1 — 1. The symmetry of S around 0 (because
each X; is symmetric) and the union bound prove the desired claim. O

A.6 Proof of Proposition 7.11
Proof of Proposition 7.11. We work under the null model P, = G, 1. For each edge e, let

)1 ee BE(G),
¥ o1 ee B

Then the functions

XF = H Xes FC <[Z]>,

ecF
form an orthonormal basis for L?(IPy).
For a fixed planted clique S € ( [Z]), the likelihood ratio is
Ls(G) = 2(5)1{5 is a clique in G'}.
Since
21{e € B(G)} = 1 + xe,
we may write
Ls(@) = [] G +xe)= D xr
e€(3) Fe(3)

Averaging over the uniformly random planted clique S, the full likelihood ratio is
P (G) S

= = P F C .
e )

If v(F') denotes the number of vertices incident to at least one edge of F, then

(Z_ZEQ) _ Koy _ (k)”(F)'

e (Z) (n)ory ~

L(G) :=
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Therefore,

IL<pl3= ) ab=1+ ) d}.

|F|<D I<|FI<D
It remains to show that the second term is o(1).
Group edge sets F' according to
d:=|F|, v :=v(F).

The number of choices of F' with d edges and v non-isolated vertices is at most

()(3)

Hence

()T (W),

v=2

We split the range of v into two parts.

First suppose

v < 3VD.
Then Q)
mind D,(?
U (5) () < oxp (C?
; <d>§2 < exp (Cv?)

for a universal constant C' > 0. Therefore the contribution of such v is at most
ek?
exp <v log — + CU2> .
un

. 2 _
Since % <n 26,
2

vlog ek’ < —26vlogn + O(vlogv).
un

Because

v < 3vVD = 3(logn)+9)/2 = o(logn),

we have
O(vlogwv) + Cv? = o(vlogn).

Thus, uniformly in this range,
]{22
vlog & + Cv? < —dvlogn
vn

for all large n. Hence the total contribution of the range v < 3v/D is

[3vD] 1—exp(—Q3\/EJ —1)5logn>

3vD

—dvlogn __ _—2dlogn
Z € =€ 1 — ¢—dlogn _0(1)'
v=2
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Now suppose

v > 3vVD.

Then (g) > D for all large n, and we use the standard binomial bound
D v o\ D

(2) <(D+1 ﬁ
2 (3) =0 (5)

Since v < 2D, this is at most
exp(CDlog D)

for a universal constant C' > (0. Hence the contribution of a fixed v in this range is at most

ek?
exp (U log— + CDlog D) .
un

Again,
2

vlog ek’ < —26vlogn + O(vlogv).
wn

Moreover,
O(vlogv) = o(vlogn),

because v < 2D = 2(logn)*¢, and
CDlog D = o(vlogn)

uniformly for v > 3v/D. Indeed,

Dlog D Dlog D _
< = O ((logn)E D2 1oglogn) = o(1),
vlogn = 3vDlogn (( gn) glog ) (1)

since € < 1. Therefore, for all large n,

ek?
vlog— 4+ CDlog D < —dvlogn.
un

Thus the contribution of the range v > 3v/ D is at most

3 (-5 1) men) L L)
v=|3vD|+1

=o(1).

A.7 Proof of Proposition 9.1

Proof of Proposition 9.1. We first prove the x? bound for the conditioned prior. By the Gaussian additive
x? formula,

X’ (@17192) +1= E _ [exp (m <x,x’>2)} )

'~

It is enough to show that the expectation on the right-hand side is 1 4 o(1). Let

pi=—.
n
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For two independent unconditioned Bernoulli spikes x, 2/, define

R:= |supp(x) N supp (:c’)‘ )

Then
R ~ Bin(n, p*),

because a coordinate belongs to both supports with probability p?. Conditional on R = r,

(ma) =2 e
=1

where 1, . .., &, are ii.d. Rademacher random variables. Since P(£) — 1, conditioning on £ changes
probabilities only by a factor 1 4+ o(1). Moreover, on the event £ for both x and 2/, we have R < 2k.
Therefore, setting

'_m
b= g,

we have )
X’ <ﬁ17P2>+1< (1+o0(1 ZIP’ E exp t<251>

Thus it suffices to show that

2k r 2
ZIP’(R =r) Ig exp [ ¢ (Z 81') — 1| =o0(1).
r=0 i=1

o] - )

Since m = o(klog(n/k)) and k = n*(), we have m = o(k?), and hence ry — co. We first consider

r <rg. Let
T
TT = Zéi.
i=1

Since tr < 1/4, the standard Gaussian comparison gives

Let

1
G P
€ T V1 —=2tr

Indeed, if G ~ N (0, 1) is independent of the signs, then

<1+ 4tr.

et Tr :Ig {e\/ﬂGTT | Tr}

Y

and therefore

2] =5 o () <2 - L

Thus the small-overlap contribution is bounded by

Y P(R=r)4tr < 4tE[R).

r<rg

Since R ~ Bin(n, p2),
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Hence )
mk 4m
MER] =427 =T 5(1),
R)= a0 o)
because m = o(klog(n/k)) and k = o(n) imply m = o(n). We now consider the large-overlap
contribution r > rg. For every r > 1, the binomial overlap satisfies

MR—M—Cﬁﬂu—fW*s(Tfy_(j37

Also, since R < 2k on the conditioned event, for r < 2k we have

2m
—.

2 2
t <t < =

Therefore, for r > 7,

Since r > ro = k?/(4m), we have

2
k— <4m
r
Hence .
P(R=7)E || < <4em62m/k)
€ n
Set 4
ap = ZEM amk
n
Because
= o (kI f),
m 0( ng
we have @
= (o o)) ()
e exp | o ng 3
Moreover,
™o 516e™
o\ %)
Thus

For all large n, a,, < 1/2. Hence

2k ) 2k CLT0+1
S PR=1E[T] <> a0 < T =),

r>rQ r>rQ

because rg — 0o. Combining the small-overlap and large-overlap estimates gives
2 (ﬁ’l,Pg) 0.
It remains to relate the conditioned and unconditioned Bernoulli priors. By a Chernoff bound,
P(|z[|o > 2k) < e,

Therefore N
TV (IP’l,IP’l) < e~k = o(1).



A.8. PROOF OF LEMMA 14.2
Since X2 <Iﬁ1, Pg) — 0, we also have
vV (ﬁl,m) 0.
By the triangle inequality,
TV(By,Py) < TV (Pl,iﬁl) LTV (ﬁl,Pg) 0.

Thus weak detection is impossible for the original Bernoulli model in the same regime.

A.8 Proof of Lemma 14.2

Proof of Lemma 14.2. Recall the generating function for the normalized Hermite polynomials:

exp (tm - t;) = i_o: A (z).

Substituting x = p + 2z gives

t2 ¢
exp (t(p+2)— =) =ePexp |tz — = ).
2 2
Expanding both factors,

tp i (tu)r
r=0

t2 = tf
exp (tz - 2) = % Wi 0(2)

Therefore
tr+€ T

h
Z Ktz ;0 SNz

Comparing the coefficient of t*, with r = k — ¢, we get

he(2)-

k T
— = + 2)
\ﬁ k(s ZZ:% o hy(2).
Multiplying by v/k! gives

_ B VA
k(u+z)—§(k_€)!\/au he(2).

o~V ()

Since

the claimed identity follows.
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Taking expectation over Z ~ AN (0, 1), all terms with ¢ > 1 vanish by orthogonality to constants, while

ho = 1. Thus

2
_?z B

E [ﬁk(LH' Z)} =
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